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1 Introduction 


The physics of carbon nanotubes has rapidly evolved into a research Held since their discovery 
by lijima in multi wall form in 1991 and as single-walled tubes two years later. Since then, the¬ 
oretical and experimental studies in different fields, such as mechanics, optics, and electronics 
have focused on both the fundamental physical properties and on the potential applications of 
nanotubes. In all fields there has been substantial progress over the last decade, the first actual 
applications appearing on the market now. 

We present a consistent picture of experimental and theoretical studies of carbon nanotubes 
and offer the reader insight into aspects that are not only applicable to carbon nanotubes but 
are useful physical concepts, in particular, in one-dimensional systems. The book is intended 
for graduate students and researchers interested in a comprehensive introduction and review 
of theoretical and experimental concepts in carbon-nanotube research. Emphasis is put on 
introducing the physical concepts that frequently differ from common understanding in solid- 
state physics because of the one-dimensional nature of carbon nanotubes. The two focii of the 
book, electronic and vibrational properties of carbon nanotubes, rely on a basic understanding 
of the symmetry of nanotubes, and we show how symmetry-related techniques can be applied 
to one-dimensional systems in general. 


Preparation of nanotubes is not treated in this book, for an overview we refer the reader to 
excellent articles, e.g., Seo et afJ 11 ^ on CVD-relatcd processes. Wc also do not treat multi wall 
carbon nanotubes, because dimensionality affects their physical properties to be much closer 
to those of graphite. Nevertheless, for applications of carbon nanotubes they are extremely 
valuable, and we refer to the literature for reviews on this topic, e.g., Ajayan and Zhou^ 1 ^ for 
more information on the topic. 

The textbook Fundamentals of Semiconductors by Yu and Cardona^and the series of 
volumes on Light-Scattering in Solids^ 1 was most helpful in developing several chapters 
in this book. We highly recommend these books for further reading and for gaining a more 
basic understanding of some of the advanced concepts presented here when needed. There are 


also a number of excellent books on various topics related to carbon-nanotube research and 
applications that have appeared before. We mention the volume by Dresselhaus et the 


book by Saito et tf/J 1 * 6 * the book by Harris*- 1 7 ' and the collection of articles that was edited by 


Dresselhaus et al )They offer valuable introductions and overviews to a number of carbon 


nanotube topics not treated here. 


Beginning with the structure and symmetry properties of carbon nanotubes (Chap. 2), 
to which many results are intimately connected, we present the electronic band structure of 
single isolated tubes and of nanotube bundles as one of the two focii of this book in Chap. 3. 
The optical and transport properties of carbon nanotubes are then treated on the basis of the 
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electronic band structure in the optical range and near the Fermi level (Chaps. 4 and 5). We 
introduce the reader to the elastic properties of nanotubes in Chap. 6 and to basic concepts in 
Raman scattering, as needed in the book, in Chap. 7. The carbon-atom vibrations are related to 
the electronic band structure through single and double resonances and constitute the second 
main focus. We treat the dynamical properties of carbon nanotubes in Chap. 8, summarizing 
what we feel can be learnt from Raman spectroscopy on nanotubes. 



2 Structure and Symmetry 


Carbon nano Lubes arc hollow cylinders of graphite sheets. They can be looked at as single 
molecules, regarding their small size (~ urn in diameter and ~ jUin length), or as quasi-one 
dimensional crystals with translational periodicity along the tube axis. There are infinitely 
many ways to roll a sheet into a cylinder, resulting in different diameters and microscopic 
structures of the tubes. These are defined by the chiral angle, the angle of the hexagon helix 
around the tube axis. Some properties of carbon nanotubes can be explained within a macro¬ 
scopic model of an homogeneous cylinder (see Chap. 6); whereas others depend crucially on 
the microscopic structure of the tubes. The latter include, for instance, the electronic band 
structure, in particular, their metallic or semiconducting nature (see Chap. 3). The fairly com¬ 
plex microscopic structure with Lens to hundreds of atoms in the unit cell can be described in 
a very general way with the help of the nanotube symmetry. This greatly simplifies calculat¬ 
ing and understanding physical properties like optical absorption, phonon eigenvectors, and 
electron-phonon coupling. 

In this chapter we first describe the geometric structure of carbon nanotubes and the con¬ 
struction of their Brillouin zone in relation to that of graphite (Sect. 2.1). In Sect. 2.2 we give 
an overview of experimental methods to determine the atomic structure of carbon nanotubes. 
The symmetry properties of single-walled tubes are presented in Sect. 2.3. We explain how to 
obtain the entire tube of a given chirality from one single carbon atom by applying the sym¬ 
metry operations. Furthermore, we give an introduction to the theory of line groups of carbon 
nanotubesJ 2 ^ and explain the quantum numbers, irreducible representations, and their nota¬ 
tion. Finally, we show how to use a graphical method of group projectors to derive normal 
modes from symmetry (Sect. 2.3.4), and present the phonon symmetries in nanotubes. 


2.1 Structure of Carbon Nanotubes 

A tube made of a single graphite layer rolled up into a hollow cylinder is called a single-walled 
nanotube (SWNT); a tube comprising several, concentrically arranged cylinders is referred to 
as a multi wall tube (MWNT). Single-walled nanotubes, as typically investigated in the work 
presented here, are produced by laser ablation, high-pressure CQ conversion (HiPCO), or the 
arc-discharge technique and have a Gaussian distribution of diameters d with mean diameters 
do 1.0 — 1.5nmJ 2,21 ' 12,51 The chiral angles [Eq. (2.1)1 arc evenly distributed.^ 2 ^ Single- 
walled tubes form hexagonal-packed bundles during the growth process. Figure 2.1 shows a 
transmission electron microscopy image of such a bundle. The wall-to-wall distance between 
two tubes is in the same range as the interlayer distance in graphite (3.41 A). Multiwall nano¬ 
tubes have similar lengths to single-walled tubes, but much larger diameters. Their inner and 
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Figure 2.1: High-resolution transmission electron microscopy 
(TEM) picture of a bundle of singlc-wallcd nanotubes. The 
hexagonal packing is nicely seen in the edge-on picture. Taken 
from Ref. 12.21. 



outer diameters are around 5 and IOOnm, respectively, corresponding to ~ 30 coaxial tubes. 
Confinement effects are expected to be less dominant than in single-walled tubes, because of 
the large circumference. Many of the properties of multi wall lubes are already quite close to 
graphite. While the mulliwall nanotubes have a wide range of application, they are less well 
defined from their structural and hence electronic properties due to the many possible number 
of layers. 

Because the microscopic structure of carbon nanotubes is closely related to graphene 1 , the 
tubes are usually labeled in terms of the graphene lattice vectors. In the following sections we 
show that by this reference to graphene many properties of carbon nanotubes can be derived. 

Figure 2.2 shows the graphene honeycomb lattice. The unit cell is spanned by the two 
vectors a\ and a 2 and contains two carbon atoms at the positions ^(a i F^) and \{ a \ + a i)i 
where the basis vectors of length \a \| = [«21 = — 2.461 A form an angle of 60°. In carbon 

nanolubes, the graphene sheet is rolled up in such a way thal a graphene lattice vector c = 
n\Q\ +/22fl2 becomes the circumference of the tube. This circumferential vector c , which is 
usually denoted by ihc pair of integers (//1 jii), is called the chiral vector and uniquely defines 
a particular tube. We will sec below that many properties of nanotubes, like their electronic 
band structure or the spatial symmetry group, vary dramatically with the chiral vector, even 
for tubes with similar diameter and direction of the chiral vector. For example, the (10,10) 
tube contains 40 atoms in the unit cell and is metallic; the close-by (10,9) tube with 1084 
atoms in the unit cell is a semiconducting tube. 

In Fig. 2.2, the chiral vector c = 8fli +4^2 of an (8,4) tube is shown. The circles indicate 
the four points on the chiral vector that arc lattice vectors of graphene; the first and the last 
circle coincide if the sheet is rolled up. The number of lattice points on the chiral vector is 
given by the greatest, common divisor n of («[ ./ 12 ), si ncc c n(ni/n-a\ -\- 1 i 2 fn - 02 ) n ' c * 
is a multiple of another graphene lattice vector c / . 

The direction of the chiral vector is measured by the chiral angle 0, which is defined as 
the angle between a\ and c. The chiral angle 0 can be calculated from 

fll g _ n 1 - » 2 /- _ p j ^ 

\Jn\+n\n2 +>’2 

For each tube with 9 between 0° and 30° an equivalent tube with 9 between 30° and 60° 
is found, but the helix of graphene lattice points around the tube changes from right-handed 
to left-handed. Because of the six-fold rotational symmetry of graphene, to any other chiral 
vector an equivalent one exists with 9 < 60°. Wc will hence restrict ourselves to the case 

'Graphene is a single, two-dimensional layer of graphite. 
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Figure 2,2: Graphene honeycomb 
lattice with the lattice vectors a\ and 
a,2- The chiral vector c — 8a i -44^2 
of the (8,4) tube is shown with the 4 
graphenc-latticc points indicated by 
circles; the first and the last coincide 
if the sheet is rolled up. Perpendic¬ 
ular to c is the tube axis z, the mini¬ 
mum translational period is given by 
the vector a — —4 a\ + 5fl2* The vec¬ 
tors c and a form a rectangle, which 
is the unit cell of the tube, if it is 
rolled along c into a cylinder. The 
zig-zag and armchair patterns along 
the chiral vector of zig-zag and arm¬ 
chair tubes, respectively, are high¬ 
lighted. 

n\ > /?2 > 0 (or 0° < 0 < 30°). Tubes of the type (n,0) (0 = 0°) arc called zig-zag tubes, 
because they exhibit a zig-zag pattern along the circumference, sec Fig. 2.2. (n,n) tubes arc 
called armchair tubes; their chiral angle is Q = 30°. Both, zig-zag and armchair tubes arc 
achiral tubes, in contrast to the general chiral tubes. 

The geometry of the graphene lattice and the chiral vector of the tube determine its struc¬ 
tural parameters like diameter, unit cell, and its number of carbon atoms, as well as the size 
and the shape of the Brillouin zone. The diameter of the tube is given by the length of the 
chiral vector: 

d = — = — Jn\ + n x ti2 4- n\ = — >Jn , (2.2) 

with N ~ rtf F n\ ti2 + /?2- The smallest graphene lattice vector a perpendicular to c defines 
the translational period a along the tube axis. For example, for the (8,4) tube in Fig. 2.2 the 
smallest lattice vector along the tube axis is a = —4a\ +5^2- In general, the translational 
period a is determined from the chiral indices («i, «2) by 

2rt2 

a - - 

n 

and 


where IR = 3 if (n\ — H2)/3h is integer and 31 = 1 otherwise. Thus, the nanolube unit cell is 
formed by a cylindrical surface with height a and diameter d. For achiral tubes, Eqs. (2.2) and 
(2.4) can be simplified to 

«z = \/3’fl 0 \cz\ = na {) (zig-zag) (2.5) 

aj\ = ciq \c A I = \/3 * n(i{) (armchair). 
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Figure 2.3: Structure of 
the (17,0), the (10,0) and 
the (12,8) tube. The unit 
cells of the tubes are high¬ 
lighted; the translational 
period a is indicated. 



(17,0) 



( 10 , 10 ) 



For chiral tubes, a and c have to be calculated from Eqs. (2.2) and (2.4). Tubes with the same 
chiral angle 0, /.<?., with the same ratio n\jn^ possess the same lattice vector a . In Fig. 2.3 
the structures of (17,0), (10,10), and (12,8) tubes are shown, where the unit cell is highlighted 
and the translational period a is indicated. Note that a varies strongly with the chirality of the 
tube; chiral tubes often have very long unit cells. 

The number of carbon atoms in the unit cell, can be calculated from the area a ■ c 
of the cylinder surface and the area 5 g of the hexagonal graphene unit cell. The ratio of these 
two gives the number q of graphene hexagons in the nanotube unit cell 


q = S,/5 g - 


2(wf + «i + ^|) 

n f Jl 


( 2 . 6 ) 


vSince the graphene unit cell contains two carbon atoms, there are 


4(;(f + n\n 2 + n\) 
M - 


(2.7) 


carbon atoms in the unit cell of the nanotube. In achiral tubes, q = 2n. The structural parame¬ 
ters given above are summarized in Table 2.1, 


Table 2.1: Structural parameters of armchair (j 4), zig-zag (Z) and chiral (C) nanotubes. The symbols 
are explained in the text. 



Tube 

N 

q = n c /2 

A 

(n,n) 

3 n 2 

2 n 

Z 

(«> 0) 

n 2 

2 n 

e 

(«1,«2) 

n\ + ni«2 + «2 

2N/(nK) 


Diameter d 

Translational period a 

Chiral angle 6 

A 

\f2naofn 

flo 

30° 

Z 

nao/n 

n/3<2q 

0° 

e 

y/Nao/n 

y/3Na 0 /(n$) 

arccos(ji| +n 2 / 2 )/\/N 
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Figure 2.4: Brillouin /one of graphene 
with the high-symmetry points r, K y 
and M. The reciprocal lattice vec¬ 
tors k |, £2 in Cartesian coordinates 
are k\ = (0,1 )47r/\/3tfo and k .2 — 
(0.5>/3,-0.5)47r/v4io. 



After having determined the unit cell of carbon nanotubes, we now construct their Bril¬ 
louin zone. For comparison, we show in Fig. 2.4 the hexagonal Brillouin zone of graphene 
with the high-symmetry points F, K y and M and the distances between these points. 

In the direction of the lube axis, which we define as the z- axis, the reciprocal lattice vector 
k z corresponds to the translational period a\ its length is 

k z = 2 n/a. ( 2 . 8 ) 

As the tube is regarded as infinitely long, the wave vector k z is continuous; the first Brillouin 
zone in the ^-direction is the interval ( 7z/a,7z/a}. The bracket types () and [ ] indicate open 
and closed intervals, respectively. Along the circumference c of the tube, any wave vector k±_ 
is quantized according to the boundary condition 

2k 2k 2 

rn • X = cl = K ■ d k± m = — = -r—r * m — — ■ m , (2.9) 

a \c\ a 

where m is an integer taking the values -q/ 2 + 1,... ,0,1,... ,q/2. This boundary condition 
is understood in the following way: The wave function of a quasi-particle of the nanotube, 
f.g., an electron or a phonon, must have a phase shift of an integer multiple of 2 K around 
the circumference. All other wavelengths will vanish by interference. A wave with wave 
vector k \ m = | • m has 2m nodes around the circumference. The maximum \k± ttM \ (minimum 
wavelength) follows from the number of atoms (2 q) in the unit cell: a projection of the carbon 
atoms on the circumference of the tube leads to equidistant pairs of carbon atoms; then at least 
4 atoms are neccessary for defining a wavelength, i.e. y \rn\ < qj 2. The first Brillouin zone then 
consists of q lines parallel to the ^-axis separated by k± - 2/d and k C (— n/a , n/a]. 

The quantized wave vector k± and the reciprocal lattice vector k z are found from the 
conditions 


k\ • c —2 k 
k z ■ c = 0 


k ± a -0 
k z ■ a — 2k . 


( 2 . 10 ) 
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Figure 2.5: Brillouin /one of a (7,7) armchair and a (13,0) zig-zag Lube (thick lines). The background is 
a contour plot of the electronic band structure of graphene (white indicates the maximum energy). Note 
that the graphene Brillouin zone in the right panel is rotated by 30 u . The Brillouin zone consists of 2 n 
(/.<?., 14 and 26, respectively) lines parallel to k z , where k z is the reciprocal lattice vector along the tube 
axis. Each line is indexed by m G [—where m = 0 corresponds to the line through the graphene T 
point {k = 0). Note that the Brillouin-zone boundary nja is given by tt/c/q for armchair and nj >/3c/(j for 
zig-zag tubes. It can be seen from the symmetry of the graphite hexagonal Brillouin zone that lines with 
index m and —m arc the same, as well as k and —k for the same index m. 


This yields 


k 


_L — 


2n\ + n 2 . 2ni+n\ 

qnOi 1 qn*Jl 2 



"2, , "U 

— *1 H-*2- 

q q 


( 2 . 11 ) 

( 2 . 12 ) 


In Fig. 2.5 the Brillouin zones of a (7,7) armchair and a (13,0) zig-zag tube are shown for 
m G [—/?,w] in relation to the graphene Brillouin zone. The line through the graphene r point 
has the index m = 0. The position of the lines with m = 0 and m = n is the same for all zig-zag 
and all armchair tubes, respectively, independent of their diameter. With increasing diameter 
the number of lines increases while their distance decreases. For chiral tubes, see Fig. 2.11. 

To a first approximation, the properties of carbon nanotubes are related to those of graphite 
by taking from graphene the lines that correspond to the nanotube Brillouin zone, according to 
Eqs. (2.11) and (2.12). For example, the electronic band structure of a particular nanotube is 
found by cutting the two-dimensional band structure of graphene (see background of Fig. 2.5) 
into q lines of length 2 nja and distance 2/d parallel to the direction of the lube axis. This 
approach is called zone folding and is commonly used in nanotube research. Since the zone¬ 
folding procedure, however, neglects any effects of the cylinder geometry and curvature of the 
tube walls, results obtained by zone folding have to be used with great care. We discuss the 
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zone-folding approximation for the electronic and vibrational properties in the corresponding 
chapters in detail. 

We now know the most basic properties of single-walled carbon nanotubes, their diameter, 
chirality, and the lattice vector along the tube axis. We also found expressions for the lattice 
vectors in reciprocal space. To obtain geometrically the atomic positions of a given («| , 772 ) 
nanotube, we could construct the corresponding graphene rectangle and roll it up into a cylin¬ 
der. The atomic positions are, on the other hand, determined by the chiral indices («] , 112 ) as 
well. We explain in Sect. 2.3, how they can be calculated with the help of the high symmetry 
of carbon nano tubes. 


2.2 Experiments 

The atomic structure of carbon nanotubes can be investigated either by direct imaging tech¬ 
niques, such as transmission electron microscopy and scanning probe microscopy, or by elec¬ 
tron diffraction, />., imaging in reciprocal space. Frequently, these methods are combined, 
or used together with other experiments like tunneling spectroscopy for cross-checking. In 
this section we illustrate some examples of this work on determining the structure of real 
nanotubes. 

Multiwall carbon nanotubes were first discovered in high-resolution transmission electron 
microscopy (HRTEM), by Iijima.^ 2 K| In HRTEM pictures, multiwall lubes usually appear as 
two sets of equally spaced dark lines at two sides of a transparent core. The lines correspond to 
the tube walls projected onto the plane perpendicular to the electron beam; from their distances 
the tube diameters and the inter-wall distances can be measured. HRTEM is used to verify the 
presence of nanotubes in the sample, to perform statistics on tube diameters and diameter 


Figure 2.6: High-resolution transmission 
electron microscopy image of an SWNT 
bundle. The scale bar is 4nm. In the 
lower part of the figure the bundle is ap¬ 
proximately parallel to the electron beam 
and is seen from the top. The bundle 
consists of single-walled nanolubes with 
1.4 inn diameter arranged in a triangu¬ 
lar lattice. From Ref. [2.7]. 
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Figure 2.7: Electron diffraction patlem of a single- 
walled carbon nanotube. (a) Experiment; the inset 
shows a TEM image of Lhe Lube. Perpendicular to 
the tube axis the spots are elongated (horizontal di¬ 
rection); the oscillation period of Lhe intensity along 
E - E ! determines the inverse tube diameter, (b) 
Simulation of Lhe diffraction pattern for a (14,6) tube 
and atomic structure of the (14,6) tube (inset). From 
Ref. [2.101. 



distributions, and to identify structural defects. It complements the more surface-sensitive 
scanning probe techniques and is thus in general important for investigating three-dimensional 
structures like multi wall nanotubes, single-walled nanotube bundles, or the structures of caps 
at the end of the lubes. In Fig. 2.6 the HRTEM image of a SWNT bundle is shown. In the 
upper part, the bundles are in the plane perpendicular to the electron beam. In the lower 
part, the bundle is bent and a cross section of the bundle can be seen. The bundle cross 
section exhibits a triangular lattice of single-walled lubes. The tube diameter determined from 
HRTEM is often unde re sti mated, depending on the orientation of the tube with respect to the 
electron beamJ 2,1 ^ The error increases with decreasing Lube diameter. In order to obtain a 
more reliable diameter, simulations of the TEM images are necessary. 

Electron diffraction patterns of carbon nano tubes show the intermediate character of a na- 
notube between a molecule and a crystal. The hexagonal symmetry ofthe atomic lattice gives 
rise to a hexagonal geometry in the diffraction pattern. On the other hand, perpendicular to 
the tube axis the apparent (projected) lattice constant decreases towards the side of the tube 
because of the projection of the curved wall. The diffraction spots are therefore elongated 
in this directionJ 2,11 ^ _[21 Figure 2.7(a) shows the diffraction pattern of a single-walled na¬ 

notube, and (b) a simulation of the pattern lor a (14,6) tube. [2,l() J The spots are sharp in the 
direction of the tube axis (vertical); in the horizontal direction the spots arc elongated. From 
Lhe equatorial oscillation of the intensity along E - EJ the diameter of the tube can be de¬ 
termined. In a single-walled Lube, the electron beam passes the tube wall twice, the front 
and back are projected onto each other. This gives rise to the hexagonal pattern of pairs of 
diffraction spots. The chiral angle of the lube can be obtained from the angle by which the 
two hexagons are rotated against each otherJ 2 t°l,T2. 1 4 1 p or small-diameter tubes the combina¬ 
tion of diameter and chiral angle can lead to a unique assignment of the chiral vector (n\ 
Since the interpretation of diffraction experiments on nanotubes is rather complex, they are 
often accompanied by simulations to confirm the assignment of the tube chiralities. A review 
on electron transmission and electron diffraction of carbon nanotubes is found in Refs. [2 .1 5J 
and [2.16j. 
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Figure 2.8: Scanning tunneling microscopy images of an isolated semiconducting (a) and metallic (b) 
single-walled carbon nanolube on a gold substrate. The solid arrows are in the direction of the tube axis; 
the dashed line indicates the zig-zag direction. Based on the diameter and chiral angle determined from 
the STM image, the tube in (a) was assigned it) a (14, —3) tube and in (b) to a (12,3) tube. The semi¬ 
conducting and metallic behavior of the lubes, respectively, was confirmed by tunneling spectroscopy at 
specific sites. From Ref. [2,171. 


The surface structure of carbon nanotubes can be studied by scanning probe techniques 
such as scanning tunneling (STM) and atomic force microscopy (AFM).^ 217 ^ In STM 
measurements, atomic resolution of the structure can be achieved. In Fig. 2.8 we show STM 
images of single-walled carbon nanotubes by Odom et alS 2 ’ X1 ^ The dark spots correspond to 
the centers of the graphene hexagons. The chiral angle is measured from the zig-zag direction 
with respect to the direction of the lube axis as indicated by the dashed and solid lines, respec¬ 
tively. There are, however, some possible sources of error in the interpretation of STM images. 
The diameter determination is affected by the well-known problem of imaging a convolution 
of lip and sample; the tube appears flattened. The image distortion by non-vertical tunneling 
leads to an overeslimation of the chiral angle by 15 — 70%. L 2 - 26 ^ This error can he corrected in a 
careful analysis. Furthermore, the tube also interacts with the substrate and the tunneling cur¬ 
rent might contain contributions from both, tunneling between tip and nanolube and between 
nanotube and substrate, or tunneling through several layers in the ease of multiwall tubes. 12 27 * 
Finally, the STM images of carbon nanotubes exhibit an asymmetry with respect to nega¬ 
tive and positive bias, which in addition depends on whether (/?i — ni) mod 3 — d= 1 J 2 28 i [2.30] 
For example, the STM image of a (1 1,7) tube [with (/i| — /!2)niod3 = + IJ at positive bias is 
very similar to the image of the close-by (12,7) tube [with (n \ —ri 2 ) mod 3 = -11 at negative 
bias.^ 2 3l> ^ Besides computations of the STM images, the assignment of lube chiralities can be 
checked by scanning tunneling spelroscopy (STS), which probes the electronic properties and 
allows determination of the metallic or semiconducting character of the tube.^ 2 ' 17 ^ 2,22 ' These 
measurements are discussed in detail in Chap. 3. 

Alomic/scanning force microscopy (AFM/SFM) is another method by which the topog¬ 
raphy of a sample can be easily investigated, e.g., the distribution of isolated lubes on a sub- 
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strate and/or on electrodcs^ 2 ’ 25 ^ 2,311,12,321 In contrast to STM, a conducting substrate is not 


required. Usually, the tube diameter is determined from height measurements; the width of 
the lube appears enlarged as for STMp- 25 ^ 2 ’ 3 ^ Hertel et al) 2M1 investigated the effect of 
interaction between tube and substrate on the geometrical structure by AFM and molecular 
mechanics simulations. They found that, with increasing diameter and decreasing number of 
shells, the lubes are flattened by adsorption to a substrate and can even col lapsed 2,35 ' Simulta¬ 
neously with the topographic image, information on the mechanical properties of the lubes can 
be obtained or the lubes can be mechanically manipulated. L 2 - 3 ^ 2 - 3 ?] In addition, conductive 
probe AFM allows investigation of the conductance of nanotubes, e.g., at electrical contacts 
or between the tubes in a bundled 2, ^8].[2.39i 

In summary, the structure of carbon nanolubes can be investigated by HRTEM, electron 
diffraction, and scanning probe microscopy; STM offers measurements with even atomic res¬ 
olution. From both, STM and electron diffraction, the chiral vector and lube diameter can be 
determined, and hence the chiral vector (n\.ti 2 ), in principle, can be found experimentally. In¬ 
terpretation of the images is, however, delicate and often requires computations of the images 
and cross-checking with other experimental results. 


2.3 Symmetry of Single-walled Carbon Nanotubes 

The symmetry of carbon nanotubes is described by the so-called line groups. [ I4 °H2.44] |j ne 
groups are the full space groups of one-dimensional systems including translations in addition 
to the point-group symmetries like rotations or reflections. Therefore, they provide a complete 
set of quantum numbers. Damnjanovie et all 1 1 U 2.45 u 2.46] s | lowec j that every nanolube with a 
particular chirality (/?| .ni) belongs to a different line group. Only armchair and zig-zag tubes 
with the same n belong to the same symmetry group. Moreover, by starting with a single 
carbon atom and successively applying all symmetry operations of the group, the whole lube 
is constructed. Because the relation between the carbon atoms and the symmetry operations 
is one-to-one, the nanotubes in fact are the line groups. Here we introduce the reader to the 
basic concepts of line groups and their application in carbon nanotube physics. 

2.3.1 Symmetry Operations 

In order to find the symmetry groups of carbon nanotubes we consider the symmetry opera¬ 
tions of grapheneJ 2,1142,451 Those that are preserved when the graphene sheet is rolled into a 
cylinder form the nanotube symmetry group. Translations by multiples of a of the graphene 
sheet parallel to a remain translations of the nanotube parallel to the tube axis, see Fig. 2.3. 
They form a subgroup T containing the pure translations of the lube. Translations parallel to 
the circumferential vector c (perpendicular to a) become pure rotations of the nanotube about 
its axis. Given n graphene lattice points on the chiral vector c, the nanotube can be rotated 
by multiples of 2 kI n. Single-walled nanotubes thus have n pure rotations in their symmetry 
group, which are denoted by C* (,s = 0, L...,« — 1). These again form a subgroup C n of the 
full symmetry group. 

Translations of the graphene sheet along any other direction are combinations of transla¬ 
tions in the a and the c direction. Therefore, when the graphene sheet is rolled up, they result 
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in translations combined with rotations about the nanotube axis. The order of these screw axis 
operations is equal to the number q of graphene lattice points in the nanotube unit cell. They 
are denoted by (C^\art/qY with the parameter 


iv = -Fr 
n 


n 


qiJi 


3-2 


n i -n 2 



<P(ni jn) 1 


(2.13) 


Fr[x] is the fractional part of the rational number jc, and (p(n) is the Euler function/ 2,47 ' On the 
unwrapped sheet the screw-axis operation corresponds to the primitive graphene translation 
^c + ^a. The nanotube line group always contains a screw axis. This can be seen from 
Eq. (2.6), which yields q/n > 2. In achiral lubes, q/n = 2 and w — 1; thus the screw axis 
operations in these tubes consist of a rotation by njn followed by a translation by a/2, sec 
Fig. 2.3. 

From the six-fold rotation of the hexagon about its midpoint only the two-fold rotation 
remains a symmetry operation in carbon nanolubes. Rotations by any other angle will tilt the 
tube axis and are therefore not symmetry operations of the nanotube. This rotational axis, 
which is present in both chiral and achiral tubes, is perpendicular to the tube axis and denoted 
by U . In Fig. 2.9 the 17-axis is shown in the (8,6), the (6,0), and the (6,6) nanotube. The 17-axis 
points through the midpoint of a hexagon perpendicular to the cylinder surface. Equivalent to 
the U -axis is the two-fold axis U f through the midpoint between two carbon atoms. 

Mirror planes perpendicular to the graphene sheet must either contain the tube axis (ver¬ 
tical mirror plane o\) or must be perpendicular to it (horizontal mirror plane cT/ 7 ) in order to 
transform the nanotube into itself. It can be seen in Fig. 2.9 that only in achiral tubes are 
the vertical and horizontal mirror planes, o x and 0 / 7 , present. 12 11 They contain the midpoints 
of the graphene hexagons. Additionally, in achiral tubes the vertical and horizontal planes 
through the midpoints between two carbon atoms form vertical glide planes (ay) and hori¬ 
zontal rotoreflection planes (oy), see Fig. 2.9. 

In summary, the general clement of any carbon-nanotube line group is denoted as 




(q\jye„u»oy 


(2.14) 


t = 

0 , d=1, 

■ * * J 

s = 

0 ,1... 

..a - 1; 

Li 

0 ,1; 



fo,i 

achiral 

V = 

0 

chiral 


and w,n.q as given above. Note that C), = U<J X . 

These elements form the line groups L, which are given by the product of the point groups 
D n and for chiral and achiral tubes, respectively, and the axial group T™: 


Lj\ z = T 2 „D nh = L2n„/mcm 


(armchair and zig-zag) 


(2.15) 
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Figure 2.9: Horizontal rotational axes and mirror and glide planes of chiral and achiral Lubes. Left: 
Chiral (8,6) nanotube with the line group one of the U and U f axes are shown. Middle and 

right: zig-zag (6,0) and armchair (6,6) nanotube belonging to the same T\ 2 D^ line group. Additionally 
to the horizontal rotational axes, achiral tubes also have a), and o x mirror planes (in the Figure as o\,), 
the glide plane op (<vX and the rotoreflection plane O/,/. Taken from Ref. [2.1J. 


and 


Lei = TqD n = Lq p 22 (chiral tubes). (2.16) 

Here 2 Kw/q determines the screw axis of the axial group. The international notation is in¬ 
cluded, although it will not be used here, for a better reference to the Tables of Kronecker 
Products in Refs. [2.421 and [2.44J. 2 

For many applications of symmetry it is not necessary to work with the full line group. 
Instead, the point group is sufficient. For example, electronic and vibrational eigenfunctions 
at the r point always transform as irreducible representations of the isogonal point group. 
For optical transitions or first-order Raman scattering the point group is sufficient as well, 
because these processes do not change the wave vector L The point groups isogonal to the 
nanotube-line groups, /.<?., with the same order of the principal rotational axis, where the 
rotations include the screw-axis operations, are 

D q for chiral (2.17) 

and D 2n h for achiral tubes. 

Since carbon-nanotube line groups always contain the screw axis, they are non-symmorphic 
groups, and the isogonal point group is not a subgroup of the full symmetry group. We will 
consider this below in more detail when we introduce the quantum numbers. 

After having determined the symmetry operations that leave the whole tube invariant, we 
now investigate whether they leave a single atom invariant or not. Those that do form the 
site symmetry of the atom and are called stabilizers; the others form the transversal of the 
group, In principle, a calculation for all carbon atoms in the unit cell can be restricted to 
those atoms that by application of the transversal form the whole system. As an example we 

2 Care must be taken when working with those tables, because the meanings of the symbols n and q in the refer¬ 
ences arc interchanged. 
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now show how the atomic positions of the tube can be obtained from a single carbon atom. Wc 
start with an arbitrary carbon atom and apply the £/-axis operation. The atom is mapped onto 
the second atom of the graphene unit cell (hexagon). The n-fold rotation about the tube axis 
then generates all other hexagons with the first atom on the circumference. The screw-axis 
operations (without pure translations) map these atoms onto the remaining atoms of the unit 
cell. Finally, translating all the atoms of the unit cell by the translational period a forms the 
whole tube, If we know, c.g., the electronic wave function of the tube at the starting atom, we 
know the wave function of the entire tube. 

Thus, just a single atom is needed to construct the whole tube by application of the sym¬ 
metry operations of the tube; such a system is called a single-orbit system. The line groups 
of chiral tubes comprise, besides the identity element, no further symmetry operations but 
those that have been used for the construction of the tube. Therefore, the stabilizer of a carbon 
atom in chiral tubes is the identity element; its site symmetry is C\. In achiral tubes, on the 
other hand, there are additional mirror planes <7/, and <r v . Reflections in the <7/, plane in arm¬ 
chair tubes and in the <7 A plane in zig-zag tubes leave the carbon atom invariant. Thus the site 
symmetry of the carbon atoms in achiral tubes is C\ fl . We will see later that the higher site 
symmetry of achiral nanotubes imposes strict conditions on, e.g., their phonon eigenvectors 
or electronic wave functions. 

Using the symmetry operations of the lube, we now find the atomic positions r in the unit 
cell. Let us define the position of the first carbon atom at \ (a\ + 02 ) ant ^ choose the U -axis to 
coincide with the ;t-axis. Then in cylindrical coordinates the position of the first carbon atom 
in the nanolube is given byl 2| l 

foot) = (ro^OzZi)) = (d/2,2 k -^ ao), (2.18) 


where 2N — nq c A = 2 ( n\ + n\r \2 + n\). An element (Cf { \ f ^-) f O n U u acting on the atom maps it 
onto the new position 


tsu 


(q'c:u“\t- a -)r om 
H q 


<//2,(-l)"*o + 2n: 



(-l)“zn + -« 

q 


(2.19) 


where u = 0,1, s = 0,1,... .n — 1, and i — 0,i_l,±2,.... With the help of Eq. (2.19), the po¬ 
sitions of all carbon atoms can be constructed for any nanotube. We summarize the symmetry 
properties in Table 2.2. 


2.3.2 Symmetry-based Quantum Numbers 

A given symmetry of a system always implies the conservation law for a related physical 
quantity. Well-known examples in empty space are the conservation of linear momentum 
caused by the translational invariance of space or the conservation of the angular momen¬ 
tum (isotropy of space). The rotational symmetry of an atomic orbilal reflects the conserved 
angular-momentum quantum number. The most famous example in solid-stale physics is the 
Bloch theorem, which states that in the periodic potential of the crystal lattice the wave func¬ 
tions are given by plane waves with an envelope function having the same periodicity as the 
crystal lattice. 
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Table 2.2: Symmetry properties of armchair (A), and zig-zag (Z) and chiral (£) nanolubes. The sym¬ 
bols arc explained in the text. From the position of the first carbon atom the whole tube can be 
constructed by application of the line-group symmetry operations, see Hq. (2.19). 



Tube 

Line group 

Isogonal 


root) 




point group 



A 

(«,«) 

T 2n Dnh 

D 2 nh 

L2n n /mcm 


z 

(h,0) 

T 2 nD„h 

^2 nh 

L2n„/mcm 


e 

(ni,n 2 ) 

T r D 

1 q^n 

D q 

Lq p 22 

to. 2 * 


Likewise, any quasi-particle of the nanotube or a particle that interacts with it “feels” the 
nanotube symmetry. The state of the (quasi-) particle then corresponds to a particular repre¬ 
sentation of the nanotube line group, i. e., its wave function is transformed in the same way 
by the symmetry operations as the basis functions of the corresponding representation. Us¬ 
ing this, we can calculate selection rules for matrix elements, according to which a particular 
transition is allowed or not. The probability for a transition from state |a) to state |j3) via the 
interaction X is only non-zero, if |X|tt) and (j3| have some components of their symmetry in 
common. If they do not share any irreducible component, their wave functions are orthogonal 
and the matrix element (ji\X\a) vanishes.^ 248 H-sq % can ^ e ^^ operator of an 

optical transition. 

In the next section we describe the irreducible representations of the carbon-nanotube line 
groups in more detail. Here, we first introduce two types of quantum numbers to characterize 
the quasi-particle states in carbon nanotubes and show their implications for conservation 
laws. 

Wc start by describing the general state inside the Brillouin zone by the quasi-linear mo¬ 
mentum k along the tube axis and the quasi-angular momentum m. The first corresponds to 
the translational period; the latter to both the pure rotations and the screw-axis operations 
These states | km) are shown by the lines forming the Brillouin zone, as depicted in Fig. 2.5 
for achiral tubes. For k = 0,/r/fl and m = 0,/? the state is additionally characterized by its 
even or odd parity with respect to the U-axis. Achiral tubes have additionally the parity with 
respect to the vertical and horizontal mirror planes, k is a fully conserved quantum number, 
since it corresponds to the translations of the tube, which by themselves form a group T. In 
contrast, m arises from the isogonal point group D q , which is not a subgroup of the nanotube 
line group. Therefore, rn is not fully conserved and care has to be taken when calculating 
selection rules. As long as the process remains within the first Brillouin zone ( ft/a, 7t/a\ for 
achiral tubes and within the interval [0, tt/u] for chiral tubes, m can be regarded as a conserved 
quantum number. But if the Brillouin zone boundary or the r point is crossed, m is no longer 
conserved. Such a process is often called an Umklapp process. 

The change of rn in Umklapp processes is illustrated in Fig. 2.10. A graphene rectangle 
is shown, which is an unrolled (3,3) tube. The arrows indicate the displacement vectors of 
the atoms along the tube axis. In (a), the translation of the tube along the tube axis is shown. 
This mode has infinite wavelength along the tube axis and along the circumference, i.e., k 0 
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Figure 2.10: Phonon eigenvectors tor an 
unwrapped (3,3) tube. The arrows in¬ 
dicate the aLomic displacements. In (a) 
the translation of the tube along Lhe tube 
axis is shown. This vibration lias infinite 
wavelength (k ~ 0) and zero nodes along 
the circumference m = 0. The vibration in 
(b) can be understood as a F-point mode 
with 2n — 6 nodes along the circumfer¬ 
ence. Alternatively, we can view the dis¬ 
placement as an m — 0 vibration with X = 
a (dashed line). Thus the same displace¬ 
ment pattern can be understood as a mode 
with k = 0 and m — n or as a mode with 
k — In I a and m — 0. 
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and m = 0. If wc want to relate the displacement in (b) to the ^-translation, we find two 
solutions. First, if we view the displacement as a F-point mode, we find In — 6 nodes along 
the circumference. The vibrational state in (b) is then characterized by k : = 0 and in = n. 
Alternatively, we can regard the vibration in (b) as an m = 0 mode, as in (a). The wavelength 

of the vibration is in this case X -- a (dashed line). Thus the state with k — 2n/a and m — 0 is 

equivalent to the state with k -- 0 and m = n. In this example, m jumps by n when going into 
the second Brillouin zone. This holds in general for achiral tubes. In an Umklapp process m 
changes into m f according to the following rules^ 2 421 

m f — (m ±n) mod q (achiral tubes). (2.20) 

In chiral tubes, the Umklapp rules are* 2-44 ^ 

ni ~ (m -b p) mod q when crossing the zone boundary at n/a (2.21) 

m f = —m when crossing the F point, 


where p is given by 


p — q Fr 


nR 


q . ( l ) <P( (2 n | +n 2 )/nR) 


2 n i + nj 



( 2 . 22 ) 


Fr[jc] is again the fractional part of the rational number x and <p(n) the Euler function. 12,47 ^ 
Note that for achiral tubes p = n and Eq. (2.21) becomes Eq. (2.20), 

Another illustration for these Umklapp rules was shown in Fig. 2.5. Let us follow the 
nanotube Brillouin zone along the allowed wave vectors (white lines). We start with a line 
given by k £ [Q,n/a\ and index m< From the symmetry of the graphene hexagonal Brillouin 
zone and the contour plot it is seen that following this line in the interval [n/a^ln/a] yields 
the same parts of the Brillouin zone as following the line with m f = ti — m from k — ~nja to 
k = 0. This corresponds to application of Eq. (2.20). 

Instead of the conventional “linear’ quantum numbers k and /«, the so-called “helical” 
quantum numbers, k and m, can be used. 1 3i]-\2M\ yj lc h c ]j ca ] quantum numbers are 
fully conserved. In contrast to m, the new quantum number m corresponds to the pure rotations 
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of ihc nanotube, which form the subgroup D tl of the nano tube-line group. Therefore, in is fully 
conserved and takes n integer values in the interval (— n/2.n/2] t The screw-axis operations are 
incorporated in k y which can be considered as a “helical” momentum. Because the screw-axis 
operations including pure translations form the subgroup k , too, is a conserved quantum 


number in carbon nano tubes. The minimum ro to-translational period is now and k G 

(— It/a, ft/a], where ft — nq/n . 3 In the Brillouin /one “BZ” defined by k,m there are as 
many states as in the conventional Brillouin zone. The number of lines indexed by m is 
reduced by a factor q/n, while the interval ( ft/a, K/a] for k is extended by the same factor 
for k . The linear and helical quantum numbers can be transformed into each other by the 
following equations^ 2 ^ 


| k.ni) 

I k,m) 


. . wm 2k ~2ft ~ v 

\k-\ -h A— ,m + Mn) 

n a a 

|T wifi 2 k 2k 

| k -h A —, m Kp + Mq). 

n a a 


(2.23) 

(2.24) 


Here, A. A/, A, and M are integers determined by the condition that the quantum numbers are 
in the intervals 


/ / n 71 
k G (--. - 

a a 

J qn C{K 

n a n a 


c / (7 

^ 2’ 2 

, ( nn 

mE{ - 2 - 2 1 


(2.25) 

(2.26) 


Figure 2.11 illustrates the relation between the w” and the w” quantum numbers for 
a (10,5) tube. The number of atoms in the unit cell is 2 q — 140; the linear quantum number 
m € {—q/2,q/2\ takes q = 70 values. Thus the conventional Brillouin zone of the (10,5) tube 
consists of 70 equidistant lines, which are depicted by the short solid white lines in Fig. 2.11. 
Their direction is parallel to the tube axis. Their length is 2 k/u, where the translational period 
a = 11.3 A, and their distance is 2/d. The BZ indicated by the dashed white lines consists of 
n = 5 lines indexed by m. Their length is 2^ = 28^. At/c = 0 and m = 0 is the F point 
of graphene, i.e., k = 0 and m - 0. We will see in Sect. 7.1 that for chiral tubes the helical 
quantum numbers are much more helpful than the linear quantum numbers for, e.g., displaying 
the phonon dispersion and using it in further calculations. 


2.3.3 Irreducible representations 

In this section we introduce the irreducible representations of the carbon-nanotube symmetry 
groups. We shall explain the line-group notation used in Refs. [2.42] and [2.46], which, in 
contrast to the more common molecular notation of crystal point groups, includes the full 
space group. 

For a group consisting of rotations only, all irreducible representations would be one- 
dimensional, since a cyclic group is an abelian groupJ 248 ^ We thus have to examine the 
other generating elements of the groups T^Dnh T™D ,, to determine the dimensions of the 

irreducible representations. The other generating elements are the mirror planes for achiral 
tubes and the U -axis for both chiral and achiral tubes. We start again with a general state 


^Noic that all intervals arc defined modulo these intervals. 
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Figure 2.11: Brillouin /one of the (I0,5) 
tube. The backgourul is a contour plot 
of the conduction band of graphene; the 
darkest points are at the K point; the white 
points are the F point of graphene. The 
short solid white lines indicate the Bril¬ 
louin zone of the (10,5) tube given by the 
quantum numbers k and m: it is formed 
by q = 70 parallel lines of length In/a. 
The dashed white lines form the equiva¬ 
lent Brillouin zone given by the quantum 
numbers k and m. There are n = 5 lines; 
their length is 2n/a — IKn/a. 



| km) with k E (0,n/a) and m E (0,#/2). The {/-axis maps the state | km) into | — k — m) and 
hence a two-dimensional irreducible representation exists with the basis {|£wi},| —k — m)}. 
The action of the two-fold rotation about the £/-axis onto \\km), \ — k — rn) } can be written as 


( \ -k-m) \ _ ( 0 1 \ / | km) \ 

V \ km ) ) v 1 0 ) v i ~ k - m ) ) ' 


(2.27) 


'The symmetry groups of chiral tubes contain no further generating elements, thus the irre¬ 
ducible representations of the groups T™D n are either one- or two-dimensional. 

In achiral lubes, in addition, the vertical and horizontal mirror planes map the state | km) 
into | k —m) (vertical mirror plane) or into | — km) (horizontal mirror plane). Therefore, the 
irreducible representations describing a slate inside the Brillouin zone are four-dimensional. 
If we choose the basis as {| km), \k — m), \ — km),\ — k - w),}, the action of, e,g. y a x can be 
written as 


( \k —m) \ / 0 I 0 0 \ / | km) 

| km) 10 0 0 | k —m) 

| —k—m) 0 0 0 1 | — km) 

^ | — km) / \0 0 I 0 J \ \ - k m) 


(2.28) 


The irreducible representations of the groups arc thus one-, two- or four-dimensional. 

Note that the degeneracy of k and — k in both chiral and achiral tubes is specific to the line- 
group notation. In contrast, it is common not to count this degeneracy. In this case, chiral 
tubes possess only non-degenerate representations and achiral tubes one- or two-dimensional 
representations. 

The examples given in Eq. (2.27) and Eq. (2.28) for chiral and achiral tubes, respectively, 
apply to a state | km) inside the Brillouin zone. At the Brillouin zone edges, on the other hand, 
states with k and -k are the same; m and — m describe the same quantum number if m — 0 or 
m — qj 2. Then the dimension of the irreducible representation is reduced. Additionally, states 
at the Brillouin-zone edges are characterized by parity quantum numbers with respect to the U - 
axis and, in achiral tubes, to the mirror planes. The Umklapp rules, Eqs. (2.20) and (2.21), are 
reilected by the fact that at the Brillouin zone boundaries the bands m are degenerate with the 
bands m l = (m + p) mod q , 12,561 An overview of the irreducible representations, degeneracy as 
well as symmetry of polar and axial vectors and their symmetric and antisymmetric products 
can be found in Ref. [2.56]. 



20 


2 Structure and Symmetry 


Table 2.3: Correspondence of the line-group notation for La^z at the T -point to the molecular notation 
for the isogonal point group £> 2 ,,/,. For chiral tubes, the subscripts “g” and ‘W’ are omitted; n is replaced 
by q/2. 


•At 

<A 

0 #0 o« 0 

<AT 

(At 

<AT 

«A, 


<Aj m 

0 E± m 

A\ g 

A 2 a 

A 2# A 1( < 

n even: B\ g 

Bin 

b 2h 


m even: 

Ems 

Emu 




n odd: B 2u 

B\ s 

B\u 

B lg 

m odd: 

F 

L-mu 

F 


<J[,/ U -axis parity 
m quantum number 


In the following we explain the line-group notation for the irreducible representations: 

wave vector—* m 

1 dimension (X A,R,E,G). 

X is given by a letter that indicates the dimension of the representation: A and B are one¬ 
dimensional, E two-dimensional, and G four-dimensional representations. For achiral tubes, 
A and B give at the same time the parity quantum number with respect to the o x operation. A 
corresponds to even and B to odd parity. In chiral tubes at k = 0, the subscript + or — denotes 
even or odd parity under the U -axis operation and, in achiral tubes, under the 07 , operation. 
For example, in achiral tubes oB {) is the one-dimesional irreducible representation of a T-point 
stale (k — 0) with zero nodes around the eireumference (m = 0). This state has odd parity under 
both the vertical (B) and the horizontal (—) reflections. In chiral tubes, *Ei denotes a two-fold 
degenerate (E) state inside the Brillouin zone, i.e. y k / 0 and k ^ k/lu with 4 nodes around 
the eircumferenee (m = 2). This state has no defined parity under rotation about the U- axis. 
A summary of all irreducible representations of chiral and achiral carbon nanotubes is given 
in Tables A1 and A2 of Ref. [2.46 1. In Tables 2.4 and 2.5 we show the character tables of the 
point groups D tf \ x for even q in the molecular notation, and for the achiral line groups T^jDnh 
in the line-group notation. 

The irreducible representations at k = 0 can be related to the more common molecular 
notation^ 2 ^ of the corresponding isogonal point groups D^h and D qt In chiral tubes, oAj is 
the fully symmetric representation Ay \ o^o possesses odd parity under the U- axis operation 
and therefore corresponds to A 2 in the molecular notation. For m = q/2 , the states have odd 
parity under rotation by 2k/ q about the principal axis, thus the representations qA^ 2 and qA “ /7 
translate into B\ and # 2 , respectively. The degenerate representations 0 E m are the same in the 
molecular notation (E m ). 

Achiral lubes possess a center of inversion, thus the fully symmetric representation qAq is 
A\ s in molecular notation; oA ( y is A?,,. The correspondence of the degenerate representations 
qE± to E„ m or E mu depends on whether rn is even or odd. For example, we consider the 
representation . The inversion of the achiral tube is given by the symmetry operation 
<j/, C) 7 , r The character of for the inversion is therefore (Table 2.5) —2 zo%{nm2n/q) = +2. 
Thus 0 E~ transforms into E ms if m is odd. We summarize the relationship between the line- 
group and the molecular notation in Table 2.3. For chiral lubes, the subscripts “g” and “m” 
are omitted; n is replaced by q/2. 

Finally, we want to give an example of the use of the line-group symmetry to calculate 
selection rules. We consider optical absorption in carbon nanotubes in the dipole approxima- 
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tion. The momentum operator has the same symmetry as a polar vector. The z-component 
of a polar vector in an achiral nanotube belongs to a non-degenerate represenation. It has 
even parity with respect to the vertical mirror plane a x and odd parity under <7/,. Therefore, it 
transforms as the irreducible representation qAq . The x- and y-components are degenerate and 
have even parity with respect to 0 / ; , therefore given by J 2 43] In the dipole approximation, 
an optical transition between the states \i) and |/) is allowed if the direct product between the 
representations of the polar vector and the electronic states have a common component; 

® D pv ® D ]i) D () /l ( +. (2.29) 

This can be evaluated in the standard way by using the character tables in Table 2.5 or in 
Refs. [2.44] and [2.42]. More elegant and much faster, however, is the direct inspection of 
the quantum numbers. Because of its qAq symmetry, z-polarized light can change neither m 
(Am = 0), nor the a x parity (A). But since it carries a negative <7/, parity quantum number, 
it changes the <7/, parity of the quasi-particle it interacts with. Similarly, x/y-polarized light 
changes the rn quantum number by Am = ® I, but leaves the <7/, parity unchanged. For exam¬ 
ple, the electronic bands crossing at the Fermi level in armchair tubes (see Chap. 3) possess 
and * E symmetry. Between these two bands, an optical transition with z-polarized light 
(Am — 0) is forbidden, because it cannot change the o x parity of the electronic states from A 
to B . A summary of the optical selection rules will be given in Chap. 4. 


2.3.4 Projection Operators 

Above, we introduced the irreducible representations of the nanotube line groups, and for a 
given function the corresponding irreducible representations can be found. In this section we 
show how to find a function that transforms according to a particular irreducible representa¬ 
tion. This is done by the so-called projection operators. The term function is used in a general 
sense; in the ease of phonons it stands for the displacement pattern of the eigenvectors. 

Consider an arbitrary function F. This function can, in general, be expanded into several 
irreducible representations F where a labels the irreducible representations, 

c n a are the coefficients of the expansion, and the are functions transforming according to 
the representation a. A projection operator defined 5y 1 [2.57J 



V" rSP) 


8 


E? 

G 


In 


(aye, 


(2.30) 


applied to F projects onto the symmetry adapted function In Hq. (2.30) dp is the de¬ 
generacy of the irreducible representation j3, g the order of the symmetry group, G are the 

symmetry operations, and is the /n-th element of the representation matrix D (P). 

As a simple example of how to work with projection operators we take a vector (x,y,z) in 
the point group. The character table of D 4 / 7 is given in Table 2.4 if q = 2 is inserted. The 
vector representation is the sum (I) E\ lt or qAq ® (>£+ in line-group notation. 12,431 We want 
to find the part of the vector transforming according to A 2 U * A projection onto non-degenerate 
representations is particularly easy, because the representation matrix is equal to the 
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Table 2.5: Character table for the T q D n j, line groups. The characters for the chiral line groups can be found in Ref. [2.41]; they can also 
be obtained from essentially the same patterns as observed by a close inspection of this table. The inversion is given by / = The 4 

superscript in the line-group notation does not correspond to the g/u subscript in the molecular notation. Here a = 2tz!2iu t = 0. = \, —2 ,.. 
m= K2,...,(« — 1). ~ 0,1.....n — L and ft 6 (0, iz). 
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characters of the representation. The full projection according to Eq. (2.30) reads 


►02 u. 


(fc H-C 4 H f- 4 1 1 C2 - C 2 1 ^ 22 ^21 ^'22 ^ “ • ■ -) (- Y ? >*; z) 
[(.v,.y,z) + (>>, -x,z) + {-y,x,z) + (-x, -y,z) - (x, -y , -z) - 
{-x,y, -z) - (y,x, -z) - (-y, -x,-z) - (-x, -y. -z). ■.] 
(0,0,8z) = (0,0,z). 
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2 _ 

lft 


Thus the z~ component of a vector is a function that transforms as the Aj l{ representation in 
the D 41 , point group. The result is easily checked with the character table and the known 
transformation properties of z . In summary, to project a function F onto a non-degenerate 
representation, first the function F is transformed by the symmetry operations of the group; 
then the result is multiplied by the character of the representation F is projected onto, and 
finally summed over the transformed functions. 

The projection to degenerate representations is more complex. Here we need a matrix 
representation to set up the projection operator. The construction of a matrix representation is 
usually done with the standard symmetry-adapted basis, which for E\ u in the point group 
is ( v.y). The transformation properties of this standard basis straightforwardly yield a possible 
matrix representation, which is two-dimensional for K i„. The extension of the simple vector 
example from the last paragraph is trivial, since the standard basis is contained in the vector 
representation. 

To find the symmetry adapted displacement pattern a graphieal version of the projcelion 
operators is particularly helpful. In Fig. 2.12 the unit cell of a (5,5) nanolube is depicted, 
where the z-axis points at the reader. The isogonal point group of the (5,5) lube is Dio/,. 
The full and open circles represent the atoms in the two graphene sublattices, i.e. . their z- 
components are different. The atomic displacements are indicated by the arrows next to the 
atoms. The function F is now a circumferential displacement at the atom located at rooo- We 
project this displacement onto the A 1 ^ representation, which yields a possible phonon mode 
belonging to the fully symmetric representation. The sequences of pictures (except for the one 
in the lower right comer) shows how the displacement vector transforms under the symmetry 
operations of the nanotube. In, e.g ., the second picture (C^) the nanotube is rotated by s 2 k/5 
about the z-axis, and the starting atom with the attached displacement vector is transformed 
into an atom in the same sublallice. The displacement vector is multiplied by |T to project 
onto the fully symmetric representation. Note that every atom is reached twice. For example, 

the starling atom transforms into itself by <j/ 7 (lower left comer); likewise Cj and /Cj^ Vl 
yield the same atoms. The fully symmetric circumferential displacement pattern is obtained 
by summing over all pictures and multiplying by 1/40, where 40 is the number of elements 
in the point group Djq/,. The result is shown in the last picture in the lower right-hand comer. 
One atom is located at every atomic position; the displacement vectors are normalized. The 
projection yields an A 1 ^ circumferential mode, where the atoms in each sublallice are vibrating 
out-of-phase. On the unwrapped nanolube this displacement corresponds to one of the doubly 
degenerate high-energy £ 2 # vibrations at the r point of graphene. The graphene frequency 
is around 1580cm -1 ; a similar frequency is expected for the nanotube circumferential A\ g 
displacement. 

Up to now the results of the projection might seem trivial; rolling up the E^-like displaced 
carbon sheet leads to the same type of mode in a nanotube. But we now repeat the A ^ 
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Figure 2.12: Projection to the circumferential displacement pattern in a (5,5) nanotube. The dis¬ 
placement vector of the starting atom (E symmetry operation) is successively transformed into vectors 
at all other atoms in the unit cell. To project onto the fully symmetric representation the newly obtained 
displacement vector is multiplied by +1, the character for all symmetry operations. 


projection with an axial displacement. In Fig. 2.13 four selected symmetry operations of the 
(5,5) armchair tube from an axial displacement of the first atom are shown. The two pairs 

E, Of, and C^./cIq yield the same transformed atoms. The horizontal mirror plane reflects 
the axial displacement into its negative, which is then multiplied by -f1 for the A projection. 
When summing over the symmetry operations the axial E and a), displacement cancel. The 
same result is obtained for ail other symmetry operations that project onto the same atom, 


G © 




Figure 2.13: Projection of an axial A\f, displacement pattern. Only lour of the symmetry operations are 
depicted. The two different symmetry operations reaching a particular atom yield opposite displacements 
that add up to zero. Therefore, axial modes never belong to the A\ M representation in armchair nanotubes. 
The situation is different in zig-zag tubes, where axial modes can have A symmetry. 
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e.£., the C 5 and ICj {) pair. An axial phonon eigenvector is, therefore, never of A\ g symmetry 
in armchair carbon nanotubes. Indeed, the axial high-energy mode is of A\ u symmetry and 
hence not Raman active. 

As a last example we project a circumferential displacement with the help of the P x ^ 
operator. We use the E , Cg, and o x symmetry operations to demonstrate projection operators 
onto degenerate representations. According to Fq. (2.30), first a possible set of transformation 
matrices for E 2 S is required; the standard basis of is (.v 2 y 2 ,_vy). The matrix representa¬ 

tion of the identity for (and any other two-dimensional representation) is 


D{Ef 2 



(2.31) 


In order to operate with (the superscript for the representation is omitted) we first trans¬ 
form the atom with the displacement atom and then multiply the result by the element in the 
first row and first column of the matrix (2.31), Le. y by +1. The projection with the E operation 
is shown in the first picture in Fig. 2.14. The representation matrix for Cg is found with the 
help of the symmetry-adapted basis (x 2 — y 2 ,xy), the transformation properties of (x,y) under 
rotation, and the properties of the trigonometric functions, (x 2 y 2 ,-*!’) transforms as (x,y) 

under the rotation of the doubled angle 


D(q)^ 


cos (2,y -2 k/5) sin (2a- ■ 2tt/ 5)\ 
sin(2.y ■ 2 tt/5) cos (2.y • 2 tt/5 )) ' 


(2.32) 


This is a general rule; any basis of E m transforms under the principal rotation by a as (x,y) 
rotated by mot around the z-axis. The symmetry operation C$ transforms the starting atom plus 
its displacement vector into the atom rotated by 72° around z. The transformed displacement 
vector is then multiplied by cos 144° & —0.81. This is shown in the second picture of Fig. 2.14 
for Cg with s = 1.... ,4. Finally, the matrix representation of cr A i is 

Dfa,)* 2 * = (o 0 ,), (2-33) 


since o x \ (x 2 — y 2 ) = x 2 — (— _y ) 2 = (x 2 — y 2 ) and o x \ (xy) = —(xy). The matrices of the other 
<y X i reflections can be constructed from a x \ followed by Cg. The displacement pattern after ap¬ 
plying P\^(a X i) is shown in the third picture in Fig. 2.14. The atomic displacement obtained 



Figure 2.14: Projection of an £ 2 $ circumferential displacement pattern in a (5,5) nanotubc. Only the /T, 

(Ei ) 

Cg, and the o ) 7 symmetry operations are shown. The projection operator used in this figure is . The 
other projection operators applied to a circumferential displacement yield either the mode degenerate to 
the one shown or an in-phase displacement of the two graphene sublattices. 
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by the full projection is shown on the right of the figure. The circumferential mode has four 
nodes along the circumference and corresponds to a graphene high-energy mode away from 
the r point of the graphene Brjllouin zone. 

Finally, we have to consider the other possible projection operators of £ 2(I >. For exam¬ 
ple, multiplies the element in the first row and second column after operating with a 
symmetry transformation. Using P^ 2 ) one finds the mode degenerate to the one in Fig. 2.14. 
The degenerate eigen mode is obtained from a given eigenvector by a 90° rotation of the dis¬ 
placement pattern around the tube. If C 4 is not a symmetry operation of the nanotube the 
displacement vectors must be extended to the new atomic positions. The resulting eigenvec¬ 
tor has its nodes where the atoms are fully displaced in Fig. 2.14 and vice versa. The pair 
of projection operators P 2 { 2 ) aR d £ 2 ( 1 ) project onto another degenerate mode, namely, an 
in-phase displacement of the two graphene sublattices. 

2.3.5 Phonon Symmetries in Carbon Nanotubes 

The nanotube unit cell contains 2 q atoms, where q is the number of graphene hexagons in the 
unit cell (Sect. 2.1), thus the tube possesses 3 x 2 q phonon modes. In the zone-folding picture, 
they correspond to the six phonon bands of graphene, where from each graphene band in the 
two-dimensional Brillouin zone q lines with m E (—q/2.q/2\ are taken. In achiral tubes, the 
modes with m and —m are degenerate for the same k , thus 6 x («+ 1 ) phonon branches are 
actually seen in a plot of the phonon dispersion. In chiral lubes, a phonon given by \km) is 
only degenerate with | —k — rn), see Sect. 2.3. Therefore, all 6 q phonon branches are plotted in 
linear quantum numbers. They can be “unfolded” into 6 n bands by using the helical quantum 
numbers, where n is the order of the pure rotational axis. 

Damnjanovic el al ) 2A ' derived the dynamical representations in the nano tube line groups 
and their decomposition into irreducible representations. Each of these irreducible represen¬ 
tations corresponds to a specific phonon mode. In zig-zag (Z) and armchair (A) lubes the 
decomposition for the r -point modes reads (in molecular notation) 

D<2 =2 (A\g + A 2h + B\g + B2 u) +^ 2 # 3-A \ [t + /? 2 &' T T 3 ^(E, fl g + E mu ) (2.34) 

m 

Da =2 (A + A 2 £ + B\g + Bjg) + A.2u 3-A\ u -I- /? 2h + B\ u + 52 (4^/hh + 2E m g) 

m odd 

+ (4E, ?r<I ' + 2 E nw ) for n even (2.35) 

m even 

11 = 2 1 g + ^2g + B 1 u + #2?<) + &2u + A j H + /?2&' I B 1 g + 52 (4 Emu + 2 E ms ) 

m odd 

+ (4 E m g-\~ 2E mi( ) tor n odd, 

m even 

where the sum is over the integer values m = 1, ...{n — 1). In chiral ( 6 ) tubes, the dynamical 
representation is decomposed into 

”3 (Aj + A 2 +B\ +B 2 ) + 6^ i E ,„, 

m 


(2.36) 
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where m takes integer values from (—rt/ 2 ,«/ 2 ]. 

In contrast to three-dimensional crystals, the nanotube (like any one-dimensional crystal) 
possesses four acoustic modes instead of three. These are the translations into three direc¬ 
tions and the rotation about the lube axis. The rotational mode results from the translation 
of graphene along the chiral vector. The symmetry of the acoustic modes is A 2 ( H ) for the z- 
translation, E\( ti ) for the Ay-translation and A 2 q^ f° r the rotational mode. The subscripts it and 
g apply to achiral tubes only. 

The irreducible representations transforming like a polar vector determine the infrared- 
active phonons. In the nanotube line groups, the ^-component of the polar vector corresponds 
to the non-degenerate A 2 ( m ) representation; the a- and y- components transform like /f j(, Y ). 
Therefore, the infrared-active modes are (after subtracting the acoustic inodes) 


infrared active: A 2h + 2 £j„ 

3Ei„ 

A 2 f 5E] 


(zig-zag) 

(armchair) 

(chiral). 


(2.37) 


From the symmetric part of the direct product of two polar-vector representations, />., [(A- 2h 8 
E\u) 8 (A 2 „ ©Eu,)], the symmetry of the Raman-activc phonons is found to be * 2 431 

A + Eig + E 2 S (achiral) 

A\ + E\ + E 2 (chiral). 


The Raman active modes in carbon nanotubes are then 


Raman active: 2A\g + 3 E + 3 £ 2 g or 2 qA o+3o^i + 3oE 2 (zig-zag) 

2 Aj y + 2E\ S + 4 E 2 S or 2 oAq + 2qE^ + 4 0 (armchair) 

3Ai + 5E\ + 6 E 2 or 3oA ( 'j'+ 5(j£i + 6 ()i ?2 (chiral lubes). 

(2.38) 

The two A 1 (> phonons are the radial breathing mode, where all carbon atoms move in-phase 
in the radial direction, and the high-energy longitudinal (zig-zag) and transverse (armchair) 
modes. In chiral tubes, both the longitudinal and the transverse phonon are fully symmetric 
(A|). 

In Sect. 2.3.4 we explained how to find a phonon eigenvector of a particular symmetry 
by a graphical group-projector technique. We present now the Raman-active eigenvectors of 
achiral tubes obtained by the same method. In Fig. 2.15 we show all circumferential, radial, 
and axial phonon eigenvectors for the Raman-active representations A ] ? , E\$, and E 2j? in arm¬ 
chair nanolubes. Clearly, axial eigenvectors are singled out; axial Raman-active modes always 
belong to the E\ R representation in armchair tubes. This is due to the horizontal mirror plane 
through the carbon atoms. Displacements within the mirror plane (circumferential and radial) 
must always transform as +1 under the horizontal reflection. This is conform with A ^ (qAq ) 
and Ejg ( 0 ^) symmetry. In contrast, axial displacements transform as I under a/,, which is 
only fulfilled by the E\ s (o/Tj - ) Raman-active representation. Non-degenerate representations 
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Figure 2.15: Projection of all Ram an-active displacement patterns in an armchair nanotube. Although 
group theory allows the mixing of displacements belonging to the same representation, a mixing of the 
different axial and circumferential displacements is unlikely because of the different force constants. 




Figure 2.16: Projection of all Raman-active displacement patterns in zig-zag nanotubes. Every circle 
corresponds to two atoms located on lop of each other at different z. positions. If the two atoms represen- 
lated by the same circle are displaced in the same direction only one displacement arrow is shown for 
both. 


have a constant displacement amplitude along the circumference, whereas the E m representa¬ 
tions have eigenvectors with 2m nodes. The in-phase and out-of-phase combinations of the 
two graphene subl alt ices belong to the same representation in armchair tubes. 

In zig-zag tubes, the vertical mirror plane contains the carbon atoms and therefore de¬ 
termines the fully symmetric representations. We show the optical phonon eigenvectors for 
zig-zag lubes in Fig. 2.16. The direction of the tangential displacement in zig-zag tubes is 
opposite to the displacement in armchair tubes. For example, the E h high -energy mode is 
axial in armchair but circumferential in zig-zag tubes. 

By symmetry, the displacement patterns that belong to the same irreducible representa¬ 
tion can mix to form the “true” phonon eigenvector. However, a mixing of the high-energy 
eigenvectors shown in Figs. 2.15 and 2.16 with either in-phase displacement patterns or radial 
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modes is going to be weak, if the frequencies are significantly different like the fully symmet¬ 
ric circumferential vibration at ^ 1600 cm 1 in armchair tubes and the radial breathing mode 
at ^ 200 cm l . In fact, a small mixing of the radial breathing mode with the fully symmetric 
optical mode was found in calculations,' 2-58 * see also Sect. 8.2. 

In chiral tubes, axial and circumferential eigenvectors of similar frequency now belong to 
the same symmetry. The phonon eigenvectors cannot be deduced from symmetry and some 
general assumptions on the strength of the force constants alone. The expected mixing of 
the two tangential displaeements is verified by the first-principles caleulations, which are pre¬ 
sented in Chap. 6. 

2.4 Summary 

In this chapter we showed how to construct the atomic structure and the reciprocal lattice of 
carbon nanotubes from a given chiral vector (ri\pi 2 )- The microscopic structure of carbon 
nanotubes can be studied experimentally by electron microscopy, electron diffraction, and 
scanning probe microscopy. These techniques offer the possibility to determine the chiral in¬ 
dices of the tube, although the analysis of the results is complex and often requires simulations 
or a combination of different experimental methods. 

Single-walled carbon nanotubes have line-group symmetry, /.<?., they possess a transla¬ 
tional periodicity only along the lube axis. Within the concept of line groups, any state of a 
(quasi-)particle can be characterized by a set of quantum numbers consisting of the linear mo¬ 
mentum k , the angular momentum m, and, at special points in the Brillouin zone only, parity 
quantum numbers. Only achiral tubes possess additional vertical and horizontal mirror planes. 
When crossing the boundaries of the Brillouin zone in a scattering process, special Umkkipp 
rules apply, because m is not a fully conserved quantum number. Alternatively, a different set 
of quantum numbers can be used, the so-called helical quantum numbers. 

We explained Ihe notation and the application of the line-group symmetry for calculating 
selction rules. We gave an introduction lo the general concept of group projectors, which 
is used to find a basis function (here: phonon displacement pattern) to a given irreducible 
representation. A simple graphical method was described to lind ihe phonon eigenvectors of 
achiral nanotubes merely from symmetry. Finally, we summarized all infrared and Raman- 
active phonon modes and showed for armchair and zig-zag tubes the displacement patterns of 
the Raman-active phonons. 



3 Electronic Properties of Carbon Nanotubes 


Carbon nanoiubes have two types of bonds. Along the cylinder wall the o bonds form the 
hexagonal network, which is found in graphite in its pure form. The K bonds point perpendic¬ 
ular to the nanotube’s surface. They are responsible for the weak van-der-Waals interaction 
between different tubes. Naively, one might expect that the in-plane o bonds are most im¬ 
portant for the electronic properties of carbon nanotubes (or graphite, for that matter). This, 
however, is not the case. They are too far away from the Fermi level to play a role in, e.g., 
electronic transport or optical absorption in the visible energy range. The bonding and anti¬ 
bonding K band, in contrast, cross at the Fermi level. They make graphene and one third of 
carbon nanotubes metallic or quasi-melallic. 

This chapter concentrates mostly on the ^-derived electronic stales of carbon nanotubes. 
After briefly discussing the electronic properties of graphene we derive the tight-binding ex¬ 
pression for the K valence and conduction band in this system. We introduce the concept 
of zone folding, by which the properties of single-walled carbon nanotubes can be directly 
obtained from the known properties of graphene. Zone folding combined with tight binding 
allows calculation of the band structure of carbon nanolubes with quite accurate results for 
nanotubes with larger diameters and for electronic energies not too far away from the Fermi 
level. We then show that the density of stales (DOS) in single-walled carbon nanotubes is 
characterized by a series of van-Hove singularities and present measurements confirming this 
prediction. Up to this point, the curvature of the nanotube wall is completely neglected. We 
therefore look at curvature-induced effects, in particular, the rehybridization between the <7 
and the n states of carbon nano tubes. The last section discusses the electronic properties of 
nanotubc bundles, which usually form during the growth process. 


3.1 Graphene 

For a good understanding of the electronic properties of single-walled carbon nanotubes the 
zone folding approach is suitable. It is a simple way to calculate the band structure of lubes of 
any diameter and chirality, something more elaborate techniques cannot do. To apply zone¬ 
folding we first need to know the electronic structure of graphene. 

The electronic bands of graphene along the high-symmetry V-K-M and F -M directions are 
shown in Fig. 3.1. The K valence and 7T* conduction band cross at the K point of the Brillouin 
zone. Graphene is a semimelal, but the Fermi surface consists only of six distinct points. 
This peculiar Fermi surface is responsible, e.g., for the sometimes metallic and sometimes 
semiconducting character of carbon nanotubes but also for effects like phonon softening in 
metallic tubes. Around the Fermi level the n bands are linear to a good approximation. The 
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Figure 3.1: Electronic band structure of graphene. 
The n and o hybrids of the 2s valence states arc 
indicated next to the electronic bands. The Fermi 
level is set to zero. An unusual feature is the cross¬ 
ing of the k valence and tt* conduction band at the K 
point of the Brillouin zone. The bonding a and anti- 
bonding <7 * bands are well separated in energy. The 
band structure was calculated with a first-principles 
method. Data from Ref. [3.11. 



Wave vector 


smallest gap 11 eV) between the bonding and anti-bonding o bands is at the T point. These 
do not contribute to many physical effects and are, therefore, often neglected in empirical 
band-structure calculations. Table 3.1 lists the electronic energies of graphite (experimental 
values) and graphene (ab-initio calculation) at high-symmetry points. Graphite has four atoms 
in the unit cell, which doubles the number of electronic states compared to graphene. Away 
from the r point the electronic bands split because of the doubling. Also, the energies of 


Table 3.1: Electronic energies of graphite and graphene for the n and o states at high-symmetry points. 
The differences between the calculated and measured values are mostly due to the differences between 
graphene and graphite. For the electronic properties of graphite from first-principles calculations see 
Ref. [3.2j and references therein. 

Valence (eV) Conduction (eV) 


r 

M 

K 

r 

M 

K 


Graphite (experiments) 

k - 8.8 

- 1.8 

2.6 

- 0.2 

- 0.8 

12.2 

2.2 

2.9 

0.46 

Willis el fl/.' 3 3 ' 

-7.9 

-3.1 

-0.57 




Kihlgren et ^ 

O 

1 

b 

-6.4 

-10.3 

7.5 

8.6 

14.7 



-1 1.8 

-16.3 

1 1.3 




Willis etalP-V 

-4.2 

- 21.8 

-7.8 

-16.7 

-11.7 

-14.4 




Kihlgren 13 41 

Graphene (as calculated in Fig. 

3.1) 





K -7.67 

-2.35 

0.0 

11.45 

1.66 

0.0 


-3.05 

-19.3 

-6.44 

-13.2 

-14.0 

- 10.6 

-12.4 

8.33 

7.56 

12.8 

12.8 

19.9 
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Figure 3,2: Hexagonal lattice of graphene, a \ and 
ai are the lattice vectors* The two sublatticcs arc 
denoted by A and B. The circles indicate the first, 
second, and third-nearest neighbors of the atom 0. 
The distances to the second and third neighbors arc 
very similar. 


(U~v 1 




graphite are a little different from those of graphene, because of the overlap between the n 
orbitals in different graphite planes. 

There are two basic approaches to calculate the electronic energy bands of a material. 
The idea of the free-electron approximation is that the electrons in a crystal move essen¬ 
tially as free particles. They feel the periodic potential produced by the atoms and interact 
with other electrons. This approach describes electrons as plane waves and starts from the 
parabolic dispersion of a free particle. The other extreme is the tight-binding approximation. 
Here the electrons are considered to be part of the atoms forming the solid. Since the atomic 
distances are very small, the valence electrons in different atoms interact. Because of this 
interaction the electronic eigenstates broaden and evolve into the continuous bands of a solid. 
The tight-binding model works exceptionally well for an empirical calculation of the valence 
and conduction band of graphene. We will find an analytic solution with a small number of 
adjustable parameters, which nicely reproduces the two K bands in Fig. 3.1. 


3.1.1 Tight-binding Description of Graphene 

Hvery carbon atom has four valence electrons, one 2s electron and three 2 p electrons. When 
the atoms are placed onto the hexagonal lattice of graphene, as in Fig. 3.2, the electronic wave 
functions from different atoms overlap. However, we can easily see that the overlap between 
the p z wave function with the s or the p x and p y electrons is strictly zero. While the s , p Xt and 
p y wave functions are symmetric for points above and below the graphene layer, the p z orbital 
changes sign. If we integrate over the entire space the contributions for positive and negative 
Z cancel and the overlap vanishes. One can therefore treat the p z electrons independently of 
the other valence electrons. They form the n bonds of graphene. 1 

We now want to find the electronic band structure of the graphene n orbitals, /.£., we solve 
Schrodinger’s equation 


H'F(k) = E(k)'F(k). 


(3.1) 


H is the Hamiltonian, E(k) are the eigenvalues at wave vector Jfc, and ¥'(£) are the eigenfunc¬ 
tions. The eigenfunctions can be written as a linear combination of Bloch functions 3>/(jfc) 

W = LC,*,(*). (3.2) 

/ 

’The k indicates that the overlap is perpendicular to the direction of the atomic orbitals. While the in-planc p x 
and p y overlap along the direction of the orbitals, is called a o bond. 
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In the tight-binding approximation the Bloch functions <f>/ are written as linear combinations 
of the atomic wave functions. Instead of using the most general form for the <P( s we consider 
the specific problem at hand. The unit cell of graphene contains two carbon atoms, which arc 
labeled A and B in Fig. 3.2. With the normalized 2 p z orbitals of the isolated carbon atom <p(r) 
we construct a Bloch function for the graphene sublattice A 

<t> A = f=E eikR '' < f > ^ r ~ RA ^ (3.3) 

V Ra 

and an equivalent function <Pb for the second sublattice. Here N is the number of unit cells in 
the solid and R A is a lattice vector. The sum runs over all unit cells, />., all possible lattice 
vectors. 

To solve Schrodinger’s equation in Eq. (3.1) we substitute ¥ by the linear combination of 
the Bloch functions in Eq. (3.2). Multiplying both sides with <P A and <P# we find 

C A [H AA (k) -E(k)S AA (k)] + C B [H AB (k)-E(k)S AB (k)] = 0 
C A [H BA {k)-E(k)S BA (k)] +C B [H BB (k)-E(k)S BB (k)]=0. 

C A and C B were defined in Eq. (3.2). Hjj are the matrix elements of the Hamiltonian and Sjj 
are the overlaps between Bloch functions 

Hu = (4>i\H\4>j), S U = (3.5) 


The system of two (in general tight-binding more) linear equations in Eq. (3.4) has a 
non-trivial solution if the determinant det [H — £5] vanishes. Before proceeding, however, we 
simplify the Hamiltonian and overlap matrix by using the equivalence of the A and B atoms in 
graphene. 'I’he two carbon atoms in the unit cell of graphene are identical. The Hamiltonian 
matrix element H AA - given by the interaction of an atom at site A with itself and all other 
A atoms in the crystal - is exactly the same as H BB . Similarly, H BA is simply the complex 
conjugate of H A f { . The most general form of the secular equation for the k orbitals of graphene 
is therefore 


H AA {lc) - E(lc)S AA (k) H An (k)-E(k)S An (k) 
HX B (k)-E(k)S‘ AB (k) H AA (k) - E(k)S AA (k) U ' 

This 2x2 determinant is readily solved and yields 

£(jk)± -(-2E 0 + Ei) T y/p2£ 0 


(3.6) 


(3.7) 


with 


Eo = H aa ( k)S AA (jfc) £ i =S AB (k)HZ B (k) + H AI] (k)Si B (k) 

E 2 = Hi,(k) - H AB (k)H Ab (k) £ 3 -sl A (k) - S AB (k)S; ui (k). (3.8) 


E(k) 1 is the eigenvalue for the symmetric combination of the atomic wave functions. These 
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Figure 3.3: Graphene k wave functions 
at the T point of the Brillouin zone, (a) 
K r conduction band (anti-bonding, anti¬ 
symmetric): Light and dark colors corre¬ 
spond to positive and negative signs of the 
wave function, (b) n valence band (bond¬ 
ing, symmetric). 


are the energies of the valence band. E{k) is the anti symmetric conduction band. The 
eigenfunctions at k ~ 0 are shown in Fig. 3.3. For the conduction band in (a) the sign of the 
wave function is opposite for atoms in the A and fi sublattice. The wave function changes sign 
under rotation by 60° (Q) and under reflection at the horizontal mirror plane, but not under 
inversion. An inspection of the other symmetry operations and the character table (Table A.4) 
shows that this state belongs to the B 2 S representation. The eigenfunction of the valence state, 
in contrast, has a character of +1 under all rotations about the z-axis. It changes sign under 
inversion and belongs lo/\ 2 /,. 

To obtain the electronic band structure for the ft bands in graphene we now derive an 
expression for the E\ in Eq. (3.8). Before doing so, let us briefly discuss some approximations 
that are frequently employed. Neglecting the overlap between wave functions centered at 
different atoms (Saa = 1 ,S A u — 0) E\ vanishes and E 3 is equal to one. Equation (3.7) simplifies 
to 



E s = o(*) ± = H M (k) T\H Ali (k)\. (3.9) 

This is the solution found by Wallace when he first derived the tight-binding band structure in 
1947. 1 We can further simplify Eq. (3.7) by assuming that only nearest neighbors interact 

with each other, />., every atom A in Fig. 3.2 interacts with itself and the three atoms fin, 
fii 2 , and fin. Then H AA becomes constant, it reflects only the property of the A atom. We 
remember that the ft and ft* band cross the K point at the Fermi level, which gives 

Haa \IIab{K)\ = H aa + \H An (K)\ = E h = 0, 
or for the energies in the nearest-neighbors approximation 

El n =(i {k) L = ±\H A B{k)\- (3.10) 

In this approximation the valence and conduction band of graphene are symmetric with respect 
to the Fermi level. At first sight, Eq. (3.10) seems to be a gross oversimplification, in particular, 
when looking at the band structure in Fig. 3.1. The bands above and below the Fermi level 
clearly have different energies. For a small part of the Brillouin zone, namely, very close to 
the K point, the approximation is, however, often sufficient. Equation (3.10) is usually called 
the ‘‘tight-binding approximation” in the literature on carbon nanotubesJ 3,6 ^ 3,7 ^ 

We calculate the matrix elements Hu and the overlap integrals Su explicitly from the 
Bloch functions <Pj in Eq. (3.3). We first derive the expression for nearest-neighbor inter¬ 
action and then show how to proceed to include an arbitrary number of neighbors. These 
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calculations arc somewhat tedious, but straightforward. They involve only manipulations of 
the exponential function. For an atom A the matrix element is 


H M (k) = (<P a \H\<P a .) 

= ^'L'L(e ikR «<P(r-R A m e ik - R *q>(r-R A .)). 

r a r a’ 

The first sum is over all N carbon atoms of type A in the graphene crystal. We want to include 
only the interaction with the first-nearest neighbors of each atom. All three nearest neighbors, 
however, belong to the B sublattice, see Fig. 3.2. For a given R A the second sum has only a 
single term, R A > — R A . 

H AA (k) : : ^^-^(^(r-R^Hl^r-R^) 

*a 

= ^ N ■ {(p A {r - R A )\H\(p A {r - R a )) 

-£i P - ( 3 . 11 ) 

As mentioned above, the matrix element is constant for nearest-neighbor interaction. The 
term £i p is not exactly the energy of the 2 p z state of the isolated carbon atom, because of 
the periodic potential in the crystal Hamiltonian. Knowing the Hamiltonian and the atomic 
orbitals <p A we could calculate £jf>. Usually, the empirical constants like C 2 p* however, are 
fitted by comparing the empirical band structure to experimental or ab-initio results as we will 
do later. S AA is found in exactly the same way as It is also constant, and we set it equal to 
one. In other words, we assume the wave functions (p A to be normalized (<pA(r — R A )\(p A (r — 

Ra)) = i. 

The matrix element between A and B atoms is given by the formal expression 


H AB (k) = (<P a \H\<P b ) 

= lLL e ‘ k ' { * 8 -* A) (v*( r -R*)\ H \v»( r -R*))- (3 - l2 > 

yV Ra Rb 

The second sum runs over all three nearest neighbors of a given atom A. The vectors R\- t 
Rb u — R a (/ = 1,2.3) pointing from A to one of its neighbors B\j can be found from Fig. 3.2 

Rw = \{ 2 a\ - £ 12 ). R \2 — + 2 a 2 ), R\$ = j(— Q\ — ao). ( 3 . 13 ) 

We insert Eq. (3.13) into Eq. (3.12) and sum over the B neighbors and A atoms. There are 
three integrals of the form ((p A \H\(pu u ) in Eq. (3.12). The <ps arc radially symmetric in the 
graphene plane and the integrals depend only on the distance between atom A and B. Since 
the distance is the same for all three neighbors, we can define a second adjustable constant yo 

ll Afl (k) = {<p A (r-R A )\H\( Pll (r-R A -R ll ))(e ikR '' +e * R n +e p*u) 

= Yi ) (e~ L i ik ' (ai+a2] ){e ik - a ' I <?**2 + l). 


(3.14) 
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7 o is called the carbon-carbon interaction energy or often simply the tight-binding integral. 
The same treatment as for Hab yields the overlap matrix element Sab- It has exactly the same 
dependence on k , but instead of 70 the overlap integral sq = {(PaWb^) appears 


S AB (k) = so {e-r Hai 1 a2) )(*'*•“• +e iha > + 1). 


(3.15) 


Hab and Sab are complex functions of k. However, the energies E t in Eq. (3.8) depend only 
on products of the matrix and overlap elements with a complex conjugate of these elements. 
For example, from Eq. (3.8) we obtain for £3 

£2 = £ip — % [3 + 2cosJfc• a\ + 2cosJfc ai + 2cosJfc■ (a \ — 02 )] ■ (3.16) 

Similar cosine terms appear in all other £/ and, also, for the expressions for more distant 
neighbors. To simplify the notation we introduce the functions 

u(k) =2 cos A ■ a\ +2 cos it ■ ai + 2cosit ■ (ay — ai) and f(k) = 3 + «(*). (3.17) 


The wave vectors k of graphene are commonly given in units of the reciprocal lattice vectors 
k\ and ki or in a Cartesian coordinate system in reciprocal space. For these two coordinate 
systems we can calculate the scalar products in Eq. (3.17). We define 

it\i(v, vv) = 2cos2;rv + 2cos2;rvv + 2cos2tt(v — w), J\i(v, vv) = 3 + m(v, vc), (3.18) 


and 


w.ry (x, y) = 2 cos «o y + 4 cos && x cos ^ y f xy (x, y ) = 3 + u XY (x, y). 


(3.19) 


The general form of u in Eq. (3.17) is valid regardless of the coordinate system for k. If 
the wave vector is given in terms of the reciprocal lattice vectors k = k\ * k\ + ki • ki, then the 
function in Eq. (3.18) can be used instead, /.<?., u{k) = u\i{k\ ,^ 2 ). For the Cartesian coordinate 
system in reciprocal space k = k x ■ (1,0) -\-k Y (0,1) Eq. (3.19) is appropriate, because in this 
coordinate system u(k) = u xy (k x ,k y ). In the following we give the wave vectors in units of 
the reciprocal lattice vectors. If not explicitly stated otherwise, the expression for the (x,y) 
coordinate system in reciprocal space can be simply obtained by replacing un with u xy . 

Let us return to the tight-binding band structure in the nearest-neighbors approximation. 
We insert the Hamiltonian matrix element and the overlap element into Eqs. (3.8) and (3.7). 
After some algebra we finally obtain the eigenvalues in the nearest-neighbors approximation 

E^kuk 2 ) = £ ^W/l2(*b*2) (3i20) 

1 ± So y/j\2(k\,k2) 

This formula is the widely used tight-binding approximation of graphene, from which most 
zone-folding results for carbon nanotubes are derivedJ 3 ^ - ^ 10 ' Inspection of Eq. (3.20) yields 
some constraints on the three empirical parameters, £ip, 7o, and sq, and the general form of the 
band structure. At the K point (Aq = ki = — q) fn vanishes. The electronic energies of the 
valence and conduction bands are zero with respect to the Fermi level at this point, therefore 
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Figure 3.4: Nearest-neighbors light-binding band structure of graphene, (a) Full lines show the best fit 
of the k bands with a finite overlap (yp ~ -2.84eV, .vp — 0.07). (b) Overlap .vq set to zero, yo = 2.7eV. 

The parameters were obtained by a least square fit to the ab-initio results close to the K point. The 
ab-initio band structure is shown by dashed lines. 


£ 2 p ~ 0. The absolute value of .v<) is between zero and one (normalized wave functions) and its 
sign is positive. Finally, 70 has to be negative, beeause the symmetric solution of the secular 
equation E 1 is the bonding n state, /.<?., the valence band of graphene . 2 

Figure 3.4 compares the tight-binding band structure of graphene in the first-neighbors 
approximation to first-principles calculations. Whereas (a) shows a lit with a finite value for 
the overlap integral .sq, it was set to zero in Fig. 3.4(b). The overall shape of the graphene 
band structure is quite satisfactorily described by the empirical tight-binding model. The 
agreement for the absolute energies, however, is poor except for those k points that were used 
for the fitting of the parameters 7 ) and .vp. Some systematic deviations can be traced back 
to the expression for the electronic energies in Eq. (3.20). For example, a finite ,v ( ) scales the 
overall energies of valence and conduction band. The absolute values for E are always larger 
than that for E 1 , regardless of the wave vector. This is in contrast to the ab-initio result, where 
only along r-K is the absolute energy of the conduction band larger than the absolute energy 
of the valence band. At the M point of the Brillouin zone, however, this ratio is reversed, 
see Table 3.1. The simple formula in Eq. (3.20) will never correctly reproduce this result. 
Nevertheless, for a quantitative description of the graphene band structure the first-neighbor 
tight-binding picture is very helpful. Its huge advantage is the very simple expression for the 
electronic energies of the n bands in graphene. 

Reieh et alP A[ ^ systematically studied the dependence of the graphene band structure on 
the number of neighbors included in the calculation. They used an ab-initio light-binding 
code 13 121 to calculate the electronic energies by solving Schrodinger’s equation self consist¬ 
ently instead of fitting empirical parameters as we did above. Traditionally, ab-initio programs 
used plane waves as the basis set to describe the electronic wave functions. They were thus 
closely related to the tree-electron picture. Some modern codes, however, are based on the 
tight-binding approach. We will not discuss the advantages and disadvantages of the different 
first-principles approaches in this book. The interested reader is referred to Ref. [3.13J. The 
calculations by Reich et a/J 311 * are reproduced in Fig. 3.5. Figure 3.5(a) corresponds to the 
nearest-neighbors approximation. A single wave function was used to describe the 2p z or- 


2 yi is often defined positive in the literature; the sign in the numerator is then reversed. 
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Figure 3.5: Ab-initio calculations (full lines) of the graphene band structure; dotted and dashed lines in 
the upper panel are light-binding calculations, (a) The 2 p orbitals are described by a single atomic wave 
function (p (single-^) and only nearcst-neighbors interaction is allowed. This calculation corresponds to 
the empirical band structure of Eq. (3.20), Bottom panel: difference between the ab-initio and the em¬ 
pirical calculation, (b) Single-f atomic orbitals but carbon-carbon interactions with up to third-ncaresl 
neighbors. Bottom panel: as in (a), (c) Fully converged ab-initio result. Three basis functions were 
used for the 2 p orbitals and up to ninth-ncarest neighbors are included in the tight-binding Hamilto¬ 
nian. Bottom panel: difference between the ab-initio calculation and Eq. (3.23), which includes up to 
third-ncaresl neighbors in the empirical band structure. The agreement is better than 0.25 for all points 
of the Brillouin zone. Compare also Fig. 3.4 where only nearest neighbors were used in the empirical 
expression. Sec Reich et atP ' J d for a complete description and the parameters used in (a) and (b). From 
Ref. [3.111. 


bital, and the interaction between different carbon atoms was cut at 1 .18 A. This cutoff radius 
allows only nearest neighbors to interact. In Fig. 3.5(b) the interaction length was increased 
and now includes up to third-nearest neighbors of each carbon atom. Part (c) shows the con¬ 
verged result; it agrees with the plane-wave calculations we showed in Fig. 3.1. To obtain this 
band structure a cutoff radius of 3.31 A was necessary and, moreover, every p z orbital was 
described by three basis functions. Obviously a tight-binding Hamiltonian where the interac¬ 
tion between carbon atoms is truncated after the first neighbors fails to describe the graphene 
band structure. The electronic energies are underestimated in Fig. 3.5(a) when compared to 
(c). Also, the asymmetry between the valence and conduction band is much smaller in (a) 
than in (c). The agreement between the electronic energies in Fig. 3.5 (b) and (c) is much 
better. At the F point they differ by only 2%; at the M point, however, the conduction band is 
still overestimated by 55%. Nevertheless, judging from the ab-initio light-binding results, an 
empirical calculation with third-nearest neighbors interaction should give a better description 
of the graphene band structure. We will, therefore, derive the corresponding expression. 

Our starting point is again the general solution of the secular equation in Eq. (3.7) together 
with Eq. (3.8). In the Hamiltonian matrix and overlap elements we now have to sum addition¬ 
ally over the second neighbors A 2 / (/ — 1.2... 6 ) and the third neighbors B 3 , (/ = 1,2,3), see 
Fig. 3.2. We find for H AA and H A b 


Haa = e 2p + 7i »(*)• 


(3.21) 
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Table 3.2: Suggested tight-binding parameters. 1 V1 MTKM: Parameters obtained from a fit to the 
electronic band structure along the high-symmetry lines. This set was used for the tight-binding band 
structure in Fig. 3.5. The maximum deviation to the ab-initio results is 250meV. Optical: Parameters 
obtained from a fit to the energies yielding optical transitions below 4eV. For this range of energies the 
agreement with the ab-initio result is better than 5 meV. 


Sip (cV) 

7o (eV) 

■vo 

7i (eV) 

s\ 

72 (eV) 

S 2 

Mr KM -0,28 
Optical —2.03 

-2.97 

-2.79 

0.073 

0.30 

-0.073 

- 0.68 


■H 

IB 


and 


H ab = )fo 0 V k io^a2) )[e ik a, { 


e 
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where Yi and ji are the interaction energies for second and third neighbors, respectively. For 
Saa and Sab similar expressions with s\ and sy are obtained. Using these matrix elements we 
can calculate the E\ in Eq. (3.8) for up to third-nearest neighbors interaction. In units of the 
reciprocal lattice vectors they are given by 

E() = £2p + Y\ «I2(^I)^2)][1 + - v l «12(*l ,£?)] 

E \ = 2 sd»/l 2 (*l 9 * 2 ) + (.Vo 7 ? + * 2 ) 1 )) £ 12(^11*2) +2.92^/12(2*1,2*2) 

Ei — [Zip + 7i w i2(*ii*2 )] 2 - Yo f\ 2 (* 1 ; *2) —11)75 £12 (*i, *2) -- Yi f\ 2 ( 2 *i.2*2) 
E} = [1 +s\ tt[2 (*15*2 )] 2 — A'o/l2(*I 1*2) — ? 0 ‘ ? 25 l 2 (*l >*2) -^2/12(2*1,2*2) 
£i 2 (*i ,*2) — 2 «i 2 (*i 5*2) + ^12(2*1 — *2, *1 — 2*2)- ( 3 . 23 ) 

For the Cartesian coordinate system, replace every ityi and f\i in Eq. (3.23) by u xy and f xy% 
respectively, and g \2 by 

H,y(k„k y ) = 2 «,2 (k x ,ky) h u l2 (V3k y , V3k,). (3.24) 


r lb get the hand structure of graphene in the third-nearest neighbors approximation we 
simply insert £<) to £3 into the general solution in Eq. (3.7). The adjustable parameters wc fit 
to the ab-initio calculations in Fig. 3.5. The third-nearest neighbors approximation result is 
in excellent agreement with the ab-initio results. Figure 3.5 shows the fully converged first- 
principles band structure (full lines) together with the empirical band structure (dashed lines, 
for the parameters see Table 3.2). The latter are hardly visible on the chosen energy scale. In 
the bottom panel the difference between the ab-initio and the empirical electronic energies are 
given; the agreement is very good, better than 250 meV for all points of the Brillouin zone. 

In this section wc studied the empirical tight-binding method to calculate the electronic 
hand structure of the graphene n orbitals. The n and n* band are particularly interesting, 
because they have electronic energies around the Fermi level. The third-nearest neighbors 
tight-binding Hamiltonian of graphene yields an analytic expression for the band structure, 
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which agrees very well with more sophisticated calculations. On the other hand, the nearest- 
neighbors approximation gives a good qualitative description, but fails in the quantitative pre¬ 
diction of the electronic energies. The advantage of the nearest-neighbor approximation is the 
very simple formula for the n electronic slates of graphene. 


3.2 Zone-folding Approximation 

We discussed the band structure of graphene in such detail because we will use it to find the 
electronic properties of carbon nanotubes. In Sect. 2.1 we saw that the allowed wave vectors 
around ihe nanotube circumference are quantized; they lake only discrete values. Along the 
nanotube axis, in contrast, the wave vectors are continuous. The electronic states along the 
/^-direction are Bloch functions as in three-dimensional crystals. Plotting ihe allowed wave 
vectors of a nanotube onto the Brillouin zone of graphene, we find a series of parallel lines. 
The length, the number, and the orientation of these lines depend on the chiral indices (n i, /? 2 ) 
of the tube. The basic idea of the zone-folding or confinement approximation is thal the 
electronic band structure of a nanotube is given by the graphene electronic energies along the 
allowed k lines. 

A good example lo see the power of zone folding is the metallic and semiconducting char¬ 
acter of single-walled carbon nanotubes. While most carbon nanotubes are semiconductors, 
a fraction (1/3) are metallic or quasi-metal lie. This peculiar properly - one usually expects 
a material to be either metallic or semiconducting - is explained by the Fermi surface of 
graphene. In the lasl section we saw that the valence and conduction band of graphene cross 
at the K point of the Brillouin zone. If the graphene K point is among the allowed slates 
of a carbon nanolube it is metallic. Otherwise the nanotube is semiconducting with a mod¬ 
erate band gap. To quantify this hand-waving argument lei us consider a («i, «2) nanotube. 
Figure 3.6(a) shows the quantized states of a general nanotube; the part around the K point 
is expanded in (b). The electronic stales are restricted to k vectors thal fulfill the condition 
k c In in, where c is the chiral vector of the tube (see Sect. 2.1) and m is an integer. For the 
particular tube in Fig. 3.6 the K point is not allowed and the tube is a semiconductor. The K 
point of graphene is at — # 2 ); thus, a nanotube is a metal if 

K'C = 2nm=\(k\ ^ 2 )(^ 1^1 \-n 2 a 2 ) - y- (n\ — tii) 

Figure 3.6: (a) Allowed k lines of a na- 
notube in the Brillouin zone of graphene, 
sec also Fig. 2.5. (b) Expanded view of 
the allowed wave vectors k around the 
K point of graphene, k L is one allowed 
wave vector around the circumference of 
the tube; k, is continuous. The open dots 
arc the points with k-. — 0; they all corre¬ 
spond to the r point of the tube. From 
Ref [3.141. 
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Figure 3.7: Band structure of a (10.10) nanotube within the zone-folding approximation | (a) and (b)J 
compared to an ab-initio calculation.^' 111 (a) Zone folding within the third-nearest neighbors tight- 
binding approximation, (b) zone folding within the nearest-neighbors tight-binding approximation, and 
(c) full ab-initio calculation of the (10,10) nanotubc, The dashed horizontal lines indicate the energies 
of vanishing slope in the ab-initio band structure. The agreement between (a) and (c) is excellent. For 
the first singularity above and below the Fermi level the m quantum number is given. After Ref. [3.11 ]. 

or if 


3m = n | - /* 2 * 


(3.25) 


This famous result, which was first derived by Hamuda et alP A5 1 and Saito et al.P'^ states 
that a tube is a metal if n\ — n 2 is a multiple of three. In the same way we can project the K 
point along the nanotubc axis. By this we obtain the k z wave vector at which the valence band 
crosses the conduction band in the nanotube Brillouin zone. 


•gr Lq. (2.3) 1 /, * \ / 
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2 n 2 + n\ 2«i+w 2 x - . 
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(k z continuous) 


subtracting reciprocal lattice vectors wc obtain 


k = I 0 if 32 = I , />., («i - n 2 )/3n not integer 

11 /3 if 32 ‘ 3, Le., (n \ - n 2 )/3n integer. 

In metallic tubes with 32 = 1, like (ti\ .0) zig-zag tubes, the valence and conduction band cross 
at the r point. In 32 = 3 tubes they cross at one third of the k z lattice vector or at 2% j 3a. 
Armchair tubes always belong to this group of metallic tubes; for diameters around d ^ 1 nm, 
in fact, most metallic nanotubes have 32 — 3, see Chap. 2. 

With the concept of zone folding and the graphene tight-binding dispersion we are now 
ready to calculate the full band structure of carbon nanotuhes. As a first tube we consider 
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an armchair tube, namely, the well-known (10,10) nanotube. We recall the general expres¬ 
sions lor the quantized circumferential and the continuous axial k vectors, which are given in 
Eqs. (2.11) and (2.12), respectively. Electronic states at the r point of the (10,10) nanotube 
are given by the quantized wave vector, see Fig. 3.6 


. , x . ,2ri}+n2i Ino \ n\ . . , 1 , 1 , , 

*'■<”> - mk ' + ~5sr‘ 2) = + 2 o* !) ' 


where m is an integer running from —10 to 9 in the lube under consideration; it rellects the 
z-component of the angular momentum. The one-dimensional nanotube Brillouin zone we 
also give in units of the graphene reciprocal lattice vectors. These are the lines running from 
kr{n 0 to kr(m) + k z /2 with 


«2 - n i 1 , 1 , 

k i H- kj — --k i + —ki 

q q 2 2 


We insert the kp and k z wave vectors into the third- [_Fiq. (3.23)J or first- [Eq. (3.20)J nearest 
neighbors tight-binding expression for the graphene electronic band structure, calculate the 
energies, and plot them as a function of k z . This gives us the nanotube band structure in 
the zone-folding approximation. The result for the (10,10) nanotube is shown in Fig. 3.7 
together with a first-prineiples calculation of the electronic states. The agreement between 
zone folding in (a) and the full quantum-mechanical calculation in (c) is excellent. The shape 
of the electronic bands as well as the energies of the slates are very well described by the 
zone-folding approximation. The much poorer performance of the nearest-neighbor tight- 
binding approach can be traced back to the deviations we already found for the band structure 
of graphene. 

The most noteworthy features in the band structure of the (10,10) nanotube are the points 
of vanishing slope between k z ~ 2k/ 3a and k/u. Once again, they can be explained in the 
zone-folding picture by the underlying band structure of graphene. In Fig. 3.8 we plot the 
conduction bands of graphene on a gray-scale plot. The lowest energy (black) is at the K 
point. The jr-axis is parallel to the k\ confinement direction; y is along k z . The white lines 
are three selected allowed lines of a metallic nanotube with a chiral angle of 15°. The line in 
the middle crosses the K point; for the other two lines one can identify a point where the line 


Figure 3.8: Energy contours of graphene around the K 
point of the Brillouin zone. The three vertical white lines 
correspond to three bands of a metallic nanotubc with a 
chiral angle G — 15”. Dashed white lines indicate the 
three K-M directions. After Ref. [3.16[. 
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touches tangentially the energy contours of graphene. At the k~ wave vectors the slope of the 
corresponding band in the nanotube band structure vanishes. Note that the energy of the point 
with vanishing slope is different to the left and to the right of the K point. This behavior is 
known as the trigonal warping effect. 13 7 ^ 3,161 

Zone folding, in general, gives reliable electronic energies for states not too far away from 
the Fermi level and for large enough nanotubes d ^ 1.5nm. The concept completely neglects 
the curvature of the nanotube wall; it is based entirely on the confinement of the electronic 
states along the circumferential direction. For smaller-diamelcr nanotubes curvature becomes 
important, which we discuss in Sect. 3.4. If the diameter of a lube is between 0.5 and 1 nm, 
zone folding correctly predicts the metallic and semiconducting character of the tubes, but it 
overestimates the energies of the conduction bands. Only for very small nanotubes d < 0.5 nm 
does the idea fail completely. Then ab-initio calculations are able to predict the band structure 
of a tube. Nevertheless, the zone-folding approximation not only predicts correct energies, it 
has also two important advantages over most other methods; (i) It is extremely fast and can 
calculate the properties of any desired nanotube within seconds. Many tubes have so many 
carbon atoms in their unit cell - for example, the (17,3) tube has 1396 atoms - that they 
are far beyond lirst-principles calculations, (ii) Zone folding often allows a physical insight 
into entire groups of nanotubes. We demonstrated this for metallic versus semiconducting 
tubes above. As another example we also know the m quantum number of the confined elec¬ 
tronic states in a zone-folding calculation. In Fig. 3.7 the bands wilh m = d_9 are indicated. 
Optical transitions for light polarized along the nanotube axis are only allowed for Am ~ 0, 
sec Chap. 4. Therefore, we can directly read off an optical transition energy of 1.5eV front 
Fig. 3.7. There is one concept that beats the zone-folding approximation in speed and physical 
insight. It is based on the line group symmetry of carbon nanotubes. Since this approach is 
conceptually quite involved, we will not go into details in this book. The interested reader is 
referred lo Refs. f3.17J-[3.19]. We will discuss some aspects of this idea in connection with 
Ihe optical selection rules and the vibrational properties of carbon nanotubes. 


3.3 Electronic Density of States 

In this chapter we looked at carbon nano tubes as a graphene-like material plus quantum con¬ 
finement; we will do so in this section as well. One might wonder what differences can be 
expected between graphene and the tubes when we draw such a close analogy. As far as the 
electronic properties of carbon nanotubes are concerned, the most exciting differences are 
actually an effect of the reduced dimension alone. 

A quantity that enters critically in the experimental study and the application of ihc elec¬ 
tronic properties is the density of electronic states, i.e., the number of available electrons for a 
given energy interval. The density of states is known to depend dramatically on the dimension 
of a system. For parabolic bands as found in most semiconductors it rises as the square root of 
the energy above the band gap in the three-dimensional case, exhibits a step-like function in 
two-dimensional solids, diverges as the inverse of a square root in one-dimensional systems, 
and, finally, is a 5- function in zero dimensions. Carbon nano tubes are one-dimensional and 
around its minimum and maximum a band can always be approximated as parabolie. Thus, 
we ex pec l a 1 / \/^-behavior for the density of states. Some early tight-binding and ab-initio 
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calculations confirmed this for armchair nanotubes/ 3 .20],13.. 21 1 was ^ h OWCV er, generally ex¬ 
pected that the electronic density of states is very different for achiral and chiral tubes. I 3 - 22 ! 
This view changed in 1998 when Charlier and Lambin^ 3,2 ^ performed the first calculations 
lor chiral lubes and Minimire and White published their derivation of a universal density of 
states for carbon nanolubesJ 3,9 ^ 3 ' 14 ' 

The density of stales n(E) for i one-dimensional electronic bands is given by 1314 ^ 


n{E) = —Y dk z 5(K- k ,) 

</*z I 7*./ 


Be 


-1 


(3.27) 


where kj is given by E — E ± {ki,k z ) = - 0 and q\k z \ is the total area of the nanotube Brillouin 
/one. To find the derivative dE ± /r)k z close to the Fermi level we approximate the electronic 
bands of graphene as straight lines close to K 


E ± {k) = 

An allowed wave vector of a tube is given by rnk j plus a vector along k z , thus 


(3.28) 


k - kp | = \ / A k 2 n + A k 2 . 


(3.29) 


Here A k m is the quantized component along k± and A k z is the component parallel to k z . A k z 
can lake continuous values. For Ak m we have to find the quantization condition. We project 
(k — ky) along k \ and obtain 


k j 4k 4 

Ak„, - (k — kf )~—- = — - 13m — ti\ + n 2 \ = |3w-«i \-n 2 \. 

|*j_l 3|q 3 d 


(3.30) 


The inverse of the partial derivative in Eq. (3.27) is 
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with 


r \/3 aj 1 r/ o)b 
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(3.32) 


We insert Eq. (3.31) into Eq. (3.27) and integrate over k z . The volume of the Brillouin zone 
q\k z \ = 47T 2 J/\/3«o» t * lus 
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(3.33) 
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Figure 3.9: Electronic density of 
states calculated from Eq. (3.33) 
(full line) compared to ab-initio cal¬ 
culations for a (16,0) (dotted line), 
a (13,6) (dashed line), and a (21,20) 
(dot-dashed line) carbon nanolubc. 
The energy and the density of states 
were scaled with the parameter A — 
v3d/V/Q. From Ref. [3.I4|. 
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g(E,E m ) for E m ^ 0 shows the divergence at E = E m as expected for a critical point in a one¬ 
dimensional system. It is also interesting that for E tn ~ 0 the density of states functional g = 1, 
/.<?., it is constant and different from zero. E m = 0 refers to metallic tubes and the bands that 
cross at the Fermi energy. In graphene the density of states at Et vanishes, because we have to 
integrate over the plane. In the one-dimensional nanotubes the same shape of the bands leads 
to a finite electronic density. 

Within the Mintmirc and White approximation the electronic band structure of a nano¬ 
tube depends only on its diameter. The points of energies of vanishing slope for the dif¬ 
ferent electronic bands are given by E m = ia^/y/id with /' = 1,3,6,... for metallic and 
i = 1,2,4,5,7,... for semiconducting nanotubes. This simple expression comes from the lin¬ 
ear k dependence we assumed for the graphene bands close to the K point. Looking back at the 
energy contour in Fig. 3.8 we see that the contours change from a circular to a triangular shape 
not too far away from K. The triangular shape yields a correction to the Mintmire and White 
energies on the order of 10 to 100 mcV.' 3 - 1 ^ However, even if the triangular shape is correctly 
taken into account E 1 is still given in the nearest-neighbor tight-binding approximation. 

Figure 3.9 compares the electronic density of states calculated with the model of Mint¬ 
mire and White^' 14 ^ (full line) to ab-initio calculations for three semiconducting nanotubes 
(see figure caption). For the first van-Hove singularity in the density of states the agreement 
is excellent. At the energies of the second and third singularity some deviations are seen even 
on the large energy scale of the figure. Nevertheless, the energetic positions of the singu¬ 
larities may be different in reality, but the functional form will always closely resemble the 
square-root-like divergence of Fig. 3.9. Because the density of states is extremely high at the 
singularities, they dominate many physical properties of carbon nanotubes. For example, the 
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optical absorption probability will be very strong if the energy of the incoming light matches 
a transition between a singularity in the valence and the conduction bands. Most of our ex¬ 
perimental knowledge about the band structure of carbon nanotubes concerns the electronic 
energies and partly the shape of the van-Hove singularities. 


3.3.1 Experimental Verifications of the DOS 


Three methods were successfully used in the past to confirm the electronic density of states in 
single-walled carbon nanotubes, scanning tunneling spectroscopy (STS),' 3,24 -' t 3-29 * resonant 
Raman scattering,' 3,30 *'* 3,31 ' and optical absorption and emission measurements.' 3,32 '^ 3 ' 35 * 


Scanning tunneling spectroscopy was the first experimental technique that directly demon¬ 
strated the existence of metallic and semiconducting nanotubes and showed the presence of 
van-Hovc singularities. Raman scattering depends strongly on the nanotube band structure 
and the energies with a high density of electronic states. Details are given in Chap. 7. Here we 
will show measurements that followed the Raman intensity as a function of excitation energy. 
Optical absorption and luminescence measurements will be discussed in Chap. 4. 

The basic idea of a scanning-tunneling spectroscopy is to place an STM tip over the sample 
and to record the tunneling current as a function of the voltage between the tip and the sample. 
The applied voltage raises the Fermi energy of the sample with respect to the Fermi energy of 
the tip (negative bias). Electrons with an energy below the Fermi level in the sample but above 
the Fermi level in the tip can tunnel from the sample into the unoccupied tip states.D* 3 6U3.37] 
When the voltage is increased more and more electrons have sufficient energy for the tunnel¬ 
ing. The current in the STS experiment is given by the tunneling barrier and other details of 
the experimental setup times the total number of electrons between £/r(sample) and £> (tip). 
When the density of states in a material as a function of energy is constant, the tunneling cur¬ 
rent should show a linear dependence on the applied voltage. If, on the other hand, an energy 
with a high density of slates suddenly gets into the tunneling window, the current jumps to a 
higher value. In other words, the differential conductance d I/dV in the STS measurement is 
proportional to the density of states n(E). In reality, the normalized conductance d / fdV V // 
is often thought to be a better approximation for the density of states, in particular, in ihe high- 
bias regime.' 3 381 This reflects ihe fact that the tunneling barrier is reduced by the vollage drop 
between the tip and the sample. Scanning tunneling spectroscopy has the additional advantage 
lhat the diameter and the chiral angle of a nanotube can be measured with scanning tunneling 
microscopy in the same experiment. Although it proved difficult to get reliable (n 1 ,^ 2 ) values 
by this technique, at least the possible choices for n \ and 112 can be narrowed down to a small 
number. 

Figure 3.10 gives an overview of STS measurements on isolated single-walled carbon 
nanotubes.l 3 - 24 T [ 3 . 25 ] p ar ^ s an( j (b) display the normalized differential conductance, which 
is proportional to the density of electronic states, for two kinds of nanotubes. In (a) the density 
of states is finite at the Fermi level. Also, no sharp structures were found in the measu remen is 
for energies up to 0.6 eV around the Fermi level. Both observations point to a metallic na¬ 
notube. Exactly opposite is the behavior of the tubes measured in Fig. 3.10(b); The density 
of stales is zero around zero bias; whereas the first van-Hove singularities are seen around 
±0.4eV. In Eq. (3.30) we found that the quantized distance between the Fermi wave vector 
and the allowed lines of carbon nanotubes is proportional to |3w — n \ ~ nil/d. For nanotubes 
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Figure 3.10: Scanning tunneling spectroscopy of carbon nanotubes. (a) Carbon nanotubes with a Unite 
density of states at the Fermi level. Up to AE = ±0.6 eV no sharp structures arc found in the tunneling 
conductance, (b) Carbon nanotubes with zero differential conductance at the Fermi level. At ^ ±0.4cV 
the first sharp van-Hove singularities arc observed, (c) Density of states of a semiconducting nanolube 
for ~ 1.5eV below and above the Fermi level. The insets show the raw dl jdV data (left) and a calculated 
density of slates fora (16,0) lube (right), (a) and (b) from Ref. [3.25]; (c) from Ref. [3.24}. 


with similar diameters the first van-Hove singularity in a semiconducting lube corresponds to 
a wave vector that is three times closer to the graphene K point than for a metallic nanotube. 
Since the electronic energies rise monotonically in graphene when going away from K , the first 
singularity will be at smaller energy in the semiconducting tube. This is in good agreement 
with the measurements in Fig. 3.10. Both Wildoer et a/.' 3 - 24 ' and Odom et r//J 3,25 ' reported 
that about one third of the investigated nanotubes show the metallic behavior of Fig. 3.10 (a), 
while the other two thirds were semiconductors. The experimentally obtained energy gaps 
roughly followed a 1 /d dependence as expected from the Mintmire and White approxima¬ 
tion. The carbon-carbon interaction parameter fi) was between —2.45 and —2.7eV, in good 
agreement with the expected values. Figure 3.10(c) shows a tunneling spectroscopy experi¬ 
ment at larger bias between the tip and the sample. After the first singularities with a band 
gap of 0.7 eV a series of van-Hove singularities is seen, in particular, for the valence states. 
Although the singularities are broader and less well pronounced than expected from tight- 
binding calculations (see inset in the upper right comer), the general dependence agrees very 
well. The singularities rise sharply on the low- and high-energy side for the conduction and 
valence band, respectively. They then fall off with a form resembling the i/VV dependence 
we derived for carbon nanotubes. We will see later that the discrepancy between theory and 
experiment is also due to the oversimplified theoretical description of the electronic density of 
stales in the tight-binding approach. Ab-initio calculations of the density of states describe the 
form of the van-Hove singularities much better. 
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Figure 3.11: Raman scattering intensity for 
the radial breathing mode in an isolated single- 
walled carbon nanoLube as a function of ex¬ 
citation energy. The frequency of the mode 
was 174cm The left panel is for anti- 
Stokcs scattering (destruction of a phonon), the 
right panel for Stokes scattering (creation of a 
phonon). The inset shows the joint density of 
states of an (18,0) nanotubc. After Ref. [3,30]. 
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After this first verification of metallic and semiconducting nanotubes and the squarc-root- 
like singularities in density of stales, scanning tunneling microscopy was also applied to more 
subtle features of the electronic band structure. For example, the end slates of single-walled 
carbon nanolubes were investigated and also kinks and bends in real nanotubes. These topics 
are beyond the scope of this book; an overview can be found in Ref. [3.291. Other STS ex¬ 
periments like the one confirming the presence of secondary gaps in chiral metallic nanotubes 
will be discussed throughout this chapter. 

Optical techniques like Raman scattering do not directly measure the electronic density of 
states as scanning tunneling spectroscopy. They rather depend on the joint density of states 
(JDOS) 


"i (£ > = L I <!■ k ^ k ’ *»>| - £ 3 tr E * | '• 

where E~(k±.k z ) and E + (k±,k z ) have to be evaluated for the same k z (vertical transitions). In 
one-dimensional systems n f {E) has a singularity whenever E and E + run parallel regardless 
of the density of states for the single band. When the joint density of states is high in the 
optical absorption and/or emission steps involved in the Raman process the Raman intensity 
rises by orders of magnitude. This holds for single-resonant and double-resonant scattering 
alike, see Chap. 7. Following the Raman intensity as a function of excitation energy will 
therefore resemble the joint density of states nj. 

Jorio et alP ,3() ' measured the intensity of the radial breathing mode in a single nano lube 
as a function of excitation energy. Their results are shown in Fig. 3.11 by black dots; the left 
panel is anti-Stokes and the right panel Stokes scattering. In particular, in the left panel it is 
nicely seen how the intensity increases strongly and then decreases asymmetrically to higher 
excitation energy. For Stokes scattering this behavior is less well pronounced, which is due to 
the reduced spectrometer sensitivity at lower energy J 3,30 ^ The joint density of states of a (18,0) 
nanotube is displayed in the inset of the left panel. This metallic tube has two singularities 
in the measured energy range; it can thus be responsible for the observed Raman signal. The 
full and dashed lines in Fig. 3.11 are fits to the Raman intensity using the depicted JDOS 
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and the single-resonance model. They agree quite well with the measured intensity with a 
lifetime broadening of ^ IGmeV for the Raman process. Similar experiments were performed 
on solutions of isolated nanotubes for a variety of metallic nanotubes by Strano et a/. |3 - 3, J 
The dependence of the Raman intensity on excitation energy was similar to that depicted 
in Fig. 3.11. In contrast to Jorio et al.P^ who found an enhancement of three orders of 
magnitude at the van-Hove singularities, the intensity reported by Strano et alP J ^ increased 
only by a factor of 5 — 30 when the laser excitation matched an allowed optical transition. This 
might reflect differences in the electron-phonon coupling 13 3< ^ for different tubes or simply be 
due to the large number of scattering nanotubes in the latter experiment, which somehow 
suppressed the strong enhancement for the single tube. 


3.4 Beyond Zone Folding - Curvature Effects 

In the preceding sections we developed a model for the electronic properties of single-walled 
carbon nanotubes that was based on the confinement of the carriers in small stripes of graphene. 
The confinement arose from the boundary conditions around the nanotube circumference. We 
would have predicted for narrow and long pieces of graphene exactly the same band struc¬ 
ture as we calculated for carbon nanotubes. Carbon nanotubes, however, are not just stripes 
of graphene, but small cylinders; the carbon atoms are placed onto a curved wall. There are 
basically two hand-waving arguments as to why we should expect a change in the electronic 
properties by the curvature of the wall. If we take a graphene stripe and roll it up into a cylin¬ 
der the carbon-carbon distance for atoms with a different azimuthal angle i) is reduced. This 
is most obvious for two atoms opposing each other on the wall, i.e., A $ — 180°; their distance 
in the nanotube is d , whereas it is nd/2 on the unwrapped sheet. For two neighboring car¬ 
bon atoms the bond length along the circumference gets smaller in a nanotube, although the 
differences arc very small for typical nanotube diameters. By the rolling up of the graphene 
sheet we also changed the angles of the hexagon. When we derived the tight-binding elec¬ 
tronic band structure of graphene, we explicitly used the equivalence of neighbors of a given 
order. This assumption is no longer valid if we want to include curvature. Besides this purely 
geometrical view there are also arguments from a quantum-mechanical and a symmetry point 
of view. In graphene the k orbitals cannot mix with the a states because the former are strictly 
perpendicular to the sheet, whereas the latter are parallel. On the curved wall, however, the n 
and a stales mix and form hybrids that arc partly of sp 1 and partly of sp 3 character. 

Wc discuss in this section how the finite curvature changes the electronic properties of 
single-walled carbon nanotubes. We start with effects that are relevant for tubes with a diam¬ 
eter typical for nanotube samples. Later, we proceed to very small diameter tubes, where the 
zone-folding picture fails completely. 

3.4.1 Secondary Gaps in Metallic Nanotubes 

Let us consider the valence and conduction bands in a nanotube with (hi — «2)/3 integer. In 
Sect. 3.2 we found that these nanotubes are metallic within the zone-folding approximation. 
Zone folding also helps in understanding why the electronic band structure changes with cur¬ 
vature. Let us consider an (n,/i) armchair nanotube and include the changes in bond length 
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Figure 3.12: Secondary gap in quasi-metallic nanotubes, (a) Magnitude of the secondary gap as a 
function of nanotube radius. Note the dots at AE = 0; they correspond to armchair nanotubes, which 
preserve their metallic character. From Ref. [3.411. (b) Secondary gap for nanotubes with a diameter 
rf ~ 2.4 A as a function of chiral angle (denoted by a). Black dots are for undistorted nanotubes, open 
dots for tubes with a small twist around their axis. In this picture a = 0" is the armchair and a — 30° 
the zig-zag direction. From Ref. [3.10]. (c) Experimental verification of the secondary gap in metallic 
nanotubes. The gap energy is given as a function of nanotube radius for three zig-zag nanotubes. The 
inset shows the density of states around the Fermi level obtained by scanning tunneling spectroscopy 
(the energy scale is from —0.2 to 0.2 cV). From Ref. [3.42]. 


along the circumferential direction we described above. This is done by changing the a\ and 
@2 lattice vectors of graphene to 

a\ = (n/ 3/2 — 5,0.5) and a ' 2 = (\/3/2 - 8, -0.5). 

With the redefinition of the unit cell vectors the Brillouin zone of graphene is different. It can, 
however, be shown that the condition for the allowed nanolube states is exactly the same for 
the primed and unprimed vectors; also the lattice vector along the nanotube axis is unaffected 
a! — a J 3,401 The change in the lattice vectors can be included in the nearest-neighbor tight- 
binding expression by assuming that the carbon-carbon interaction energy depends linearly on 
the distance between two atoms; a second change in the interaction energies comes from the 
non-perfect parallel alignment of the p z orbitals . 13-101 We then have an interaction energy 713 
for the neighbor 5 i 3 in Fig. 3.2 and 711 — 713 — £ for the two neighbors B\ \ and B 12 . Deriving 
the general solution for the nearest-neighbor tight-binding Hamiltonian with different carbon- 
carbon energies is straightforward. We concentrate here on the dispersion of the valence and 
conduction band for armchair nanotubes. For these bands and the direction of the allowed 
lines the modified tight-binding dispersion is^* 19 ^ 

TZk^ 

F. ± {k 7 ) = -L( 7 i 3 - 2yii cos -y 1 ). (3.35) 

Inserting k z a — 1 / 3, />., the nanolube Fermi vector in the graphene model, into Eq. (3.35) we 
obtain a finite energy gap of e. We still have a point with E ± 0 along the allowed line, but 
the wave vector shifted to smaller k z = arcos ( 713/2711 )/n. 

For armchair nanotubes the Fermi wave vector thus shifts when we take curvature into 
account within the k orbitals tight-binding model. Since the shift was parallel to an allowed 
line of the nanotube, armchair nanotubes remain metallic even in the modified zone-folding 
calculation. It can be shown more rigorously that these tubes preserve their metallic character 
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with finite curvature. We outline an argument based on symmetry below. For non-armchair 
nanotubes we proceed in a similar way, /.<?., redefine the carbon-carbon interaction energies 
for non-equivalent neighbors. ^ 3 - io 1T3.40H3.43 1 jj ie F crrn j point then moves away from ^(k\ — 
Jfc 2 ). In contrast to the armchair case, the shift is not parallel to the allowed k lines. We 
therefore find that (n \ — n 2 )/3 zig-zag and chiral nanotubes have a finite gap at the order of 
e. Since £ scales as the length of the change in the carbon-carbon distance, the energy gap is 
proportional to 1 jd 2 . Figure 3.12(a) shows the gap of (nj «2)/3 nanotubes as a function of 
tube radius.*- 3 4) 1 The zero-band gap tubes are the armchair nanotubes. For the quasi-metallic 
nanotubes the gap obviously depends on the diameter and a second parameter that turns out 
to be the chiral angle 6 . Within the nearest-neighbor tight-binding description the secondary 
gap is given by 101 
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The dependence of the band gap on the chiral angle is shown in Fig. 3.12(b) by black dots. 
Open dots refer to nanotubes with a small twist around their axis. In these distorted nanotubes 
a small gap is found in armchair nano tubes as well. 

The expected magnitude of the secondary band gap on the order of 10 meV may sound too 
small for an experimental verification. The quasi-metallic character of many nanotubes was, 
however, observed in transport measurements.^ 3,44 ^ and, most impressively, also in scanning 
tunneling spectroscopy.* 3,42 ^ The inset of Fig. 3.12(c) shows the low-energy density of states 
of the quasi-metallic (9,0) nanotube, which clearly has an energy gap at the Fermi level. A 
total of three zig-zag nanotubes were measured by Ouyang et alp A2 ^ their band gaps are 
displayed in Fig. 3.12(c). £ gap follows the expected I jdr dependence as shown by the full 
line; the absolute agreement between the theoretical points by Kane and Mele in Fig. 3.12 (a) 
and the measurements in (c) is very good. Ouyang et a/.* 3,42 * also confirmed that armchair 
nanotubes have no secondary gap and remain truly metallic. 

One might wonder about the physical basis for the arguments in the previous paragraph. 
After all, the ^-orbital tight-binding approach is only valid on the flat graphene sheet, where 
these states are singled out by the horizontal mirror plane (see Sect. 3.1.1). Maybe the band 
gap we obtained is only a consequence of the ad hoc changes introduced for the curvature. 
The appearance of the secondary gap can, however, also be shown from the symmetry of 
the electronic wave functions at the Fermi energy.* 3 ’ I9 *'* 3,45 *“* 3,47 * In an armchair tube the 
valence and conduction bands are formed by the non-degenerate states with m = n. The 
crossing of the two bands occurs away from the F point. For finite k z carbon nanotubes lose 
all symmetry operations that invert the ^-component. Achiral nanotubes, however, preserve 
the vertical mirror planes, see Fig. 2.9. When we classify the valence and conduction band in 
armchair nanotubes with respect to these mirror planes, it turns out that the conduction state is 
transformed into itself, while the valence state is multiplied by — 1 .* 3,iy * The two bands belong 
to different irreducible representations; they therefore can cross as we predicted from the 
zone-folding approximation. In chiral tubes, however, there are no mirror planes. Away from 
the F point quasi-particles can only be classified with respect to their transformation under 
the principle screw and rotational axis, /.<?., by m. Since the valence and conduction band 
originate from the same allowed line in the graphene Brillouin zone, they have the same m 
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quantum number. The two stales thus belong to the same representation. When they approach 
each other they repel and a secondary gap is opened up by level anlicrossing. For zig-zag tubes 
the valence and conduction band belong to different representations exactly at the r point. On 
first sight it might seem that they are allowed to cross and the tube remains metallic. Inside 
the Brillouin zone, however, the irreducible representation of the valence and conduction band 
is the same as in chiral nanotubes. For a crossing at the r point the two bands need to 
come close in energy at finite k z \ they will repel each other as in the chiral case. Since the 
electronic dispersion has to be continuous we thus obtain a secondary gap in the achiral zig¬ 
zag nanolubes. 

3.4.2 Rehybridization of the a and n States 

In the preceding section wc discussed how the low-energy electronic properties arc altered 
by the curvature of the nanolube wall. Here we look at the electronic states away from the 
Fermi level, in particular, at those states that are responsible for optical transitions in the 
visible energy range (below 4eV). To understand the effect of curvature we compare ab- 
initio calculations of carbon nanotubes to zone-folding ab-initio calculations of graphene. 
Ab-initio calculations, in general, underestimate the energy of the excited states by 10 — 20%. 
They can usually not be directly compared to experiment. The idea of the work presented here 
is to use the same level of approximation for the tubes and graphene. Thereby, we identify the 
relative changes introduced by the rolling up of the graphene sheet. 

Figure 3.13 (a) shows the now familiar third-nearest neighbor tight-binding band structure 
of a (10,0) nanotube and (b) the ab-initio result. For large-diameter nanolubes (d ~ 1.5 nm) we 
saw in Sect. 3.2 that the light-binding approximation very well described the first-principles 
band structure. Below the Fermi level the agreement for the (10,0) nanotube with a diameter of 
0.8 nm is good as well. The conduction bands, however, are strongly affected by the curvature 
of the nanotubc wall. Compare, for example, the dotted bands in (a) and (b). They are the 
non-degenerate states with m = n — 10 and rn = 0 quantum numbers (see Chap. 2). In the 
tight-binding approximation the m - 10 state is at 1.7eV at the F point. The m = 0 band 
goes all the way up to the F-point energy of the graphene % orbitals (11.5eV). In the ab- 
initio calculation of the (10,0) nanotubc, in contrast, the corresponding states are shifted 
down to 0.6 and 7.0 eV, respectively. It was first pointed out by Blase et aiP A9 ^ that o-K 
rehybridization has such a strong effect on the nanotubc electronic properties further away 
from the Fermi level. Rehybridization shifts the n* states to lower energy, while increasing 
the energy of the a* bands. To see the effect more clearly compare the non-degenerate bands 
of the nanotube [.black dots in Fig. 3.13 (b)] to the folded tt* and <7* bands of graphene, which 
we show in Fig. 3.13(c). While one of the < 7 * bands was shifted up in the (10,0) nanotube 
and is no longer visible on the chosen energy scale, the non-degenerate 7T* bands were pushed 
down to much lower energy by the interaction with the a* orbitals. These bands are most 
strongly affected by the curvature of the tube. On the other hand, the other < 7 * states are 
almost unchanged when comparing Fig. 3.13 (b) and (c). Look, e.g., at one of the degenerate 
graphene ct* states with a r -point energy 8.1 cV. It has the same energy in the (10,0) nanotube 
and shows a similar lc dependence. 

To study the effect of curvature on the band structure of carbon nanotubes more systemati¬ 
cally, a similar comparison as for the (10,0) tube is shown for the (6,6) nanotubc in Fig. 3.14 (a) 



54 


3 Electronic Properties of Carbon Nanotubes 



b) (10,0) tube 



c) a/ zone folding 

10 1 ..._ _ 10 

8 8 



4 


-6 k. 


; ij:rf i ;>!' J - OXS 


{*••**•**••*•' 




rM 



Wave vector k 


Figure 3.13: Electronic band structure of a (10,0) nanotube, (a) Third-order tight-binding calculation 
of the 7T orbitals. The non-degencratc m — 0 and m — n — 10 bands are indicated by the black dots, (b) 
Ab-initio calculation of the (10,0) nanotubc. The dots mark the a and n electronic bands with m — Q,n 
quantum number, (c) Ab-initio graphene electronic dispersion along the r-M direction folded at the 
middle of the Brillouin /one. Closed dots correspond to the first half of the graphene Brillouin /one, 
m — 0 nanotube bands; open symbols refer to the second half of the Brillouin zone or m — 10. If 
curvature had no effect on the electronic band structure the dotted bands had the same dispersion in (a), 
(b), and (c). After Ref. [3.48J. 


and (b). Again the non-degenerate n and <7 bands are indicated by dots in the zone-folding 
and in the ab-initio calculation. The allowed k lines of the nanotube are now parallel to the 
r-K-M direction. When comparing the graphene dispersion along this direction to the non¬ 
degenerate bands of the (6,6) tube the overall agreement seems to be much better than for the 
zig-zag tube discussed above. In particular, the folded m = n bands of graphene are almost un¬ 
affected by the curvature. These are the valence and conduction bands crossing at the Fermi 
level; they are shown by open dots in Fig. 3.14(a). Nevertheless, the n* conduction band, 
which corresponds to the graphene F point is shifted down by 4.7 eV as in the zig-zag tube. 
Also, the level anticrossings between the o* and /r* bands at ^ 7 and —6eV are clearly seen 
in Fig. 3.14 (b). 

As an example for a chiral nanotube we show the electronic dispersion of an (8,4) nanotubc 
in Fig. 3.14(c). The length of the real space unit cell a and the number of minibands q are 
much larger in chiral nanotubes than in achiral tubes. For the (8,4) tube a — 11.3 A and q = 56. 
Therefore, band-structure plots of chiral tubes tend to become black squares when plotted as 
a function of the linear momentum as in Fig. 3.14(c). A much clearer picture is obtained 
when the helical momentum k is used as normally done by Mintmire and coworkers^' 43 ^ 3 ' 46 ^ 
or by Damnjanovic and coworkers; |3 ‘ 19,,[3 * 47 J a particularly nice comparison between the two 
momentum notations is presented in Fig. 8.2. For the (8,4) nanotube the first two valence and 
conduction bands are well separated in energy from the other electronic states. Their energy 
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Figure 3.14: Electronic band structure of a (6,6) and an (8,4) nanotubc. (a) Ab-initio electronic band 
structure of graphene along the F-K-M direction folded at (fc* —kj)/4 (in the middle between F and M. 
Closed (open) symbols correspond to nanotube bands with m — 0 (m =n = 6). (b) Ab-initio calculation 
of a (6,6) nanotube. The dots indicate the m = 0,n bands, which correspond to the graphene dispersion 
shown in (a), (c) Ab-initio calculation of an (8,4) nanotube (lines). The open dots show the energies 
of the electronic states within a zone-folding ab-initio approach. Note that the y-axis is expanded by a 
factor of three compared to (a) and (b). After Ref. [3.481. 


at the r point agrees well with the predictions from zone folding. The zone-folding energies 
for the bands with a critical point at F are indicated in Fig. 3.14(c) by open dots. For the 
higher-lying conduction bands the differences between the zone-folding approximation and 
the ab-initio calculation increase. This is not easily seen in Fig. 3.14(c); we summarize the 
shift for them = 0 and m = q band in Table 3.3. 

Table 3.3 lists some selected electronic energies in a number of carbon nanolubes and 
compares them to the graphene values. Note that the graphene F and M point are among the 
allowed stales for any nanotube. We therefore used the energies of these points to 

gel a feeling for the curvature-induced changes in the electronic energies. The general trend 
as observed in Figs. 3.13 and 3.14 is reflected in the explicit values given in the table. The 
valence bands of carbon nanotubes are well described in a zone-folding approximation. Their 
energies in carbon nanotubes are practically the same as in graphene. For the electronic bands 
originating from the F point of graphene the upshift of the a* and the corresponding downshift 
of the 7T* states is similar for armchair, zig-zag, and chiral tubes with the same radius. The 
conduction bands derived from the graphene M point, however, are strongly downshifted in 
zig-zag tubes, whereas they are close to graphene in armchair and chiral nanotubes. The 
situation for the a* states corresponding to the F point of graphene is also interesting. As we 
pointed out for the (10,0) tube above, the energy of one of the a * states is lowered by ^ 2eV 
in carbon nanotubes, whereas the other one is found at the graphene value. 
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Table 3.3: Selected electronic energies at the F and M points of graphene compared to the F-point 
energies in nanotubes. In a zone-folding approximation the energy difference between graphene and a 
nanotubc is expected to vanish. The two-fold degeneracy of the <7* conduction bands is lifted in carbon 
nanotubes. The calculated diameter of the nanotubes is given in the second column. 



d{ A) 

7T*(eV) 

F 

(7*(eV) 

M 

7T*(eV) 

7T(eV) 

F 

cr(eV) 

M 

7T(eV) 

Graphene 


11.3 


8.2 

1.7 

7.5 

3.2 

-2.3 

(10,0) 

7.8 

7.0 

10.3 

7.7 

0.6 

-7.8 

-3.2 

-2.3 

(6,6) 

8.2 

6.6 

8.1 

10.3 

1.5 

-7.8 

-3.2 

-2.1 

(8,4) 

8.4 

6.8 

10.3 

8.1 

1.6 

-7.7 

-3.2 

-2.3 

(93) 

8,5 

7.0 

10,2 

7.9 

1.7 

-7,8 

-3.3 

-2.1 

(10,5) 

10.4 

7.2 

10.5 

8.1 

1.6 

-7.7 

-3.2 

-2.3 

(19,0) 

14.9 

7.5 

10.2 

8.2 

1.4 

-7.6 

-3.2 

-2.4 


To understand the different effect of curvature on the zig-zag as opposed to armchair nano¬ 
tubes and also the behavior of the two <7* states, let us discuss the mixing between the a and 
k states of graphene in more detail. In Fig. 3.15 we give an expanded view of the band struc¬ 
ture in the energy range of the K* and (7* bands at the graphene F point. Full lines show 
the graphene band structure along the high-symmetry F -M and F -K-M directions. The gray 
dots are the m 0 bands of the (10,0) (left) and the (6,6) (right) nanotube. In the zone¬ 
folding approximation the dispersion of the nanotubes would follow exactly the graphene 
bands. The symmetries of the k* and o* electronic states are Bj# and E\ u , respectively. The 
lowest graphene band in Fig. 3.15 does not come from the 2s or 2p carbon electrons. It is the 
bonding state of an unoccupied j orbital and transforms as the totally symmetric representa¬ 
tion {Ayg). The representations of the electronic states away from the F point can be found 
from the correlation tables in Appendix A; they are given in Fig. 3.15 as well. In the enlarged 
picture it is apparent that, e.g., the A\ g state and one of the bands forming the degenerate 
E\ u representation in graphene have similar energies and dispersion in graphene and in the 
tubes. In contrast, the Bjg band (k*) and the second E\ u state are shifted by the rehybridiza- 


Figure 3.15: The full lines show the electronic dis¬ 
persion of some selected graphene bands around the 
F point; sec Fig. 3.1 for the full dispersion. The F- 
M direction is displayed to the left together with the 
m = 0 bands of the (10,0) nanotube (gray dots). On 
the right the F -K-M electronic dispersion and the 
m — 0 bands of the (6,6) armchair lube (gray dots) 
are shown. The graphene bands are labeled by the 
irreducible representations of the point groups at F 
and along the high-symmetry lines. A\ s is the sym¬ 
metry of the states at 7.5eV at the F point. See text 
lor details. 
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Figure 3.16: Wave function of the o*-n* hybrid of a (5,0) na- 
notube with a diameter of 4 A. This eigenfunction has an en¬ 
ergy of 5.2 cV at the T point. Light and dark gray are for 
positive and negative signs of the wave function. 



tion. The shifts are indicated in the figure by the gray arrows. To understand this different 
behavior, let us consider the symmetry lowering by cutting a graphene sheet and rolling it up 
into a nanotube. By doing so we lose all rotations by angles other than 180° and all operations 
changing the graphene z-coordinate like <7/, or the primed rotations. Since we preserve the ver¬ 
tical and diagonal mirror plane in achiral nanotubes the new point group is Civ for the r point 
(Cfj for the high-symmetry lines). This is a somewhat local description of the symmetry of a 
curved sheet, since the point groups of nanotubes involve translational symmetry operations 
of graphene, sec Chap. 2. For the present purpose, however, this picture is sufficient. 

We now determine to which representations the electronic bands as shown in Fig. 3.15 
belong in the new point group Ci v of the curved sheet. This is called a correlation in group 
theory. At the r point the former Ey u representation corresponds to By 0#2> Big to /? 2 , and 
A i ^ to A i in the bent sheet. We ean thus expeet a mixing of the Bi tt* band with the Bi o* state 
on the curved wall; whereas the other two states (#| and A i) have a different symmetry. When 
we go away from the F point the Bi and A i representations of the flat graphene sheet both 
belong to A' in the curved lattice; similarly By and A 2 belong to the same representation (A"). 
The behavior as expected from the symmetry analysis is clearly seen in Fig. 3.15. Along the 
r-K direction the (6,6) 7T* band mixes with the By a* band. At the r point the mixing pushes 
the <r* state up to 10.3 eV and lowers the 7t band to 6.6eV, see arrows in Fig. 3.15. Along the 
r-M direction the 7t band crosses the By state, which belongs to a different representation and 
is thus not affected. It affects, however, the dispersion of both A] bands. The a hybrid of the 
2 p electrons is more strongly changed; it has again a much higher energy than in graphene. In 
the (10,0) nanotube the symmetry analysis given so far is valid for all k z and the K conduction 
band as a whole is shifted down. In armchair nanotubes, after passing the K point mixing 
is forbidden by symmetry even for the bent sheet for the bands within zz lOeV of the tt* 
states. Their electronic energies corresponding to the graphene M point are thus more weakly 
affected by band repulsion; exactly as in the ab-initio calculations we discussed above. 13 48] 

The effect of the o-k rehybridi/ation on the electronic wave functions is shown in Fig. 3.16. 
This is the m = 0 eigenfunction of a (5,0) nanotube at the r point [compare the corresponding 
eigenfunction of graphene in Fig. 3.3 (a)]. If the eigenstate was predominantly of k character, 
the wave function should be antisymmetric with respect to the nanotube wall. This is clearly 
not the ease. Most of the wave function is concentrated outside the nanotube and, moreover, 
there is a strong component with equal sign on both sides of the nanotube wall. For the elec- 
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Figure 3.17: Energy bands of the 
(19,0) nanotube in the range below 
2.0eV from the Fermi level. The 
left (right) panel shows the conduc¬ 
tion (valence) bands. The gray dots 
mark the F-point energies within the 
zone-folding approximation. The 
numbers are the m quantum numbers 
of the bands. From Ref. [3.48]. 
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tronie band structure and the optical properties of nanotubes with a very small diameter like 
the (5,0) tube, see Chap. 4. 

Why did we discuss the electronic states corresponding to the F and M points of graphene 
in sueh great detail? Their energies are far away from the Fermi level, even if curvature 
effeets are taken into aeeount. Thinking baek to the zone-folding approach, we remember that 
the eleetronie band structure of carbon nanotubes was given by the dispersion of the n states in 
graphene. From the shift of the electronic energies at the F and M points we can thus estimate 
the relative shift of the electronic bands in carbon nanotubes. From our analysis we expect that 
all TT-derived bands in zig-zag nanotubes and nanotubes with small chiral angle 6 are strongly 
shifted to lower energy. Armchair and large 6 nanotubes should, in contrast, be rather weakly 
affected. Also, the relative shift will be larger the further away the corresponding wave vectors 
are from the K point of graphene. For example, the m = 8 band of the (10,0) nanotube, which 
is at 1.3eV in the zone-folding approximation is shifted by 500 meV or almost 40% to lower 
energy.L 3,48 i The m = 5 and m = 4 conduction bands of the armchair (6,6) nanotube are only 
lowered by 100 meV (7%) and 200 meV (15%), respectively (see Figs. 3.13 and 3.14). 

The chirality dependence of the c-K hybridization explains some contradicting statements 
in the older literature. Mintmire and White 13141 concluded from first-principles studies of 
armchair nanotubes that curvature effects are negligible down to diameters around 1 nm. The 
agreement with the zone-folding approximation presented by them was indeed very impres¬ 
sive. Blase et al.P 49 ^ in contrast, observed a strong curvature-induced effect for small zig-zag 
nanotubes [between (6,0) and (9,0)]. They found a complete failure of the zone-folding ap¬ 
proximation. Later it was usually assumed that the a-K hybridization depends only on the 
diameter of the nanotube. Blase et aV s results were explained by the small nanotube diam¬ 
eters, which were below 0.7 nm in their study. For nanotubes above 1 nm the zone-folding 
picture was thought to give reliable electronic energies. To see whether this assumption is 
correct, let us look at a fairly large zig-zag tube, namely the (19,0) tube with a diameter of 
1.5 nm. 

The Af-point energy of the (19,0) nanotube as obtained from ab-initio calculations was 
already given in Table 3.3. i - 3,481 The state is 0.3 eV lower in energy than that predicted from 
zone-folding. After we saw how the M-point energy is indicative of the change in electronic 
energies, in general, we expect that the valence and the lowest conduction bands are well de¬ 
scribed by zone folding. For the higher bands, however, we should find a downshift of the 
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electronic states. Figure 3.17 shows the valence and conduction band of the (19,0) nanotuhe. 
The gray dots at k 0 are for zone-folding ab-initio calculations of graphene. The first- 
principles energies of the valence bands and the two lowest m = 12 and 13 conduction bands 
are in excellent agreement with zone folding. For the higher-lying m = 14 and 15 conduc¬ 
tion bands, however, clear deviations are seen. They amount to 40meV for the m = 14 and 
lOOmeV for the m = 15 state. At first, a shift by 100 meV sounds negligible compared to an 
electronic energy of 1.2eV. Remember, however, that the width of the visible energy range 
is only 1.5eV. The two most prominent Ar-laser lines, the green 514nm line and the blue at 
488 nm, are only separated by 130 meV. The apparently small changes in the electronic energy 
will thus strongly influence optical studies. 

It is quite difficult to confirm the curvature-induced changes of the electronic band struc¬ 
ture experimentally. In Chap. 4 we present optical absorption and luminescence measure¬ 
ments that indicate a curvature-induced tunneling lowering of the band gap. Particularly good 
agreement between ab-initio calculations and experiment was found for 4-A diameter nano- 
lubes.t 3 - 043.5 !]-[ 3 . 53 ] For the second most widely used technique to measure the electronic 
states of carbon nanotubes, scanning tunneling spectroscopy, we show a comparison between 
theory and experiment in Fig. 3.18. When we discussed the density of states measurements 
by STS we mentioned that the shape of the van-Hove singularities often deviates from the 
expected 1 /\fE behavior. This deviation is particularly pronounced for the (10,0) nanotube 
(full lines in Fig. 3.18). The ab-initio calculation is in excellent agreement with the experi¬ 
mental results, for the shape, the height, and the energetic position of the van-Hove singular¬ 
ities. Avramov et «/J 3 50 * used a modified first-principles methods that gives more accurate 
excited-state energies than the local density approximation presented so far, see the reference 
for details. A zone-folding calculation predicts the second singularity of a (10,0) nanotube by 
a factor of 2.3 higher than the first singularity. Both experiment and the ab-initio calculation 
found a value close to three instead. This confirms that the band gap in the semiconducting 
(10,0) nanotube is decreased by the curvature of the nanotube wall. 

Figure 3.18: Scanning tunneling spectroscopy 
of the electronic density of states in a (10,0) na- 
notube (full line) and an ab-initio calculation of 
the DOS (broken line). The energies arc given 
on an absolute scale, i.e., the Fermi energy is 
not set to zero. The experiments were done by 
Odom et alP ^ They estimated the chiral angle 
and the diamter of the tube from STM pictures. 

After Ref. [3.50]. 
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3.5 Nanotube Bundles 


Single-walled carbon nanotubes that are grown by laser ablation, arc discharge, or the most 
recent HiPCo method always occur in bundles of 20 — 100 tubes. These bundles are held 
together by the weak interactions between the tubes. To isolate the nanotubes, the bundles 
have to be destroyed by ultrasonification. The tubes are then covered by surfactants to avoid 
rebundling. An efficient isolation of large numbers of single-walled nanotubes was first re¬ 
ported by O’Connel et cilP ,32J Before this work, experiments with bulk nanotube samples 
were always performed on bundles of nanotubes. A bundle of carbon tubes is different from 
an isolated nanotube in two respects. A nanotube bundle (or rope) usually consists of nano¬ 


tubes of different chirality and slightly different diameter.^ 3 551 Moreover, the bundling 


also changes the nanotube properties by tube-tube interaction. Even a perfect crystal of ex¬ 
actly the same tubes behaves differently from this nanotube alone, see also Sect. 8.2. 


3.5.1 Low-energy Properties 

When we considered curvature-induced effects on the low-energy electronic properties we 
found that only armchair nanotubes are really metallic. Their metallic character was explained 
by the high symmetry of (n,n) nanotubes, namely, the n vertical mirror and glide planes in 
an (n.n) nanotube. Putting an armchair tube into a bundle we lose these mirror planes. A 
level anticrossing as in non-armchair quasi-metal lie nanotubes takes place as first noted by 
Delaney et al.^ ^ ^ The situation, however, is slightly different, because in a bundle we 

have an electronic dispersion perpendicular to the nanotube as well. 

Figure 3.19(a) shows an infinite crystal of (10,10) armchair nanotubes j 3 - 56|_|3 581 An iso¬ 
lated (10,10) nanotube has the symmetry DiQh- The hexagonally packed structure, in which 
the tubes are arranged, yields the point group. These two groups are not compatible with 
each other. The highest common subgroup is Dih- This corresponds to the high-symmetry 
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Figure 3.19: Bundle of (10,10) nanotubes. (a) Infinite ciystal of (10,10) nanotubes in a high-symmetry 
configuration. Note the mirror planes that are vertical and horizontal in the picture, (b) Brillouin zone of 
the (10,10) crystal, (c) Calculated density of stales for a bundle of (10,10) nanotubes. Full lines arc for 
the configuration in (a); for the dashed line the tubes were rotated to break the vertical mirror symmetry, 
(a) and (c) from Ref. [3.561. 



3.5 Nanotube Bundles 

Figure 3.20: (a) Low-energy 
density of electronic states in 
an isolated (8,8) nanotubc. The 
inset shows an STM picture of 
the tube, (b) Density of elec¬ 
tronic states for an (8,8) tube 
on top of a nanotube bundle. 
The inset shows the (8,8) nano¬ 
tube on top of a bundle. From 
Ref. [3.42J. 
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arrangement in Fig. 3.19(a). A rotation of the nanotube within the unit cell will, generally, 
reduce the symmetry of the crystal to C^. The Brillouin zone of the nanotube crystal can 
be seen in Fig. 3.19(b); perpendicular to the k z -axis that is parallel to the F-A direction it 
has a hexagonal plane spanned by the F-K-M triangle. Note that this is exactly opposite to 
graphite, where the F-A direction in real space corresponds to the direction perpendicular to 
the graphene sheet. 

When we move along the F-A or k z -axis for the bundle of (10,10) nanotubes in Fig. 3.19 (a) 
we still have four of the mirror planes of the isolated tube. As in Sect. 3.4.1 the electronic wave 
functions close to the Fermi level transform either even or odd under these mirror operations. 
The valence and conduction band cross at ^ 2/3 of the Brillouin zone as in the isolated tube. 
We can break the mirror symmetry of the wave functions by rotating the tubes or by introduc¬ 
ing a finite wave vector in the plane perpendicular to k z> Le.> instead of going from F to A we 
start at some point in the F-K-M plane and go parallel to F-A . The valence and conduction 
band in the case of broken symmetry belong to the same representation; they will repel and 
open a gap by level antierossing. The calculation by Delaney et showed that the den¬ 

sity of electronic states remains finite in the (10,10) crystal. As we can see in Fig. 3.19(e) a 
pseudo gap opens up at the Fermi level; the DOS has a pronounced dip at E f. The full lines in 
Fig. 3.19(e) were calculated for the high-symmetry orientation in (a), the broken line for the 
general low-symmetry arrangement. The density of electronic states is essentially independent 
of the orientation of the tubes. In contrast to the electronic density of states the joint density of 
states, which is important for optical transitions, goes to zero for AE = o.[-* , 56 H-T5H1 Th e g a p 
should be observable in far-infrared absorption experiments on bundled tubes. Measurements 
of the infrared reflectivity by Ugawa et a/. 13,591 indeed gave evidence for a band gap around 
17 meV. This gap can correspond to the proposed pseudo gap of bundled armchair nanotubes, 
but can also come from the secondary gap in isolated quasi-metallic tubes. 

Scanning tunneling spectroscopy proved once more very powerful in measuring the elec¬ 
tronic properties of carbon nanotubes. In a pioneering experiment Ouyang et ai 13,421 measured 
the low-energy density of states of an isolated (8,8) nanotube and an (8,8) nanotube on top of 
a bundle. In the isolated case the density of states is constant around the Fermi level, see 
Fig. 3.20 (a). In the (8,8) nanotube in the vicinity of a bundle a pronounced dip is found in the 
electronic density of states as shown in Fig. 3.20(b). Although the tube is not really inside a 
bundle in the experiment, the appearance of the pseudo gap depends mainly on the symmetry 
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Figure 3»21: Electronic band structure of a (10,0) 
nanotube around the Fermi level in the F-M-K di¬ 
rection of the bundle Brillouin zone (k z — 0). At 
the r point the valence band has a hole pocket; it is 
20meV above Ep. The lowest conduction band is 
bending down when going away from F. At the M 
point it is below Ep with an energy of — 20meV. To 
tiie left of the F point a small fraction of the disper¬ 
sion along the nanotube axis is seen (F-A direction). 
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breaking by other nearby tubes. The measured width of the pseudo gap (around 200 meV) as 
well as the measured depth of the dip (one third of the density of states further away from the 
Fermi level) are in excellent agreement with the calculations in Fig. 3.19 (c). 

Bundling of the nanotubes cannot only open a gap in armchair tubes, it can also close the 
band gap in semiconducting tubes. Figure 3.21 shows a calculated low-energy band structure 
of a (10,0) nanotube bundle.* 3 481 The dispersion is shown within the hexagonal F-M-K plane 
of the Brillouin zone perpendicular to k z [compare Fig. 3.19(b)], At the F point the highest- 
valencc band of the isolated tube is 20meV above the Fermi level, it has a hole pocket for 
k = 0. When going away from the Fermi level within the F -K-M plane the first conduction 
band bends down. The width of this band (^ 200 meV within the plane) is so large that the 
band crosses the Fermi level close to the K point of the Brillouin zone. Its minimum at the 
K point has an energy of —20meV.* 3,48 l In calculations of crystals of semiconducting tubes 
it is generally observed that the band gap is lowered by the intratube dispersion.* 3 481 These 
crystals are usually indirect semiconductors with a smaller, by 200 — 600 meV, band gap than 
calculated for the isolated tube. The maximum of the valence band is found at the F point of 
the nanotube crystal, whereas the minimum of the conduction band is at K . 


3.5.2 Visible Energy Range 

In the low-energy part of the band structure the bundling of the nanotubes changed the elec¬ 
tronic properties by symmetry breaking and by the intratube dispersion perpendicular to k z . 
These two mechanisms work for larger electronic energies as well. 

In Fig. 3.22(a) the electronic band structure along F-A is displayed for a bundle of (6,6) 
nanotubes. Note the secondary gap of ~ 50meV at & 2k/ 3a. The higher valence and con¬ 
duction bands, which were two-fold degenerate in isolated nanotubes, split by the symmetry 
lowering. For most bands the splitting is quite small, on the order of 10 — 100 meV, and hardly 
visible in the figure; see, for example, the two close-by conduction bands with a F-point en¬ 
ergy of ~ 4.3eV. The two non-degenerate bands that arc highlighted by the two gray arrows, 
however, are strongly split in the bundle (1 cV energy difference at F and 300 meV at A). In 
the isolated nanotubes they form the doubly degenerate m = ±3 band. In a high-symmetry 
packing of a (6,6) nanotube most degenerate bands of the isolated tubes remain degenerate by 
symmetry in the crystal.* 3,481 The exception are the |m| =3 states, which even for the highest 
symmetry crystal belong to two different representations; their degeneracy is thus immedi¬ 
ately lifted in the bundle. The other bands split only for lower-symmetry configurations of the 
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Figure 3.22: (a) Band structure of a (6,6) nanotubc bundle between F and A = n/a. The gray arrows 
point at the two non-degenerate bands, which belong to the doubly degenerate m = ±3 representation in 
the isolated tube. The black arrow shows the conductance band corresponding to the second van-Hove 
singularity, which is shifted down with respect to the isolated lube, (b) Electronic density of slates in a 
(9,9) nanotube bundle (full lines) compared to the density of the (9,9) isolated nanotube (dashed lines), 
(b) from Ref. [3.60]. 


(6,6) bundle as that displayed in Fig. 3.22(a) and, consequently, the energy difference is much 
smaller. The critical point energies in the (6,6) nanotube are strongly affected by tube-tube 
interaction. The black arrow points at the states giving rise to the second van-Hove singularity 
in the isolated nanotube. It is shifted by 200 meV to lower energy [compare also Fig. 3.14(b)] 
and falls below the critical point of the first van-Hove singularity. 

The electronic density of states for a (9,9) nanotube crystal is shown in Fig. 3.22(b) by 
the full line. Compared to the isolated tube (dashed lines) the van-Hove singularities are 
broadened and most of them consist of two peaks. The energetic positions of the singularities 
are slightly different as well. While it is difficult to obtain a general trend from Fig. 3.22(b), 
Rao et a/J 3,60 ' claimed that they mostly observed the peaks to shift away from the Fermi level. 

The full electronic band structure within 5eV of the Fermi level is shown in Fig. 3.23 
for bundles (a) of (6,6) and (b) of (10,0) nanotubes. 13,481 A high-symmetry configuration was 
used for the ab-initio calculations of the (6,6) crystal. Therefore, the valence and conduction 
bands cross along the F-A direction; note, however, that they cross slightly above the Fermi 
energy. The electronic band structure perpendicular to the k z is shown for three values of k 7 , 
namely, in the plane including the F point, the A point and, in the right panel, the Fermi wave 
vector k z f ~ 0.73 A" 1 for this particular armchair tube. The bandwidth perpendicular to k z 
is between 400 and 600 meV for most bands, but can be as high as 900 meV as for the first 
two valence and conduction bands along the F -K-M line. These band widths are in between 
the values found for graphite (1 — 4eV) and C^o (0.5 eV)A 3 - 6, ^ 3,62J which is quite reasonable 
since the curvature reduces the overlap between the K orbitals in different tubes compared to 
the flat graphite planes. In Fig. 3.23 (b) we show the band structure of a bundle composed 
of (10,0) nanotubes. The dispersion of the electronic bands perpendicular to k z is less than in 
armchair nanotubes; most of the bands have widths well below 400 meV. The large splitting of 
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Figure 3.23: Electronic band structure of nanotube bundles along high-symmetry lines in the Brillouin 
zone, (a) Bundle of (6,6) nanotubes in the high-symmetry configuration. The right panel shows the 
intratubc dispersions at the Fermi wave vector k z f . (b) Bundle of (10,0) nanotubes. The two valence 
bands next to the Fermi energy are strongly split by the intertube interaction. The low-energy part of the 
band structure was already shown in Fig. 3.21. r-A is the direction of the wave vector along the nanotube 
axis. The other high-symmetry lines correspond to cuts of the bundle Brillouin zone at different k z , see 
also Fig. 3.19(b). From Ref. 13,481. 


the first two valence states at the F point of the Brillouin zone results in a stronger dispersion 
of the corresponding states perpendicular to k z as well (0.4 — 0.9 eV). The electronie dispersion 
perpendicular to the nanotube z-axis will most strongly affect the optical properties of bundled 
nanotubes. The broad and unstructured absorption bands found in nanotube bundles can - at 
least partly - be explained by the bandwidth of the perpcndieular states between 0.1 and 1 eV. 
We comment on this point in greater detail in Chap. 4, which covers the optical properties of 
single-walled carbon nanotubes. 


3.6 Summary 

In this chapter we studied the electronic properties of single-walled carbon nanotubes. We 
showed how the electronic band structure of a carbon nanotube can be obtained from the 
graphene band structure in the zone-folding approximation. The basic idea of zone-folding is 
to use graphene’s electronic energies along the allowed k vectors of a nanotube as a first ap¬ 
proximation for the electronic band structure of the tube. The concept is more general; it can 
also be applied, e.g. y to the phonon dispersion of graphene to find the nanotube’s vibrational 
states. We derived the electronic dispersion of the n bands in graphene by nearest-neighbors 
and third-neighbors tight-binding calculations. Within these two approximations - tight bind¬ 
ing and zone folding - the electronic band structure for any carbon nanotube can be calculated 
rapidly and easily. The electronic density of states in single-walled carbon nanotubes shows 
the typical features of a one-dimensional system. We found strong singularities in the density 
of states, which follow a 1 / y/E functional form. These singularities were observed experi¬ 
mentally; the most powerful technique is scanning tunneling spectroscopy. By this method it 
was also proven experimentally that one third of the nanotubes are metallic or quasi-metallic, 
while the other two thirds are moderate-band-gap semiconductors. 
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The rest of this ehaptcr dealt with more subtle features in the electronic band structure of 
carbon nanotubes. We showed that only armchair nanotubes preserve their metallic character 
once the finite curvature is taken into account. Other nanotubes with («] —ri2)/3 integer, 
which are metallic in the zone-folding approximation, develop a small band gap on the order of 
lOmeV. The higher-lying electronic states, in particular also those that give rise to transitions 
in the visible energy range, are shifted towards the Fermi level in the rolled-up graphene sheet. 
The magnitude of the shift depends on the diameter and the chirality of the nanotube. Whereas 
it is strongest for zig-zag nanotubes, it can usually be negleeted for armchair nanotubes with 
diameters above 1 nm. Finally, we showed how the electronic properties of carbon nanotubes 
are affected by the bundling of the nanotubes into ropes. In a bundle, armchair nanotubes 
develop a pseudo gap; their density of states shows a pronounced dip at the Fermi level both 
in theory and experiment. The electronic dispersion perpendicular to the nanotube k z -axis is 
on the order of lOOmeV. It reduces the gap in semiconducting nanotubes and makes them 
indirect semiconductors or even metallic. The electronic band structure of nanotube bundles 
differs significantly from the band structure of the isolated tube. This difference has to be taken 
into account when comparing experimental results, which were often obtained on nanotube 
bundles, to theoretical predictions for isolated nanotubes. 



4 Optical Properties 


Optical spectroscopy yields a wealth of information about the physical properties of a system. 
The electronic band structure further away from the Fermi level and the symmetry of the 
electronic states are measured by absorption and photolumineseenee experiments. Raman 
scattering by optical or acoustic phonons gives us information about the vibrational properties 
of a material; this topic is discussed in a chapter of its own. The dynamics of electrons and 
holes in the excited states can be studied by time-resolved optical spectroscopy. 

Carbon nanotubes were expected to show strongly structured optical spectra, because they 
arc one-dimensional systems. The singularities in the electronic density of states and the joint 
density of states should give rise to strong absorption and luminescence peaks. Despite these 
expectations, photolumineseenee from single-walled carbon nanotubes was not observed for 
a decade after the tubes were discovered. We will see in this chapter that early attempts failed 
because single-walled carbon nanotubes normally occur in bundles. After carbon nanotubes 
were successfully isolated, the expected bright luminescence peaks appeared experimentally. 
The study of optical emission (and partly also of absorption) is a very young field in the 
research on carbon nanotubes. After a general introduction into optics and selection rules in 
Sect. 4.1 we give an overview of the first developments in this exciting field. Luminescence 
combined with Raman spectroscopy is presented in Sects. 4.2 and 4.3. The optical properties 
of small tubes are calculated and compared to experiment in Sect. 4.4. Finally, we show results 
on the dynamics of carriers in nanotubes in Sect. 4.6. 


4.1 Absorption and Emission 

The interaction of light with matter involves a variety of different processes like reflection, 
absorption, emission, or elastic and inelastic scattering of light. These processes can be de¬ 
scribed by the polarization P that is induced by the externally applied electric field E. In 
non-magnetic materials the effect of the magnetic part of the electromagnetic wave can be 
safely neglected. We will not develop the theory of electrodynamics in this book, but simply 
state the necessary relations. For an in-depth treatment of the interaction of light and matter 
the reader is referred to one of the existing excellent textbooks. I 4 - 1 l-f4.3] 

The most useful quantity to describe the dielectric response of a solid-state system is the 
complex dielectric function t'(ft)) (it is actually a tensor), which relates the dielectric displace¬ 
ment D to the incoming electric field 


D(cd) = e(a>)E(a>) =- [£ 1 (/») + /£ 2 (<»)]£(©), 


(4.1) 
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where Ei is the real and £ 2 the imaginary part of the dielectric function. The real and imag¬ 
inary parts of the dielectric function can he obtained experimentally with ellipsometry.^ 4 
Frequently the absorption coefficient a and/or the reflectivity of a sample are measured in¬ 
stead. The absorption coefficient, in particular, is related to the dielectric function via 

2kco e 2 co 

a = -=-, (4.2) 

c nc 

where c is the speed of light, n and k are called the refractive index and extinction coefficient, 
respectively; they are defined by 

n = n + iK - V^TTT£ 2 , (4.3) 


or 


£ l 


— n 2 — K 2 and e 2 = 2 nK. 


(4.4) 


The refractive index n is often a rather slowly varying function of (0 and approximated to be 
constant. 1 Then a(co) is directly given by the imaginary part of the dielectric function e 2 (cu). 

In the dipole approximation the microscopic theory of the dielectric function gives us an 
expression for £2 that depends on the band structure of the valence E v {k) and conduction E c (k) 
bands as well as the dipole matrix element \M cv (k)\ 

e 2 (fi>) = (—) ££|M ( . v (*)| 2 5(£,(*) -E v (k)-r,co). (4.5) 

\>nO)J frtk 


This expression for e 2 is further approximated by neglecting the k dependence of the ma¬ 
trix elements. We express the imaginary part of the dielectric function by a constant matrix 
element multiplied by the joint density of electronic states n j(E) 


£ 2 (co) = 12 


m (O 




\M cv \ z rij(E) 


— jV„i 2 

mco ) 


dS k 


V k (E c (k)-E v (k))' 


(4.6) 


Regions in the electronic band structure with parallel bands thus contribute most to optical 
absorption. Equation (4.6) can be evaluated numerically for a given band structure and may 
be compared to experiments. 


4.1.1 Selection Rules and Depolarization 

In optical measurements we can study the selection rules for optical transitions in nanotubes. 
We derived the optical selection rules when discussing the symmetry of carbon nanotubes in 
Chap. 2; let us briefly summarize the results. Apart from the AJk ^ 0 rule (only vertical transi¬ 
tions are allowed), the selection rules depend on the relative polarization of the electric-field 
vector to the nanotube axis. The dipole operator transforms like a vector; achiral nanotubes 

1 Note that, except for here, n denotes the greatest common divisor of the chiral indices ,«2- 
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Figure 4.1: Band structure of a (19,0) zig-zag na¬ 
nolube. The labels at the left axis name the irre¬ 
ducible representation at the r point for the first sin¬ 
gularities dik—0 in zig-zag nanotubcs. (g - even, u 
- odd) 
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have a horizontal (o>,) and a vertical (<7 V ,) mirror plane with parity o 1 /, = — 1 for vectors along z 
and Gh = +1 for vectors along (.v.y). To conserve the total angular momentum when absorbing 
a photon with angular momentum ±1, the transitions from valence to conduction band must 
fulfill the following rulcsJ 4 - 4 ^ For ^-polarized light (t>4 ( y) the angular momentum quantum 
number m of the electronic band remains constant 

Am— 0 for E \\ z- (4.7) 

For light polarized perpendicular to the z-axis (o^±i) ihe quantum number m changes by plus 
or minus 1, 


Am= J r 1 for E ± z- (4.8) 

The selection rules are illustrated with the band structure of a (19,0) tube. In Fig. 4.1 the 
band structure of this tube is shown for transitions in the visible energy range. To the left we 
give the irreducible representations at l\ where zig-zag tubes have their singularities in the 
joint density of states. In the line-group notation conduction band states with m > 2///3 have 
even parity under O'/,, states with m < 2n/3 transform odd, and vice versa for the valence-band 
states, where n is the index of a tube (n,0). z-polarized transitions are always allowed between 
bands with the same m as indexed by the subscript in the irreducible representation, 13 —► 13, 
14 —> 14, 15 —> 15, etc. Transitions polarized as xy cannot change the <7/, parity and involve 
in zig-zag tubes the first two valence and conduction bands only, otherwise the mirror parity 
is violated. Transitions 13 —> 12 or 12 —> 13 are allowed, while 13 —► 14 is forbidden 2 (the 
parity changes ). 14 5,,,4 - 6 l For zig-zag nanotubes these selection rules are strict, for the armchair 
and chiral ones not, but it turns out that the corresponding matrix elements are small. 

The transition energies in nanotubes have a systematic diameter dependence when looked 
at in certain approximations. In the simplest picture E ~ 1 jd, the isotropic approximation, 
and plotted versus 1 jd the energies are straight lines. In such a plot, chirality obviously 
plays no role. Frequently in nanotubes research the first approximation including chirality 
effects, the nearest-neighbor tight-binding approximation (Sect 3.1.1) is used; such a plot 

2 Nole that in general the xy-allowed transitions need not be the two closest to the Fermi level as in Fig. 4.1; in 
small tubes there may be deviations. The rule is that xy transitions are allowed if m < 2n/3 and m — 1 < 2/i/3. 
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Figure 4.2: Transition energies of chiral nanotubes 
as a function of diameter of the nanotubc calculated 
in the third-order tight-binding approximation with 
the energies fitted to ab-initio results (Table 3.2). 
The visible range is highlighted in gray. Com¬ 
pared to the first-order approximation that Kataura 
et used to calculate the energies, they are 

more spread out. The first metallic band in the vis¬ 
ible can barely be distinguished from the higher- 
lying band. Solid symbols are semiconducting 
tubes, open ones arc metallic tubes. 
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is commonly referred to as a Kataura plot. Kataura et al J 4,7 * first showed how the 1/7/ 
average behavior splits into different values for different chiralities, see, e.g,, Fig. 8.8. We 
show in Fig. 4.2 a plot of the transition energies versus diameter in the third-nearest neighbor 
approximation (Sect. 3.1.1). In this plot, which also shows the 1 fd behavior on average, 
the transition energies for specific chiralities are more accurate, according to the improved 
expression used to calculate them. In the visible energy region, where many experiments are 
performed, the energies are more spread out than in the first-order approximation; a distinction 
between the first metallic and the higher-lying semiconducting tubes is barely possible. Higher 
semiconducting bands start to blur already in the visible, at higher energies they are quite 
mixed. 

Related to the selection rules is the suppression of the perpendicular optical absorption 
by depolarization (often called antenna effect)/ 4 ' 81 ^ 4,101 In the static approximation we can 
understand this effect by considering a long and narrow cylinder in an applied electric field. 
In an infinitely long cylinder polarization charges are not induced for a field along the z- axis, 
and the electric field E|j equals the external field E. For an external field applied in x - or 
y-direetion, however, charges are induced on the cylinder walls. The resulting polarization 
vector P opposes the external field and reduces the electric field E j_, see Fig. 4.3. This effect 
was first described for carbon nanotubes by Ajiki and Ando. L 4 81 Later Benedict et 
derived the dependence of the depolarization on the radius of the cylinder. They find that the 


Figure 4.3: (a) For an external electric field parallel to the z- | 

axis there is no induced polarization and the total parallel elec- I 

trie field is equal to the external field, (b) Perpendicular to 
the tube axis the electric field is reduced due to the polariza¬ 
tion induced on the cylinder’s surface, in carbon nanotubes 
the locally induced polarization almost completely cancels the 
perpendicular electric field. 
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Figure 4.4: Real part of the parallel and perpendic¬ 
ular conductivity in units of e 2 /h for a (50, — 10) 
[equivalent to a (40,10)] tube. In the upper curve 
the parallel conductivity (~ absorption) is shown; it 
is unaffected by depolarization. In the lower panel 
the peak at low energies is almost entirely screened 
out due to the depolarization (unscreened response 
- doited, screened - full line). Note also the differ¬ 
ent absolute energies of the peaks due to the differ¬ 
ent absorption selection rules for light parallel and 
perpendicular to the tube axis. The full energy axis 
corresponds to 2.7 cV, After Ref. [4.10]. 
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screened polarizability per unit length of the nanotube in the perpendieular direction is 


a±(co) 


a»,±(<o) 

l+8«o 


(4.9) 


where d is the diameter of the cylinder, and Oqj is the unscreened polarizability. For small 
diameters the polarizability in the perpendicular direction thus becomes screened and the opti¬ 
cal transitions - even if allowed in principle - will not be seen in experiments. Combined with 
a tight-binding model the electrostatic argument yields a response to perpendicular excitation 
on average about 5 times weaker than for parallel excitation. 

Tasaki et studied extensively the interaction of nanotubes with optical radiation, 

including the depolarization due to the shape of a nanotube. They calculated, also within a 
tight-binding model, the optical absorption, the optical activity, and circular dichroism due 
to the chirality of the nanotubes. They corrected the perpendicular field with a frequency- 
dependent factor 


1 + 


47T/Ox 

do 


(4.10) 


due to the depolarization, where a± is the surface conductivity along the peripheral direction. 
Note that the complex conductivity is related to the dielectric constant by e = 1 +47ria/co. 
For a (40,10) tube, the calculation shows nicely how the parallel absorption is not affected by 
screening, see Fig. 4.4. However, in the perpendicular case the difference, in particular for 
small transition energies, is remarkable: at low energies almost all absorption is screened out, 
the lowest unscreened absorption can no longer be identified in the plot. 

A consequence of the depolarization of the external electric field is that absorption-related 
experiments on randomly oriented nanotubes are completely governed by their properties for 
z-polarization. This has been shown for narrow nanotubes aligned in zeolite crystals, which 
consist of regularly arranged channels with a diameter of only 10.1 A. Li et alS 4A2 ^ were able 







72 


4 Optical Properties 


Figure 4.5: Transmission through a small nanotube- 
fillcd zeolite crystal with the electric-field vector perpen¬ 
dicular (upper) and parallel (lower) to the z-axis. The de¬ 
polarization effect is seen in the transparent region of the 
upper image. The crystals arc about 200 jum long. From 
Ref. [4.11]. 
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to grow narrow carbon nanotubes inside such channels. They found from transmission elec¬ 
tron microscopy predominantly tubes with a diameter d -- 4 A; hence three types of nanotubes, 
the (5,0), (4,2), and (3,3) are taken to be present in a zeolite channel. In Fig. 4.5 we show a 
picture of nanotubes grown inside zeolite erystals taken with light polarized perpendicular and 
parallel to the z-axis. In the upper part of the figure there is only little absorption, while the 
lower one appears black, hence all of the light is absorbed. 14, H) J 


4.2 Spectra of Isolated Tubes 

When studying the optical properties one is often hampered by the bundling of the tubes. The 
luminescence efficiency, e.g. y is greatly reduced due to rapid transfer processes from semicon¬ 
ducting to metallic tubes, where non-radiative recombination occurs, see also Sect. 4.6. This 
is why reports of luminescence have appeared only long after the discovery of nanotubes. 

O’Connell et a/. 141 1 reported the preparation of isolated nanotubes in which they were 
able to prevent rebundling. They prepared such isolated tubes by first ultrasonicating raw 
nanotube products obtained from the HiPCo process 14, l4 ^ and dispersing them in an aqueous 
sodium dodecyl sulfate (SDS) surfactant. The micelles prevented the tubes from reforming 
bundles. The left panel in Fig. 4.6 shows an isolated nanotube and a small bundle covered by 
surfactants. 1o separate the isolated tubes from the remaining bundles O’Connell et c//. 14,13 ! 
made use of the different density and weight of single and bundled tubes. The samples were 
centrifuged and the upper 80% of the supernatant decanted. The resulting micelle-suspended 
nanotube solutions had a typical mass concentration of 20 mg/1. The isolated nanotubes had 
richly structured absorption spectra and showed strong photoluminescence. Figure 4.6 shows 
the optical spectra in the near-infrared for tubes with a diameter of 0.7 to 1.1 nm, typical for 
the HiPCo process used for the starting material. 

The isolated tubes show narrow absorption lines and photoluminescence with no shift be¬ 
tween absorption and emission. From predictions of where the singularities in such nanotubes 
lie, transitions to and from the first excited state of semiconducting tubes can be identified 
in the spectra. The photoluminescence was excited with h(Oj ~ 2.3 eV, which is much higher 
than the first excited state; the absorption is thus into the second or higher band of the nano¬ 
tube, and the carriers relax quickly to the lowest excited stale before recombining. There are 
several reasons why the emitted light docs not originate from the coating of the tubes. For one, 
the detected emission energy matches quite well the expected nanotube band gap. Secondly, 
the emission was also observed in unprocessed nanotubes from free-standing isolated tubes 
grown on small pillars by chemical vapor deposition (CVD). 14,151 
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Figure 4.6: (left) Model of an isolated nanotube and a 7-tube bundle covered with a layer of SDS. (right) 
Absorption and emission spectra of such micelle-isolated tubes. The correspondence between the peaks 
is nicely seen in the two spectra. From Ref. [4.13]. 


The problem with absorption and emission measurements on bulk samples is that we still 
have a huge number of different nanotubes with varying diameter and ehiral angle. We can¬ 
not tell from these measurements alone which absorption peaks correspond to two transitions 
of the same tube. To overcome this problem, O’Connell et a/. 1413 ' measured the photolu¬ 
minescence as a function of the energy of the exciting light, a so-called photoluminescence 
excitation spectrum (PLE). The photoluminescence of a particular tube, which is selected by 
a fixed detection energy, is high when the absorption is strong for an excitation energy. vSuch 
a spectrum thus resembles the absorption of a single tube and allows the determination of the 
higher-lying van-Hove singularities. We can then try to use these energies for an assignment 
of the chiral indices n\ and ni . 


4.3 Photoluminescence Excitation - {n\ , 122 ) Assignment 

Bachilo et al } 4161 combined the information obtained from luminescence and luminescence- 
excitation spectra with that of resonant Raman scattering and attempted a full assignment of 
their micelle-covered tubes in solution. They measured the luminescence spectra as a function 
of excitation energy (PLE) and created a two-dimensional plot, see Fig. 4.7. The van-Hove 
singularities of many different nanotubes are nicely seen as dark spots, which, by the nature of 
PLE, relate absorption and emission of the same nanotube. This is the systematic advantage 
of PLE over regular absorption measurements, where a direct correlation between the two 
processes cannot be made and both absorption and emission spectra are much broader, t 411 
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Figure 4.7: Two-dimensional 
plot of luminescence energy 
(jc-axis) as function of lumi¬ 
nescence excitation energy (y- 
axis). The darkest spots de¬ 
note the largest intensity; the 
black ellipse highlights the re¬ 
gion of the E 22 excitations and 
E 11 emissions. Peaks in the 
lower part of the figure are be¬ 
lieved to come from £33 exci¬ 
tations; the line cutting through 
the upper left comer is the ex¬ 
citing laser. After Ref. [4.16]. 
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The challenge is to assign systematically chiral indices to the intensity peaks in Fig. 4.7, 
which we plot on an energy scale in Fig. 4.8(a). The assignment is still a difficult task as 
many different diameters and chiralities arc present in the sample. In Fig. 4.8(b) we show 
in an analogous plot the results of a third-order tight-binding calculation (Sect. 3.1.1) of the 
transition energies E 22 versus £n.* 417 ^ While they show a similar pattern to the experiment 
there are also some apparent deviations. Both plots show data points arranged in V shapes 
with the V opening towards higher energies and hence smaller diameters. The solid lines 
forming the V correspond to moving in an armchair direction from a particular starting tube 
(vertical arrow in Fig. 4.9); the dashed lines connect tubes through an equivalent armchair 
direction (diagonal arrow). The points in the upper part in the calculation in Fig. 4.7 (b) belong 
to (n 1 —7/2) mod 3 = — 1 nanotubes, those below the V-mininum to (ni —712) mod 3 = +1. 



Energy E (I (eV) 


Figure 4.8: Plot of the emission energy versus excitation energy (a) from the data in Fig. 4.7, and (b) 
from a third-order tight-binding calculation.^ 4,17 ^ Solid and dashed lines connect tubes in two equivalent 
armchair directions, see Fig. 4.9. The similarity of the two patterns is apparent and may be used to 
perform an {n\,ri 2 ) assignment. Experimental data taken from Ref. [4.16]. 
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Figure 4.9: Possible chiral indices for 
nanotubes. The vertical and diagonal ar¬ 
rows correspond to two equivalent arm¬ 
chair directions as connected by solid and 
dashed lines, respectively, in Fig. 4.8. 
Tubes with gray hexagons were assigned 
to experimental features in Fig. 4.7. After 
Ref. [4.16]. 



Different values for £'22 in different tubes at the same E\\ arise from the trigonal shape of the 
graphene Brillouin zone near the K point, which splits the energies of the mod±l families, 
see Sect. 3.1.1 J 4 -i8].[4.i9] 

A difficulty in proceeding with the assignment is that the energies predicted by tight- 
binding are not known very well on an absolute energy scale, leaving too many possibilities 
for an assignment. However, if we knew the assignment of one of the tubes, we would be 
able to derive that of the others according to the pattern identified in Fig. 4.8. Bachilo et al. 
used the radial breathing mode (RBM) in Raman scattering to fix one particular nanotube; for 
the uncertainties involved in doing so, see Sect. 8.2. From the inverse-diameter dependence 
of the RBM frequency [Hq. (8.1)] with C\ = 223.5 cm" 1 and C 2 = 12.5 cm -1 they assign all 
33 different peaks to specific n\,n 2 chiral nanotubes. On the basis of their assignment they 
found empirical rules for the diameter and chirality dependence of the first and second elec¬ 
tronic transition in carbon nanotubes. Similar results were obtained by Lebedkin et «/.^ 4 - 2(y| 
who isolated and analyzed the emission from somewhat larger-diameter tubes produced from 
pulsed-laser evaporation. For diameters centered at 1.3 nm they found their luminescence and 
absorption energies to agree qualitatively with the results shown in Fig. 4.8 and arrived at 
similar conclusions. 

Given an assignment to chiral indices, the authors observed that the largest luminescence 
comes from nanotubes close in angle to the armchair direction. There are two possible expla¬ 
nations for the intensity dependence on chiral angle. The distribution of chiral angles is not 
homogeneous and most tubes have 9 close to the armchair direction. This explanation, which 
assumes equal quantum yield for all chiralities, contradicts, however, electon diffraction ex¬ 
periments on bundled tubes. 14 211 The isolation process might work better for armchair-like 
tubes, although there is no apparent reason for this selectivity. The second possible expla¬ 
nation is that the quantum yield is different for different chiralities, i.e., the luminescence 
of a single tube with 9 « 0° is much smaller than the luminescence for one with 9 « 30°. 
Although we do not know the physical mechanism for the difference in quantum yield, this 
explanation sounds more appealing than a selectivity in the growth or isolation process. The 
absence of zig-zag nanotubes may also be taken as an indication of an incorrect assignment of 
the anchoring tube via the RBM frequency. 

We note from Fig. 4.8 that the observed pattern is much broader, the V shape much more 
open than that of the calculation; also the V appears to broaden more to higher energies, i.e., 
to smaller diameters. If the pattern suggested by the lines in Fig. 4.8 is correct, this implies 
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that effects due to the curvature of the nanotube, not included in the tight-binding calculation, 
can be estimated from such a measurement. Ab-initio calculations, which are sensitive to 
curvature, should improve the understanding of the observed emission and absorption spectra. 
In Sect. 3.4 we saw that curvature effects are more pronounced for chiral angles close to the 
zig-zag direction than for nearly armchair tubes. Since zig-zag tubes are at the end of the V 
lines, curvature explains the more open experimental pattern at least qualitatively. 

Surprisingly, in these experiments the ratio of energy of the second van-Hove singularity 
to that of the first came out to E 22 /EW ~ 1.8 when extrapolated to large diameters or zero 
energy. All theories neglecting electron-electron interaction predict a ratio E 22 /EW ~ 2 in 
the large-diameter limit because the valence and conduction bands of graphene are linear at 
K (Chap. 3). The so-called ratio problem could be due to excitonic effects, i.e., a lowering of 
E 22 due to Coulomb attraction of excited electron and hole. It is actually independent of the 
precise chirality assignment, as long as the patterns are valid in principle, i.e ., as long as the 
peaks indeed refer to first and second singularities in the band structure of carbon nanotubes. 
Deviations from a strict ratio ~ 2 are expected due to trigonal warping and, for small-diameter 
tubes, due to diameter-dependent curvature effects on the transition energies. As mentioned, 
however, the experiments^ 416 ^' 4 2() ^ indicate that also in the limit of large diameters the ratio 
docs not approach 2, instead it remains at ^ 1.8, 

-2 for d —» 00 (ratio problem). (4.11) 

Eli 

A factor of 2 is expected for the ratio in the limit of d —» 00 because graphite is a semimetal; 
its bands cross the Fermi surface in a linear fashion and from the quantization of the allowed 
k lines in nanotubes we get the factor of two. Kane and Mele^ 4,2 ^ suggested an interesting 
explanation for the ratio problem in carbon nanotubes. They propose that because of the 
one-dimensionality of the carbon nanotube bands electron-hole interactions are particularly 
noticeable in the excited states. An electron-hole pair after absorption and relaxation to the 



Figure 4,10: An explanation lor the ratio problem (see text), (left) The absorption process (a) into 
the second electronic band E 22 of a nanotube and subsequent emission (b) from En after relaxation, 
(middle) Decay of an electron-hole pair from the minimum of the second excited band into two electron- 
hole pairs in the first excited band (d,e). The energy is given in units of the dimensionless parameter 
e — Ed/2hvyt. (right) The ratio E 22 /E 11 as a function of a coupling parameter a. The experimental 
range is indicated by the gray bar. From Ref. |4,221. 




4.4 4- {-diameter Nanotubes 
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bottom of the second band can decay into an electron-hole pair in the first excited state, see 
Fig. 4.10 (d). Electron and hole exchange linear (M) and angular (Am — 1) momentum in this 
process. At the same time another electron-hole pair is excited (e). The screening due to this 
relaxation process scales only the energy of the second band, since the lowest band cannot 
decay into an even lower continuum and a ratio £ 22 /£| i < 2 is obtained. Obviously the ratio 
depends on the coupling strength a for the decay process; in Fig. 4.10 the ratio E 22 /E 11 i s 
plotted as a function of a . The overlap with experiment is given in the gray region, thus 
a ^ 0.2 can explain the experimental ratio problem. For details see Ref. [4.22]. 

Summarizing, this new and exciting type of spectroscopy of carbon nanotubes has given 
the understanding of the band structure a significant push. Even though the chiral assignment 
is perhaps not final, it has become possible to directly investigate and identify many nanotubes 
with chirality-specific information. We expect much new insight into how physical properties 
of carbon nanotubes depend on chiral angle from such measurements. 


4.4 4-A-diameter Nanotubes 


The optical properties of the small nanotubes that fit into the channels of zeolite have been 
calculated by various groups ’ 4 They are particularly useful for comparison with ex¬ 

periment, since firstly, their properties are probably most affected by the small radius, and, 
secondly, there are only three different chiralities expected, (3,3), (4,2) and (5,0); see also 
Sect. 8.2 for a discussion of the radial breathing mode detected in Raman scattering. More¬ 
over, these small tubes are aligned in the channels, which allows an experimental separation of 
optical transitions with different polarization. Lastly, the depolarization effect can be verified 
in more detail (Sect. 4.1.1). 

In Fig. 4.11 we show the electronic band structure of the three tubes believed to grow 
in zeolite. They are remarkable in that they deviate quite significantly from what one would 
obtain from zone folding (see Sect. 3.2). In particular the zig-zag tube turns out to be metallic 
instead of semiconducting as its indices or a zone-folding calculation would predict. This is 
due to the large rehybridization of c* and tt* bands due to the strong curvature of the tube’s 
surface, see Sect. 3.4. The metallic armchair tube (3,3), in spite of its similar radius, is less 


Figure 4.11: Electronic band structure of the 
(3,3), (4,2), and (5,0) nanotube as obtained 
from an ab-initio calculation. Note that the 
(5,0), predicted to be semiconducting from 
zone folding, actually comes out metallic. 
From Ref. [4.231. 
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affected; note that the Fermi wave vector kp is significantly smaller than 2k/ 3a (the value for 
large armchair tubes) and the next higher minimum lies at k > 2 k/3ciS 4A2 ^ 4 -2-Ut4.26H4.28] 

The optical response can be calculated by finding the dipole transition matrix elements 
between occupied and unoccupied states and integrating them for the allowed transitions be¬ 
tween the valence and conduction bands [Eq. (4.6)]. This gives the absorption of such a 
tube; a Kramers-Kronig transform yields the real part of the dielectric function. We show in 
Fig. 4.12 the complex dielectric function for the three tubes in parallel polarization, obtained 
from the outlined procedure 23J In the uppermost panel we plot the absorption as determined 
from £2 using the relation between the optical constants in the beginning of this chapter and 
an effective-medium average adequate for the filling fraction of tubes in the zeolite crystal. 
All perpendicular absorptions are expected to be much weaker than the parallel ones due to 
depolarization, see Sect. 4.1.1. For details we refer to Ref. [4.23J. 

Li et aU 4 ' 12 ^ measured the optical spectra of nanotubes in zeolite, we show their spectra 
in Fig. 4.12. The spectra have a prominent absorption peak (A) at 1.37eV that is nicely 
reproduced in the calculation. It corresponds to an optical transition at the F point between 
bands of equal m in the (5,0) tube as required by the selection rules. The transitions B and 
C are also well reproduced in energy, although somewhat smeared out in the experiment due 
to the rising plasmon background. The peak at 2.1 eV (B) is assigned to the (4,2) tube, the 
second, weaker contribution to the (5,0), and the peak at 2.9 eV stems from the (3,3) armchair 
tube. Note that all calculated energies are shifted slightly to lower energy (^ 10 — 20%) due to 
the known LDA problem. These results also agree well with those published by Li et al 12 ^ 
and Liu and Chan 

A calculation in the time-dependent local-density approximation taking into account the 
depolarization effect in nanotubes is shown in Fig. 4.13. The absorption for an eleetric field 
perpendicular to the z -axis is displayed for both an isolated (3,3) nanotube and a crystal of 
nanotubes. This calculation confirms the hand-waving explanation of the nice polarized pho- 


Figure 4.12: (upper 
panel) Calculated absorp¬ 
tion of zeolite nanotubes 
(scale adjusted to the 
experiment). The panels 
on the right contain £ of 
a (3,3) (thin solid line), a 
(4,2) (dashed), and a (5,0) 
(thick solid line) tube 
for parallel polarization. 
From Ref. [4.23J. (lower 
left) Optical spectra for 
various angles between 
E and the z-axis. 0° 
corresponds 10 z || E. 
From Ref. [4.12]. 









4.5 Bundles of Nanotubes 


79 


Figure 4.13: Optical ab¬ 
sorption calculated by time- 
dependent density-functional 
theory for a (3.3) carbon 
nano tube. Upper and lower 
panel on the left correspond 
to perpcndieular absorption 
in isolated tubes (thin lines) 
and a solid of (3,3) tubes 
(thick). Dashed and solid 
lines are without and with 
local-field effects. On the right 
parallel absorption in the three 
zeolite-sized tubes is shown. 
After Ref. [4.25]. 
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tograph in Fig. 4.5. The depolarization effect is nicely seen in the difference between dashed 
and solid curves, it is particularly strong in isolated nanotubes. In parallel polarization the 
absorption spectra and their assignment to optical transitions are the same as described by 
Machon ex ai above. 


4.5 Bundles of Nanotubes 

For a long time, before isolated tubes in solution beeame available (Sect. 4.2), the only pos¬ 
sibility to study the optical properties of nanotubes was to measure a sample with bundles of 
tubes. 14,29 ! -14 ' 4 j n the analysis, assumptions about the distribution of tubes eould be tested 
against the experiment. Because the absorption spectra are generally broad and unstructured 
and usually have a strong, linear background due to strong higher excitations, the information 
obtained is, however, not very specific. 

This background has two contributions. It stems partly from the higher-lying plasmon ex¬ 
citations in single-walled nanotubes, which appears in isolated tube spectra as well.^ 4,12 ^ 4 - 13 ! 
The second contribution and the strong broadening of the absorption peaks is due to the 
bundling of the tubes. In bundles, the tube-tube interaction introduces an electronic dispersion 
perpendicular to the k 7 axis, see Sect. 3.5. Therefore, even for a bundle composed of exclu¬ 
sively one type of tube we expect broadened and unstructured optical absorption spectraJ 4 - 28 ! 
Nevertheless, transitions corresponding to the first and second singularity of semiconducting 
nanotubes and to the first singularity of metallic nanotubes can be resolved from experiment, 
see Fig. 4.14 for an example. 

In an attempt to analyze the optical spectra of bundled nanotubes the linear background is 
usually subtracted. A spectrum as in Fig. 4.14 is then obtained. To extract, e.g., a diameter and 
chirality distribution these spectra are then fitted with the E\\ and E 22 transition energies of 
isolated nanotubes in a tight-binding model. Although an estimate of the diameter can surely 
be found by this procedure, detailed conclusions about diameter and/or chirality distributions 
should be treated with care. Experimental and theoretical work on the bundle dispersion, 
however, remains a challenge for the future. 
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Figure 4.14: Optical absorp¬ 
tion from a sample with bun¬ 
dled nanotubes after back¬ 
ground subtraction (solid line). 
The dotted line is a fit to a dis¬ 
tribution of nanotubes with all 
chiralities included. The ra¬ 
tio problem, /.<?., E 22 < 2£n is 
seen on the right (for a discus¬ 
sion, sec Sect. 4.3 and 4.6). Af¬ 
ter Ref. [4.34]. 



4.6 Excited-state Carrier Dynamics 


From the absence of strong luminescence in nanotube bundles we suspected that probably 
rapid transfer processes take place from semiconducting to metallic nanotubes in bundles 
of tubes. In the metallic tubes carriers can relax to the Fermi surface and recombine non- 
radiativcly. Measurements of the relaxation time in metallic tubes have been performed by 
Hertel and Moos.^ 4,3 ^ They used time-resolved photocmission to probe the distribution and 
lifetime of carriers near the Fermi surface. In Fig. 4.15 wc show schematically the Fermi 
surface at equilibrium and at high temperatures, excited by a laser beam in the experiment. 
Clearly seen in the experimental photoemission spectrum in the lower panel is the temperature 
increase in the distribution of the carriers near the Fermi surface. By following the photoe¬ 
mission as a function of time the authors were able to determine a characteristie time of about 
200 fs for the carriers to obtain a distribution that they could fit with a Fenni-Dirae function. 
Hence excited carriers in metallic tubes lose their energy rapidly, in less than 200 fs, and it is 
not surprising that they quench the luminescence of nanotube bundles efficiently. 

Using optical time-resolved spectroscopy one can address the lifetime of carriers not only 
near the Fermi level but also at higher energies in the van-Hove singularities. Two-color purnp- 
and-probe experiments are the method of choice here. Briefly, in a two-pulse experiment, the 
first laser pulse excites the system, say, into the second conduction subband. The second laser 


Figure 4.15: (upper panel) A Fermi distribution of 
carriers near the Fermi level at room temperature 
(dashed line) and at a higher, laser-heated temper¬ 
ature. (lower) The experimentally determined car¬ 
rier distribution about 1 ps after excitation is plotted 
as difference to the room-temperature distribution. 
After Ref. [4,35]. 
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pulse, in general of a different photon energy, can probe the population or depopulation of the 
same or of a different state, say, the first excited band. The physical mechanism behind the 
probe is that the absorption of a system depends on the population of the ground and excited 
states. Since the population was changed by the pump pulse, we can follow the relaxation of 
the carriers in time by looking at the transmission of a sample. 

Such experiments were performed by Laurel et «A f4,36 ^ and Ichida et on bundled 

nanotubes. Figure 4.16 shows the change in transmission AT of bundles when exciting into 
the first (black line) and second (gray) van-Hove singularity of semiconducting tubes. 

In the inset we display the optical absorption spectrum of bundled tubes; the arrows point 
at the pump-and-probe energies in the two experiments. Obviously, the relaxation time is 
much shorter in the second than in the first excited state. Lauret et obtained a carrier 

lifetime of 1 ps in the lowest valence and conduction band. In the second van-Hove singularity 
the lifetime was an order of magnitude shorter, around 130fs. Free carriers excited into the 
second valence and conduction band thus relax very rapidly to the band gap of the tube. From 
there they tunnel either into metallic nanotubes or into semiconducting tubes with a smaller 
band gap. In metallic nanotubes the photoexcited carriers recombine non-radiatively; in small 
band gap (~ 0.2eV) semiconducting nanotubes, phonon emission can be another relaxation 
mechanism. 

The luminescence from isolated carbon nanotubes is expected to have a different behav¬ 
ior. The rapid relaxation channel to metallic tubes is not present because the tubes are not 
bundled, and while the metallic lubes relax just the same as in bundles, the semiconducting 
ones show a strong luminescence, see Sect. 4.2. This luminescence was found to have a much 
longer lifetime than any of the measurements in bundled tubes. In Fig. 4.17 (a) we show the 
decay of the luminescence as determined from time-resolved picosecond photoluminescence 
spectroscopy. The luminescence corresponding to the E\ \ transition of an (8,6) nanotube has 
a recombination time of 30ps. This is one order of magnitude longer than the band gap re¬ 
laxation in bundled lubes and explains very well the absence of luminescence in nanotube 
bundles. From this lifetime we also learn that the intrinsic width of the luminescence of a sin¬ 
gle tube must be even smaller (< 0.1 meV) than observed, e.g. 7 in the cw (continuous wave) 
experiments in Fig. 4.7. Indeed narrower luminescence lines (w lOmeV) were observed in 
experiments on unprocessed isolated nanotubes. [415 * Figure 4.17 summarizes the carrier dy¬ 
namics as observed experimentally. The figure shows the band structure of an (8,6) nanotube 


Figure 4.16: Normalized change of the transmis¬ 
sion of bundled nanotubes for pump and probe 
energies both at 0.8eV (black line) and l.47eV 
(gray line). The inset shows the absorption spec¬ 
trum of nanotubc bundles. The arrows indicate the 
energies used in the pump-and-probe experiments. 
From Ref. [4.36f 
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Figure 4.17: Photocxcited carrier dynamics in single-walled carbon nanotubes, (a) Time-resolved pho¬ 
toluminescence measurement on an isolated (8,6) nanotube. Gray dots are the raw data; the line is a 
fitted convolution of the system response (40 ps) and the luminescence signal, (b) Band structure of an 
(8,6) nanotube in the third-order tight-binding approximation in a single-particle picture. The arrows 
indicate the carrier dynamics in isolated nanotubes (relaxation and recombination) and in nanotubc bun¬ 
dles (relaxation and tunneling into another nanotube). (c) Lower trace: energy gained by the relaxation 
of electron and hole from the second into the first subband in the (8,6) tube. Upper trace: Energy needed 
for an excitation of an electron from the ground into the excited state. The dashed lines denote the cor¬ 
rections by taking into account electron-hole interaction as described in the text. Note the expanded 
energy scale in (c). 


calculated with the tight-binding approximation . 14,171 An incoming photon with energy E 22 
excites an electron into the second van-Hove singularity. The carriers relax to the bottom of 
the first valence and conduction bands on a very short time scale. In isolated nanotubes the 
electron and hole recombine across the band gap after 30 ps. In contrast, in bundled nanotubes 
the much faster relaxation channel is tunneling into nearby metallic tubes (1 ps). 

In Sect. 4.3 we discussed electron-hole interaction and the formation of electron-hole 
pairs in carbon nanotubes by Coulomb interaction. We found that the optical transition ener¬ 
gies are altered fundamentally in the limit of large-diameter tubes. 14 - 221 For the (8,6) nanotube 
in Fig. 4.17 (b), however, we calculated the electronic dispersion neglecting Coulomb inter¬ 
action. The important process for solving the ratio problem in large-diameter nanotubes was 
the decay of an electron-hole pair in the second subband into two pairs in the first excited 
state. Let us now estimate whether this process is possible for the small-diameter (8,6) nano¬ 
tube (d = 0.9 nm). In Fig. 4.17 (c) we show the electronic energy gained by the simultaneous 
relaxation of an electron and a hole from the second into the first subband (full black line); 
the gray-shaded area shows the energy that is necessary to excite an electron from the ground 
state into the first excited state. The process suggested by Kane and Mele^ 4 22 ^ is possible, if 
the two curves show an overlap, which they do not. In the single-electron picture the energy 
gained by the relaxation is thus not sufficient for the excitation of another particle. 

The band structure in Fig. 4.17 (b) that we used for the calculation of the energies in (c), 
however, was calculated neglecting electron-hole interaction. Including Coulomb interaction 
might strongly shift the electronic states to different energies and introduce an overlap between 
the two curves in Fig. 4.17 (c). We estimate the exciton binding energy for the first excitonic 
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state by the well-known relation^ 4 

E r = Ry, (4.12) 

m£p 

where m is the electron mass, £ r = 2.1 is the dielectric constant of the tube as estimated by 
Kane and MeleJ 4 221 Ry=13.6eV is Rydberg's constant, and fi is the reduced mass of the 
exeiton defined by the masses of the electron m c and the hole m\ x 
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(4.13) 


The electron and the hole are not fully symmetric in the third-order tight-binding approxima¬ 
tion, because the electronic band structure of graphene is slightly different below and above 
the Fermi energy. For an order-of-magnitude estimate for the exeiton binding energy, how¬ 
ever, m e = Wh is a sufficiently good approximation. The electron mass in the first m t \ and 
second ra e 2 conduction band are given by 


m 


e/ 


= h‘ 


d 2 Er(k z ) 

dk 2 


(4.14) 


Fitting the band structure of the (8,6) nanotube in Fig. 4.17(b) with parabolas around the 
minima we obtain m c \ = 6.8 and m c 2 = 4.8 x 10 14 eVs 2 /m 2 . Inserting the electron masses 
into Eq. (4.12) we find a binding energy of 20 meV and 12 meV for the first and second excited 
state, respectively. This correction to the tight-binding energies is shown in Fig. 4.17(c) by 
the dashed lines and is only a small correction to the electronic energies calculated without 
Coulomb interaction. For smaller tubes like the (8,6) (d — 0.9 nm) where the approximation of 
linear graphene bands is no longer valid, the interesting effect of Kane and Mele thus becomes 
less likely. Nevertheless, in large tubes it should be observable. 


4.7 Summary 

In summary, optical experiments have become a useful method for the investigation of nano¬ 
tubes. Oriented tubes allowed a detailed comparison of absorption and emission properties 
predicted by calculations of the electronic band structure. We saw the effect of the selection 
rules including the depolarization due to the cylindrical shape of the nanotubes and presented 
a new improved Kataura plot. Much progress was made when it became possible to keep 
nanotubes from rebundling; the long-missed luminescence appeared quite strongly. In com¬ 
bined photoexcitation luminescence and Raman experiments the first serious attempt to assign 
chiralities to spectroscopic features was made. Finally, we studied the dynamics of carriers 
in the first and second excited states. Carriers in debundled nanotubes have an order of mag¬ 
nitude longer lifetime in the first excited state than in bundles, making isolated nanotubes a 
promising candidate for light emitters. 



5 Electronic Transport 


Carbon nanotubcs can be metallic or semiconducting depending on their diameter and chiral 
angle. Metallic tubes, in particular, the truly metallic armchair tubes, can act as tiny wires. 
The one-dimensional nature of these nanowires gives rise to a variety of exotic phenoncma 
like Coulomb blockade, Luttinger-liquid behavior, or proximity-induced superconductivity. 
Semiconducting nanotubes, on the other hand, can be envisioned to act as transistors in the 
nanoworld. So far, however, even the most basic requirements for possible applications as, 
for example, separating metallic and semiconducting nanotubes remain challenging, although 
some progress was made on this topicJ 5,1 * This chapter will concentrate on the physical 
phenomena associated with transport in single-walled carbon nanotubes. It will remain to be 
seen whether the topics dicussed here are just exciting or will lead to useful applications. 

In the following we first give an overview of the expected transport properties in ideal 
nanotubcs and explain how to perforin transport measurements on isolated nanotubes or small 
bundles of lubes. We then discuss the Schottky barriers that form at the junction between a 
tube and a metal. Section 5.2 deals with the scattering of electrons in single-walled nano¬ 
tubes. We show that armchair nanotubes are ballistic conductors because elastic scattering is 
suppressed by the symmetry of the conducting electrons and because the local potential of 
defects is small. Electron-phonon interaction, in particular with optical phonons, seems to 
be the main scattering mechanism. The last two sections turn to more exotic effects in elec¬ 
tron transport in nanotubes. We first discuss the Coulomb blockade and then briefly turn to 
Luttinger-liquid behavior in single-walled carbon nanotubes. 


5.1 Room-temperature Conductance of Nanotubes 

In an armchair nanotube - like in graphene - the valence and the conduction band cross at the 
Fermi level. The tube has two bands that can carry currents close to E? t or two conducting 
channels. In each band we can put two electrons with opposite spin. Thus, an ideal armchair 
nanotube with perfect contacts to a metal has a conductance of 2 Go = 4 e 2 /h, where Go = 
75 /iS is the conductance quantum including spin degeneracy. 

Figure 5.1 (a) shows the conductance (full line) and (b) the band structure of a (5,5) arm¬ 
chair nanotube; both were calculated from first principles.If the Fermi level is shifted, 
e.g., to AEy = —0.2eV [upper dashed line in (b)J only the two crossing bands with m = n — 5 
conduct the current as discussed above. At even larger AE? — — 1.8cV (lower dashed line) 
we find four k points in the valence bands intersecting the Fermi level. Since the lower-lying 
valence bands are two-fold degenerate, the conductance is now 6Go- The conductance is re¬ 
duced by Go at AEv — —2eV, because one of the m = 5 bands then is empty as can be seen in 
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Figure 5.1: (a) Conductance of a (5,5) armchair (full line) and a (9,0) zig-zag nanotube (dashed line). 
The conductance is quantized in multiples of G’o. While the truly metallic armchair nanotube has a finite 
conductance at the Fermi level, the conductance of the (9,0) zig-zag tube drops to zero at the Fermi level. 
The energy scale is such that the Fermi level is at 0. (b) and (e) Band structure of (b) a (5,5) and (c) a 
(9,0) nanotube. The dashed lines represent the Fermi level shifted to AEp — -0.2 and — 1.8eV. Sec also 
Chap. 3. 


Fig. 5.1 (b). The dashed lines in Fig. 5.1 (a) are for a quasi-metallic (9,0) zig-zag nanotube; its 
band structure is shown in Fig. 5.1 (c). Note the secondary gap at £f, which conies from the 
curvature of the nanotube wall, see Sect. 3.4. At very low temperature this gap prevents trans¬ 
port in non-armchair («j — integer nanotubes. In a zig-zag tube all bands are two-fold 
degenerate close to and the critical point is the r point. At AE? = — 0.2eV one degener¬ 
ate band gives rise to a conductance of 2Gq ; at — 1.8eV wc find three bands, i.e., G 6Go. 
Finally, semiconducting nanotubes have band gaps between ~ 0.5 — 1 eV; except for the large 
band gap they behave exactly as the quasi-metallic (9,0) zig-zag tube in Fig. 5.1 (a) and (c). 

To measure electrical transport in single-walled carbon nanotubes the tubes are usually 
dispersed or CVD-grown on a prepattemed substrate. The substrate is a silicon wafer (used as 
the back gate in the experiments) with a 100 — 1000-nm thick SiC >2 layer. On this layer a large 
array of metal electrodes is prepared by electron-beam lithography. After depositing the tubes, 
the sample is scanned with an atomic force microscope to find tubes that - by coincidence - 
bridge two or more electrodes. The diameter of the nanotube or the small bundle of nanotubes 
is determined by their apparent height under the AFM. After a likely candidate for transport 
measurements is identified the transport characteristic is measured to see whether there is any 
contact at all between the electrodes and the tube, and, given this is the case, whether the 
tube is metallic or semiconducting. With the procedure described, many interesting physical 
phenoma were investigated, as we discuss in the next section. It was also demonstrated that 
carbon nanotubes can be built into transistors and logic elements.However, it is quite 
obvious that this approach is not suitable for application in technology. One of the biggest 
problems is that it is not possible to separate metallic and semiconducting nanotubes before 
depositing them, let alone to grow tubes to design. A solution to the separation problem was 
suggested by Krupke et a0 5A 1 

Figure 5.2 shows two different types of behavior of the room-temperature conductance 
(zero bias) versus gate voltage. In Fig. 5.2 (a) the conductance is independent of the gate volt- 
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Figure 5.2: Conductance of 
(a) a metallic and (b) a semi¬ 
conducting nanotubc at room 
temperature. The insets show 
schematically the electronic 
hand structure of the tubes 
near the Fermi level. From 
Ref. [5.7]. 




age. a behavior attributed to metallic nanolubes. The crossing of the valence and conduction 
band in the metallic tubes provides conducting electrons independently of the gate voltage. 
This is schematically shown by the inset in Fig. 5.2(a). The conductance in semiconducting 
nanotubes, in contrast, changes by orders of magnitude when changing V g , see Fig. 5.2(b). In 
semiconducting tubes an asymmetry between the turn-on gale voltage below and above the 
Fermi level was observed. The tubes became conducting for negative V g at a lower absolute 
value than for positive Vg, which was naturally attributed to an intrinsic p-type doping of the 
lubeJ 5,8 ^ 9 ^ Heinze et d/J 5 - 10 ' however, showed that the asymmetry between the two con¬ 
ducting channels is not due to a doping of the lube, but rather due to Schottky barriers that 
form at the tubc/mclal interface, which we discuss now. 

Figure 5.3 (a) shows the calculated conductance of a semiconducting nanotube which is 
connected by Schottky barriers to a metallic lead.^ 1() J The different curves are for different 
work functions of the metal. Changing the work function can be achieved by exposing the 



Gate Voltage (V) Gate Voltage (V) Distance from Junction (nm) 


Figure 5.3: Schottky-barrier transistor with semiconducting nanotubes, (a) Calculated conductance ver¬ 
sus gate voltage for different work functions of the metal with respect to the nanotubc work function. 
Full (dashed) lines assumed a larger (smaller) work function for the metal than for the nanotube; the dif¬ 
ference is higher for darker gray, (b) Measured device characteristic for different work functions of the 
metallic electrodes. The work function was changed by exposing the device to oxygen, (e) Schematic 
band structure of the nanotube close to the mctal-nanotube junction. Full lines: zero gate and bias volt¬ 
age, the work functions of the metal and the tube differ by 0.2 eV. Dashed lines: Vg = —500mV, V b — 0. 
From Ref. [5.10]; sec there for details. 
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device to oxygen, which previously was believed to dope the nanotubes. In the figure we see 
that the conductance then decreases for one sign of the gate voltage, whereas it increases for 
the other. The range of gate voltage where the device is non-conducting, in contrast, does not 
vary. Experimentally the same behavior can be seen in Fig. 5.3 (b). For a doping of the tube 
we would expect a shift of the minimum of the curves to a different gale voltage, while their 
shape would remain unchanged for moderate doping concentrations. In Fig. 5.3 (c) we show 
the band structure of a nanolube close to the metal junction (full lines); the work function 
of the metal was assumed to be larger than that of the tube. Far away from the junction the 
Fermi level of the nanotube is in the middle between the valence and the conduction band. 
Applying a positive or negative gate voltage, we can switch the nanotube into the conducting 
state. At negative voltage (dashed lines) the Schottky barrier is thinner than for a positive 
gale voltage. Consequently, a larger current Hows through the barrier for the p channel than 
for the n channel at the same absolute Vg. Owing to the Schottky barriers at the metal/tube 
interface, the operation of nanotubes field-effect transistors is not based on modulating the 
charge density in the channel, but rather on a modulation of the contact barriers. 15,1 °1 As an 
important consequence, the contact geometry influences the conductance because the electric 
field at the interface determines the width of the Schottky hairier. 

Let us return to metallic nanotubes, i.e., lubes showing a conductance as in Fig. 5.2(a). 
As we saw above, these tubes were expected to have a conductance of 2 Go or a resistance of 
6.5 k£2. Looking at Fig. 5.2 (a) we find, however, the measured conductance to be much lower 
than the expected one. The first transport measurements reported a two-terminal resistance 
on the order of M12, i.e., most of the applied voltage dropped across the barriers between the 
tube and the contact and tunneling dominates the electrical transport. The origin of the high- 
contact resistance remains an open question. It might be related to a combination of extrinsic 
- like the quality of the electrodes - and intrinsic factors. For example, Tersofft 51 ^ sug¬ 
gested that tunneling into an armchair nanotube from a gold contact is suppressed by the na¬ 
notube’s quantized electronic states. Nevertheless, highly transparent contacts were reported 
for metallic nanotubes with a conductance approaching the theoretical limit of 2Go- 15 ' 12 *’ 15,131 
In these devices the conductance oscillated as a function of gate voltage, which was attributed 
to Fabry-Perot interferences along the nanotube. 


5.2 Electron Scattering 


With highly transparent contacts between the nanotube and the electrode resistances close to 
the ideal limit of one fourth of the quantum resistance were observed experimentally. 15,12115 131 
One might wonder why the conductance in a real tube is so close to the theoretically expected 
limit. Real nanotubes do not have the perfect structure we assume theoretically; they have de¬ 
fects that should scatter electrons. Electron-phonon interaction leads to inelastic scattering in 
solids.^ 5 ' I4 ^ 515 ^ Wc discuss the scattering of electrons for the example of armchair nanotubes. 
Similar arguments hold for quasi-metallic tubes. 15161 

There are two arguments why elastic scattering is suppressed for the electrons near the 
Fermi level in metallic nanotubes. The first one, put forward by White and Todorov^ 5,17 ^ is 
nicely understood in a hand-waving picture. The electronic wave functions of a tube close to 
the Fermi level typically have a shape as shown in Fig. 5.4. The electronic states are smeared 
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Figure 5.4: Hlectronic wave function of a (10,10) arm¬ 
chair nanouibe close to the Fermi level. Light and dark 
gray indicates the sign of the wave function. This is the 
eigenstate that transforms even under the vertical mirror 
plane. 



around the nanotube’s circumference. If some disorder, e.g. y an impurity, is present in the wall, 
the electron will feel only an impurity potential averaged over the circumference. The larger 
the diameter of the tube the smaller is the influence of the impurity. In single-walled carbon 
nanotubes of reasonable size d ~ I nm the electrons at the Fermi level can thus travel without 
scattering.The limit of this picture is set for diameters where the higher-lying electronic 
states come close in energy to the conducting channels. We then obtain a finite coupling, i.e., 
scattering, between the crossing valence and conduction m = n bands and bands with other m 
quantum numbers. Thus, for very large-diameter nanotubes ballistie transport along the axis 
breaks down. 


The second argument is based on symmetry. Although the following symmetry discussion 
is strictly valid only for armchair nanolubes, it turns out that a similar supression of backscal- 
tering occurs in zig-zag and ehiral quasi-melallic lubes. 15, ls ^ )i9 J The wave functions be¬ 
longing to the two conducting channels in an armchair nanotube are orthogonal to each other, 
because they have different parity under the vertical reflection as we saw in Sect. 3.4.1. As 
long as the mirror symmetry of the nanolube is not severely damaged by the impurity, a cou¬ 
pling of the two conducting electrons is forbidden. Figure 5.5 (a) shows ab-initio calculations 
of the conductance of an armchair nanolube with a pentagon-heptagon defect. 15 * 21,15,201 In 
Fig. 5.5(b) the atomic structure of an armchair lube with such a defect is displayed. Obvi¬ 
ously, the lube still has the horizontal and one vertical mirror plane. The two bands crossing 
at the Fermi level, therefore, cannot mix. The calculated conductance for the (10,10) nano- 
tube in Fig. 5.5 (a) is indeed not affected around E p. Further away from the Fermi level there 
are two pronounced dips in the conductance. Note, however, that G drops only to 2e~ jh and 
not to zero. The decrease in conductivity comes from a reflection of the n or tt ' electron by 
the impurity states. Since the pentagon-heptagon-derived states also transform as even or odd 
under the mirror planes, an impurity stale can only reflect one of the conducting electrons for 
a given energy. 


Choi et a/. 1:1,201 calculated the conductance of an armchair nanotube with boron and ni¬ 
trogen impurities. Again the conductance at the Fermi level remained the same as for the 
perfect tube. In contrast to the pentagon-heptagon defect discussed above the B and N impuri¬ 
ties break the vertical mirror symmetry. They preserve, however, the horizontal mirror plane. 
A state with a wave vector k z along the nanolubcs axis and a quantum number of rn = n as 
for the two electrons close to E \; can - in the presenee of the horizontal mirror plane - only 
be reflected into —k z and m ~ —n — //, i.e., exactly the same states with a reversed k, wave 
vector. The last equality arises because the m quantum number is only defined modulo 2/7, 
see Chap. 2. Therefore, as for the 5-7 defect, for elastic processes an electron cannot interact 
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Figure 5.5: Conductance of an armchair nanotube with a 5-7 defect, (a) The broken line shows the 
conductance of a perfect (10,10) nanotubc. The dashed line is for the nanotube with a pentagon-heptagon 
defect. From Ref. 15.201* (b) Structure of a (5,5) nanotubc with a pentagon-heptagon defect. The atoms 
making up the defects are shown in black. 


with electrons in the second conducting subband. As a consequence the conductivity close to 

is quite robust with respect to impurities.f 5 - 1 g l' !9],[5.2 1] s it Lia tion only changes when 

the potential associated with the impurity is short compared to the carbon-carbon distance as 
pointed out by Ando and Nakanishi. 13 IH * An example of such a short-ranged potential is a 
vacancy in a nanotube. The ab-initio calculations by Choi et alP' 2 ^ showed that indeed the 
conductivity around the Fermi level is lowered for this kind of defects. A direct experimental 
verfieiation of these ideas is quite challenging. One could, consider introducing defects 
into a highly conducting nanotubc and then measuring the transport properties again to see 
whether they were altered. 

The two conclusions we can draw from existing transport measurements are that some 
tubes reach the ballistic transport limit and that in semiconducting tubes backscattering is 
present. 15 21 i Since the conducting electrons in semiconducting tubes (under large applied gate 
voltage) come from degenerate states, />., the electrons have the same symmetry, backscat¬ 
tering is allowed here in contrast to metallic tubes. McEuen et a/J 5,21 ^ estimated a mean free 
path on the order of lOOnm from low-temperature transport measurements on semiconduct¬ 
ing nanotubes. This is in good agreement with the report by Javey et who found that 

the transport in semiconducting tubes approaches the quantum limits for tubes of 300 nm in 
length. In very long nanotubes (3 /im), however, the conductance dropped by a factor of 20, 
which we further discuss in connection with electron-phonon scattering. 

Crystal imperfections and other electrons are not the only source of electron scattering. In 
many cases the interaction with acoustic or optical phonons is a dominant relaxation process. 
Let us first consider which phonons are required for a coupling between the Fermi electrons 
in armchair nanotubes. Figure 5.6 shows schematically the valence and conduction band at 
in an armchair nanotube. A non-equilibrium electron distribution was achieved by applying 
an electric field. In the low-energy regime electron-phonon scattering requires modes with 
small but finite wave vectors to scatter an electron from subband 1 into subband 2 via process 
(a). This is a quasi-elastic process, because the energy of the acoustic phonons is very small. 
It changes the momentum of an electron, but to first order preserves its energy. Process (b) 
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Figure 5.6: Scattering by phonons in armchair nanolubes. The electronic 
band structure of an armchair nanotubc is shown by the two straight lines. 
The gray lines indicate the non-equilibrium electron population because 
the electrons were accelerated in an electric field. An electron in the 
first (1) subband can scatter into the second subband (2) by (a) emitting 
(or absorbing) acoustic phonons with a small wave vector ij. Process 
(b) requires phonons with high energy like optical phonons or large-c/ 
acoustic phonons. In the latter case the scattering takes place between kf 
and —k\;. 



in Fig. 5.6 can be mediated by optical phonons with q & 0 and q ^ 4 k/ 3a or by acoustic 
phonons with q & 4 k/ 3a. The large phonon wave vectors correspond to scattering from the 
Fermi point at 2k/ 3a to the one at —2k/3q\ these two points are a single point in the reduced- 
zone scheme. Note the close similarity of electron-phonon scattering in electronic transport 
to the double-resonant Raman process, which is discussed in Chaps. 7 and 8. 

Scattering an electron from the first into the second subband requires a phonon that re¬ 
verses the vertical mirror parity while conserving the angular momentum quantum number m. 
This condition is fulfilled by — Bq or A\ a = B phonons. In armchair nanotubes there 
are three phonons belonging to these symmetries, the twiston, the radial optical, and the ax¬ 
ial optical phonon. The latter two are optical modes with an energy of 100 —200 meV. At 
low energy the accelerated electrons do not have sufficient energy to emit an optical phonon. 
The twiston is an acoustic mode that is known to open a gap at the Fermi level in armchair 
nanotubes. 15 22 ^ 5 251 It was predicted to yield a resistivity that increases linearly with temper¬ 
ature J 5 - 24 ! For the very small q vectors required for process (a), the electron-twiston coupling 
is weak since at q =- 0 the twiston is simply a rotation about the nanotube's axis. This move¬ 
ment does not affect the electrons of a nanotube.^ 5 22 ^^ 5 261 

Further application of the electric field accelerates electrons to energies where process (b) 
in Fig. 5.6 becomes possible, /.c., the emission of high-energy phonons with very small or 
4k/ 3a wave vectors. The axial high-energy phonon is known to couple particularly strongly 
to electrons in nanotubes and graphite, f 5 27 281 It belongs, moreover, exactly to the B () 

representation required for process (b). We thus expect that electrons with energies around 
200 meV above the unoccupied stales are efficiently scattered by electron-optical-phonon in¬ 
teraction. The energy of the radial optical and the twiston mode at large q are not known from 
experiment; theoretically these modes are usually found in the range 100 — 150 meV.* 5,29 ^ 5,31 ^ 
The relative magnitude of the electron-phonon coupling of the axial optical and the two other 
phonons has not yet been considered. Comparison of an ab-initio calculation of the axial opti¬ 
cal mode with a tight-binding calculation of the twiston mode suggests that electron-phonon 
coupling is an order of magnitude weaker for the twistonJ 5 ' 24 ^* 27 -* Given the large differences 
between the two models this comparison is, however, only a rough estimate. 

From the above discussion we conclude that electron-phonon scattering plays only a 
marginal role if the energy difference between the occupied and unoccupied states in the 
non-equilibrium energy distribution is less than 100 — 200 meV. Once an electron reaches 
the threshold energy it can, however, relax efficiently by emitting optical and /.one-bound ary 
phonons. A steady-state population is then established like the one in Fig. 5.6. Yao el f//. 15,321 
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Figure 5.7: (a) Current l in a nanotube as a function of the applied bias voltage for three different 
temperatures. The inset shows the resistance R = V^/I of the sample, (b) Calculated 1 — characteristic 
assuming elastic scattering and scattering by optical phonons. From Ref. [5.32J. 


showed that under these assumptions the limiting current for a nanotube is given by 


4m = (4e/h)E ph = 15 - 30/iA, 


(5.1) 


Eph = 100 — 200meV is the phonon energy. In Fig. 5.7 (a) we show current-voltage charac¬ 
teristics for bias voltages up to 5eV. The measurements confirm that carbon nanotubes can 
indeed carry currents in the /jA range; moreover, the current starts to saturate for high bias 
voltages. From the inset of the figure we find that the resistance increases linearly with the 
applied bias voltage. This is readily understood in our simple picture of electron-phonon scat¬ 
tering. The higher the voltage the more rapidly electrons reach the threshold energy and are 
scattered by phonons. 

Yao et alP 321 estimated the mean free path l () i, of an electron before it is scattered. The 
change in the momentum k of an electron in an applied electric field E is 



with the linear electronic dispersion E ± ~ /zvp ■ k this yields 


(5.2) 


fph — f'phi ^ & 


(5.3) 


and, finally, the resistance due to phonon scattering is simply the ballistic resistance of the two 
conducting channels times the ratio between the nanotube length L and the mean free path 
IpijP ^ In Fig. 5.7 (a) it can be seen that at zero bias voltage the resistance (around 40k£2) is 
larger than one fourth of the resistance quantum expected for ballistic transport. To account 
for this we introduce a finite elastic scattering term with a voltage-independent mean free path 
of l e . Then the total resistance is 


R — R e + Rph —(h / 4e 2 )L 



(5.4) 


The resistance has a linear dependence on the applied electric field or the bias voltage in 
agreement with experimental findings. Following essentially the ideas outlined in the last 
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Figure 5.8: Dependence of the mean free path for elastic scat¬ 
tering l e on nanotube diameter. The values were calculated 
from the measured conductivity in semiconducting nanotubes 
of ^ 300nm length reported in Ref. |5.6] and assuming a re¬ 
sistance as given in Hq. (5.4). The line is a linear fit to the data 
with the poinL at 3.5 nm omitted from the regression. 
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paragraph, but with a refined analysis, Yao el r//. |5,32] calculated the / — V„ characteristic in 
Fig. 5.7 (b), which matches the measured curve excellently. 

Equation (5.4) implies some general conclusions about the saturation current and the 
dependence of the resistivity on nanotube length, which we can lest against experiments. 
Javey et alS 5X ^ reported nearly ballistic transport in semiconducting nanolubes with Pd con¬ 
tacts. They performed various transport measurements for tubes with different diameters and 
lengths and found that the conductance of the nanotubes depends strongly on these two geo¬ 
metric parameters. Here the gate bias at which semiconducting nanotubes becomes conductive 
corresponds to the conductance at zero bias in metallic nanotubes. On the other hand, the sat¬ 
uration current was independent of tube length and reached 25 jiA as for metallic tubes 
The latter finding is in very good agreement with Eq. (5.1) which stales that /|j rn due to phonon 
scattering is solely given by the phonon energy. The bias voltages necessary to obtain a sim¬ 
ilar resistance in a short (300 nm) and a very long (3 jim) nanotube with the same diameter 
differed by an order of magnitude (on the order of 100 mV and I V for the 300-nm the 3-j.im 
long tube, respectively). This is easily understood by looking at Eq. (5.4) and assuming l e and 
l p h to be the same for nanotubes of different length. The mean free path of electrons for elastic 
scattering can be estimated from the conductance after turn on. From the values reported by 
Javey et alP'^ we find that l e is of similar order for long and short nanotubes. The much larger 
resistance in longer nanotubes is simply due to their length as given in Eq. (5.4). Finally, an 
interesting point arises when we plot the mean free path for elastic scattering as a function of 
nanolube diameter as in Fig. 5.8. Most of the points clearly follow a linear dependence; the fit 
extrapolates to zero for vanishing diameter with a slope of 40. In the beginning of this section 
we introduced the idea of While and Todorov 1517 * that scattering in nanotubes decreases with 
increasing nanolube diameter. Although this argument was originally developed for metallic 
nanotubes, the mean free path in semiconducting nanotubes seems to show a similar trend. 


5.3 Coulomb Blockade 

Coulomb blockade is a quantum effect in tunneling.To explain the basic idea we 
use a quantum dot with equidistant energy levels instead of a nanotube. Consider the situation 
in Fig. 5.9(a). The quantum dot is coupled by tunneling barriers to two metals. A finite bias 
<j) is applied to shift the Fermi level of the metal to higher energy e<j) = e 2 /2Q with respect 
to the quantum dots, where Q is the capacitance of the dot. The small black circle to the left 
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Figure 5.9: Schematic tunneling through a quantum clot with tunnel barriers to two metals, (a) The first 
four levels of the clot are occupied by electrons. The first unoccupied level is e 2 /2C below the Fermi 
energy of the metal, (b) An electron tunneled from the metal into the quantum dot. Because of the 
Coulomb energy the potential energy of the quantum dot increases by e 2 /C . (c) The electron is at the 
other side of the dot and the energetic situation as in (a) is restored. 


represents an electron that is “ready to tunnel into the dot”. In Fig. 5.9 (b) the electron is inside 
the dot. The total charging energy of the dot is E c = eU = e 2 /C c j and the first unoccupied level 
of the quantum system is now e 1 /2C above the Fermi energy of the metal. In Fig. 5.9(c) the 
electron tunneled out into the other metal and the energetic situation is restored to the initial 
situation in Fig. 5.9(a). If the voltage difference between the Fermi energy of the metal and 
the first unoccupied quantized states in Fig. 5.9 (a) is smaller than e 2 /2C the electron does not 
have sufficient potential energy to overcome the charging energy. In other words, tunneling 
into a quantum system is blocked by the Coulomb energy. At high temperatures, the thermal 
energy k^T broadens the quantized energy levels. Coulomb blockade is therefore observed 
only for E c = e 2 /2C < knT. Secondly, the quantum system has to be weakly coupled to 
the metals with a resistance larger than the quantum resistance h/e 2 = 26 k£l. We call the 
energy spacing between the quantized states AE. Then the difference between two allowed 
tunneling energies is 2 E c -\-AE. In a conductance versus gate-voltage plot we expect a series 
of equidistant peaks with high conductance when tunneling is possible and zero conductance 
between the peaks. 


Figure 5.10(a) shows the conductance of a nanotube with tunneling contacts at low tem¬ 


peratures; 


|5.7M5.8J,[5..15] 


a senes of equidistant peaks is nicely seen. Their separation is given 


by 


AVg = (2 E c + AE)/ea, (5.5) 

where a = Cg/C ^0.1— 0.001. C g is the capacitance of the gate and C the total capacitance; 
a converts the applied voltage to the voltage drop at the nanolube. We can also estimate E c 
independently by looking at the Coulomb staircase in Fig. 5.10(b). The curve at was 
measured for the gate voltage for which the zero-bias region is largest; the onset of the current 
then is an estimate for E f> In the measurement shown in Fig. 5.10 the charging energy is 




5.3 Coulomb Blockade 


95 


Figure 5.10: Coulomb blockade in a metallic na¬ 
nolube at 4.2 K. (a) Conductance versus gale volt¬ 
age showing seven equidistant peaks. Between the 
peaks the conductance vanishes, (b) Current versus 
bias voltage at gale voltages K,| and V „2 in (a), (c) 
Gray-scale plot of dI/dV b for varying gate and bias 
voltage. The diamond pattern is a typical signature 
of Coulomb blockade. From Ref. [5.7J. 



V 7 (V) 


around 8 meV. This is more or less the range found in most Coulomb-blockade experiments 
on single-walled carbon nanotubes. ^ 

Let us now estimate the coherence length of electrons in metallic nanotubes from the 
Coulomb-blockade effect. To do so we calculate the charging energy as well as the spaeing 
between quantized levels in carbon nanotubes as a function of the length The level 

spacing arises from the quantization around the nanolube circumference plus the finite length 
of the lubes. In a nanolube of length L the electronic wave functions obey the quantization 
condition k zn — nn/L for a given energy band ^ We use the expression for the allowed 
states in carbon nanotubes as introduced in Sect. 3.3 


E n — hvy yjAk 2 L -\- Ak^ = hvy \ Ak z;} | = Knhvy/ L ; (5.6) 

Ak± = 0 since we look at the bands going through the Fermi level, vy is the Fermi velocity 
of graphene, which is about —6 and 7eV/A for the two subbands, respectively. Then for each 
band the energy spacing is 

AE n = hvy- [1.8 and 2.1 rneV/L(Mm)J. (5.7) 

i-i 

The energy AE between the allowed states in the finite-length nanolube is more difficult to 
estimate, because we do not know the positon of the allowed k z with respect to the Fermi level. 
Usually, simply a factor of 1/2 is introduced into Eq. (5.7) giving 


AE & lmeV/L(jUrn), 


(5.8) 


The second quantity we need to estimate is the charging energy E c for a nanotube. There 


are different approaches in the literature for E c . 


15.SJ,LS.8M5.35U5.37| 


The most straightforward 


one is to regard the nanolube as a finite wire of length L that is a distance b away from a 
conducting plate (the back gate). Then the total capacitance 


C = 2n £ r 8i)Lf In (4 bid), 


(5.9) 
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where e, is the dielectric constant of the environment. With b = 100 — 1000 nm we obtain 


_ e 2 ~ lOmcV 
2 C e r L(nm) 


(5.10) 


The relative dielectric constant contains a contribution from the lubes around the eondueling 
nanotube - usually these experiments were performed on small bundles - and the SiC >2 layer 
(ty — 3.6). Sinee the dimension of the nanotube bundle is two orders of magnitude smaller 
than the thickness of the SiC >2 layer our best estimate for ty is the oxide value. Then E c is 
roughly 2.5 meV per nanotube jum length.* 5-5 * 

We insert our estimates for charging energy and level spacing in finite tubes, Eqs. (5.10) 
and (5.8), into Eq. (5.5) and obtain the separation of the conductance peaks 


T „ 5 meV +1 meV . , , 1 

eAV„ =-;--- or L(fim) —0.12 — . 

* aL(jum) ' a 


(5.11) 


The last relation follows from V„ = 50 mV which can be read from the peak spacing in 
Fig. 5.10. We thus obtain from the Coulomb-blockade effect a coherence length for the elec¬ 
trons between lOOnm and several gm. In the experiment performed by Nygard et cil.P ,71 
which is shown in Fig. 5.10, the spacing between the bias electrodes was 500nm, which is 
in reasonable agreement with the length we estimated from the Coulomb charging. It should 
be kept in mind that Eq. (5.11) is really a very rough estimate. In the literature values of 
L — 3 — 10/im are often deduced from the Coulomb-blockade effect.*- 58 *^ 5 2! * 


5.4 Luttinger Liquid 


Up to now we discussed electronic transport in metallic nanotubes in a semi-classical pic¬ 
ture. The only difference from three-dimensional systems we explicitly used was the peculiar 
band structure of carbon nanolubes, which were then decribed as ordinary metals. By this 


we implicitly treated the interacting 


electrons as quasi-particles. Theoretically, the effect 


of 


electron-electron interaction in one-dimensional metals has been studied for decades. It was 


found that the quasi-electron description failed for an arbitrarily weak interaction between the 
electrons. The resulting state is commonly called a Luttinger liquid.l^- 38 Tr^.39i 

Luttinger liquids have a number of exotic and fascinating properties. The known example 
is spin-charge separation. The original model proposed by Tomonaga 15,381 and Luttinger* 5 - 39 * 
was a one-dimensional linear electronic dispersion for the non-interacting electrons. Once a 
finite interaction is switched on between the particles, an electron is no longer a stable exci¬ 
tation, It decays into spin and charge plasmons. It turns out that these two types of plasmons 
have different velocities, i.e. t with time the spin part and the charge part of the electron sepa¬ 
rate in space. As we know, armchair nanotubes have a linear dispersion around the Feimi level 
with only two Fermi wave vectors k? 2;r/3tf and — &r* Moreover, the electronic transport in 
the tubes is ballistic over long distances as we saw previously. Armchair nanotubes are thus 
an ideal system to study a theoretical idea first proposed in 1950. 15,38 * 

Naturally, Luttinger-liquid behavior in carbon nanotubes was studied theoretically soon 
after their discovery.^ 5 40 * * 5 41 ^ We will not describe the model here; instead we focus on some 
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Figure 5.11: Conductance of a metal nanotube in tunneling 
contact with two metal electrodes as a function of temperature. 
Full lines are the measured curves on two different nanolubes. 
The broken lines were obtained after considering the temper¬ 
ature dependence of the Coulomb-blockade effect. A power 
law is seen as a straight line on a log-log plot. A schematic 
picture of the experimental setup is shown in the inset. From 
Ref. [5.43]. 


I 



predictions made for Ltittinger-liquid behavior in carbon nanotubes and experiments confirm¬ 
ing these predictions. A very nice review of this topic in both theory and experiment can be 
found in Ref. [5.42]. An experimental verification of the Lutlinger state, which is undoubted 
from the theoretical point of view, involves two basic questions. Can a nanotube be shown to 
behave like a Luttinger liquid? And can the most exciting properties like spin-charge separa¬ 
tion be proven experimentally? While the first question was addressed for nanotubes in a num¬ 
ber of studiesJ 5 - 7 ld5.43]-[5.45] q lc sccon( ] one j s s tin open. Nevertheless, existing experiments 
give some good evidence that a Luttinger liquid is realized by single-walled carbon nanotubes. 
To confirm Luttinger-liquid behavior most experimental studies measured the conductance as 
a function of temperature. The conductance is expected to show a power-law dependence on 
7\ G ^ T a , when tunneling from electrodes into the nanotubes limits the transport properties. 
We discuss the power-law exponent a in detail below. 

Figure 5.11 shows the conductance of a junction between metals and a metallic nanotubes 
as a function of temperature on a double logarithmic scaled 5 Full lines are the raw data. 
Broken lines were corrected for the temperature dependence of the Coulomb-blockade effect, 
which sets in at low temperatures in the experiments. The dashed lines follow quite nicely 
a power-law dependence over the entire temperature range. An exponent a & 0.3 was mea¬ 
sured on different nanotubes by Bockrath et a/. 15,4 ^ They also showed that the dependence 
of the conductance on bias voltage followed a universal scaling law, which was predicted for 
Luttinger-Iiquid behavior in carbon nanotubes.I 5 -23|.|5.40].[5.42],[5,43] 

The observation of the power law in the tunneling measurements is in good agreement 
with the theory of a Luttinger liquid. However, it was pointed out recently by Egger and 
Gogolin^- 46 ^ that the data of Bockrath et al) 5A ^ may not provide an unambiguous proof for 
the Luttinger state. As already said, the Coulomb blockade itself exhibits a temperature de¬ 
pendence that in the above experiment was accounted for using a standard model J 5,47 ^ Egger 
and Gogol in instead proposed that the power-law dependence in Ref. [5.43] could be due to 
nonconventional Coulomb blockade.^ 46 -! In the above description of the G ^ T a we did not 
specify the exponent a that depends on the Luttinger parameters g and, interestingly, on the 
geometry of the contact. If an electron tunnels into the open end of a nanotube (the caps are 
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Figure 5.12: Plot of a en( ] versus a^uik within the 
Luttinger liquid (LL) theory; both exponents depend 
on g as given in Eqs. (5.12) and (5.13) (full line). 
The broken line corresponds to a fixed ratio of two 
between the two as. Data points are measurements 
of the end- and side-tunneling exponent by Bock- 
rath et t//., 1 - 5,43 - 1 Nygartl et a/., 15,71 Yao et a/., 15,44 " 1 
and Postma et «/. 15451 



neglected) the exponent is larger than Ofbuik for tunneling into the side of a tubes. That 
Oend is larger than ctbuik means that the tunneling density is more strongly suppressed in the 
end-tunneling case. This is not specific to Luttinger liquids, and we can understand it with 
a hand-waving argument. 15 * 421 In the end-tunneling configuration, electrons can only move 
in one direction to accomodate the additional electron. In contrast, in the side-tunneling ex¬ 
periment they can spread to the left and right. Thus, e.g., for Coulomb blockade a similar 
difference is found with Oend/^buik 2. 15,461 The important difference for a Luttinger liquid 
is that this ratio is always larger than two. The Luttinger parameter g determines the exponents 


1 (\ 

Ofbuik q ( + 8 ^ 

8 \g 


(5.12) 

(5.13) 


with 


5 = 





(5.14) 


E c and AE are the charging energy and the level spacing introduced in Sect. 5.3. Using the 
estimated values given there we obtain g zz 0.4; typically the expected range is g ~ 0.2 — 
0 4 D-23j.[5 40] N 0 t c that the snia || values of g are the limit of strong electron correlation; g — 1 
corresponds to the non-interacting Fermi gas. From Eqs. (5.12) and (5.13) follows 


—EEL — 2—(5.15) 
Ofbuik 1 - 8 

which is always larger than two because g is positive and smaller than 1. A possible verifica¬ 
tion of the Luttinger liquid in carbon nanotubes is thus to demonstrate that the exponent for 
end tunneling is more than twice the exponent for side tunneling. 

The first attempts to measure the different tunneling rates and their temperature depen¬ 
dence used nanotubes on top of the electrode as side-tunneling systems. 15 71,15,431 For an end- 
tunneling measurement the tubes were deposited on the SiC >2 layer before depositing the elec¬ 
trodes. This process was found to cut nanotubes into two unconnected segments. Although 
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Figure 5.13: Experimental measurement of the exponents for end and side contacts, (a) AFM picture 
of the single-walled carbon nanotube used in the conductance measurements. The tube lies across four 
metal electrodes and has a sharp kink between the second and third electrodes. Such a kink can result 
from a pentagon-heptagon defect as in (b). (c) Dependence of the conductance on temperature for side 
tunneling (segment I and II) and a measurement across the kink. From Ref. f5.44|. 


both samples showed a power-law dependence on temperature the ratio between the two ex¬ 
ponents was very close to two. In Fig. 5.12 we plotted ft ent ] versus Ofbuik by the full line. The 
dashed line is for a ratio of 2; the two experiments clearly fall onto this line. The measure¬ 
ments by Yao et alP M ^ and Postma et a/.J 5,451 in contrast, both agree very well with the 
predictions from Luttinger-liquid theory. In both experiments an intra- or intertube junction 
was used for the end tunneling. 

Figure 5.13 (a) shows an AFM picture of the nanotube used in conductance measurements 
by Yao et alP M 1 The tube lying on top of four metal electrodes has a sharp kink between the 
second and third electrode. In Fig. 5.13 (b) a possible atomic structure of a nanotube with a 
kink is displayed. 'This kink or break can be viewed as a weak contact between two Luttinger 
liquids (the nanotube on both sides of the defect). The power-law exponent is then simply 
doubled o^nd end = 2ac n d, but otherwise the same results are expected.^ 48 * In the experi¬ 
ments end tunneling is thus measured across the kink, whereas side tunneling is measured in 
the usual way, e.g., between the uppermost and second electrode from the top. The experimen¬ 
tal data are depicted in Fig. 5.13 (c); clearly end-end tunneling has a different dependence on 
temperature than side tunneling (segment 1 and IT). Plotting the obtained exponents in Fig. 5.12 
reveals that indeed the ratio between the two exponents is larger than two. There is thus quite 
some evidence that a Luttinger liquid was observed experimentally in single-walled carbon 
nanotubes. It is a challenge for the future to explore the different effects predicted for this 
strongly correlated one-dimensional state. 


5.5 Summary 

In this chapter we looked at the transport properties of single-walled carbon nanotubes. We 
saw that armchair tubes arc ballistic conductors over lOOnm to fim length. With highly trans- 
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parent contacts a conductance close to the ballistic limit was observed experimentally. This 
was explained theoretically by two arguments. First, the potential of a possible scattering 
center has to be averaged over the nanolube’s eirumference. Secondly, symmetry forbids a 
mixing of the two conducting states, which makes armchair nanotubes quite robust to exter¬ 
nal perlubations. In semiconducting tubes, on the other hand, the mean free path for clastic 
scattering seems to be shorter. Quasi-ballistic transport was reported with a mean free path 
around 100 nm. The upper limit of the current a nanotube can carry is set by electron-phonon 
coupling. Accelerating electrons to a high energy causes efficient relaxation by emission of 
optical or zone-boundary phonons. The resistance of a nanotube therefore depends linearly 
on the applied voltage along the tube. At low temperatures Coulomb blockade was observed 
in single-walled carbon nanotubes. Tunneling into the nanotubes is then suppressed by the 
Coulomb interaction until an additional potential energy is provided to overcome the charging 
energy. Finally, we discussed a couple of experiments that indicate that armchair nanotubes 
behave like Luttinger liquids. 



6 Elastic Properties 


Nanotubes are small tubes. As such, we can attempt to describe their mechanical properties 
in a continuum approach. In other words, one may ask whether the nanotubes behave like 
macroscopic pipes as regards, e.g., their cross section when stretching them. More gener- 
ally, we investigate the well-known stress-strain relationships for nanotubes from classical 
mechanics; it turns out that such a procedure works quite well. We emphasize that it is by 
no means obvious that such an approach should work; it has to be tested against the actual 
behavior of the tubes as determined from experiments or from microscopic calculations tak¬ 
ing the atomic structure into account explicitly. An example where simple intuition about 
the nanotube having a homogeneous wall fails was recently given by Dobardzic et aL^ 61 ^ 
who showed that the radial breathing mode in nanolubes contains a small z-componenl; only 


armchair tubes (0=30") are strictly radial. Their argument, which was based on symmetry. 


was confirmed also in ab-initio calculations.* 6,21 A recent extensive review of the mechanical 


properties of carbon nanotubes was published by Qian et a/.* 6,21 


Hxperimenls that tell us about the stress-strain relationship, i.e., the various moduli of the 
tubes, arc, e.g., bending,* 6,41 ’* 6 - 6 * indentation* 6,6 * or resonantly vibrating beam experiments,* 6,71 
micro-Raman measurements of nanotubes embedded in epoxy, * 6,S1 and measurements of the 
vibrational frequencies under hydrostatic pressure.* 6 9,-16 121 Hydrostatic pressure changes the 
volume and in anisotropic systems such as nanotubes - also the shape of the unit cell. 
Studying the structural or vibrational properties thus provides valuable insight into the clastic 
properties of the material. As we shall show in this chapter, the continuum approach works 
well, even for some very small tubes investigated. We shall first work through the continuum 
model of the tubes and derive a number of expressions based purely on geometric quantities, 
such as the inner or outer radius of the lube (Sect. 6.1). We compare the analytical, classically 
obtained results to ab-initio calculations of the same quantities. Here, and in the experiment, 
we find good agreement, making the continuum model a straightforward and reliable way 
to describe the elastic properties of carbon nanolubes. Finally, we present some results on 
micro-mechanical manipulations of nanotubes (Sect. 6.3). 


6.1 Continuum Model of Isolated Nanotubes 

The mechanical properties of solids have been well studied and are described in textbooks 
on classical mechanics, most comprehensively probably by Landau and Lifshilz.* 6 121 The 
general relationship between a macroscopic stress <7 applied to a material and the resulting 
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microscopic deformation £ is usually described with the elastic-constant tensor C 1614 ' 

<r --Ce, (6.1) 

or, in index notation (/, j,kj = x,)\z+ and repeated indices are to he summed over), 

&ij = C'ljklZkh (6.2) 

The symmetry of a crystal restricts the number of - in general 81 - non-zero and linearly in¬ 
dependent constants C,^/. For example, in nanotubes obviously C mKXJCX = C vvvv , since the tubes 
are isotropic in the plane perpendicular to the ^-axis. The elastic constants can be measured 
by a variety of techniques like ultrasound experiments or direct measurements of the lattice 
constants under stress. Despite the large interest in the mechanical properties of carbon nano¬ 
tubes, in particular as reinforcement materials, 16 successful measurements of the elasticity 
constants have not yet been reported. Young's modulus E was investigated several times both 
theoretically and experimentally; it was generally found to be on the order of the value of 
graphite i D * 7 Tf6,i6]-f6.22| p or some selected tubes elastic constants were calculated with an em¬ 
pirical force-constants model by LuJ 6,23 ^ 6 - 24 ^ Ru^ 6,2 ^ included in their model for multiwall 
nanotubes the van-der-Waals interaction between neighboring layers. 

In the continuum model presented here we find the elastic response of nanotubes under 
pressure differently. The nanotube - in this model - is looked at as a hollow cylinder with 
closed ends and a finite wall thickness made of graphene. This approximation, in addition to 
yielding the deformation of a nanotube under pressure, provides an insight into the question 
whether the differences in elastic properties of graphite and carbon nanotubes follows plainly 
from their different topologies or from additional physical effects, e.g., rehybridization. We 
expect such a rchybridization to become more noticeable for smaller tubes. 

The starting point of the continuum-mechanical description of the elastic properties of a 
tube with finite wall thickness is the equilibrium condition 


^ 0 

dx k 


(6.3) 


where x k are the normal coordinates.^ 6 I3 ^ 6 26 ] The generalized Hooke’s law in an isotropic 
medium is given by 


<?ik = 


1 + v V 1 -2v 


£llSj k - 1 - £j k ) , 


(6.4a) 


or - the inverse relationship - 


E 


(6.4b) 


where E is again Young’s modulus and v Poisson’s ratio. Young’s modulus is defined as the 
ratio of applied pressure and strain, E = p/e zz and Poisson’s ratio of lateral contraction to 
longitunal stretching, v = —£ v .*/fc\-* The strain £,■* is defined by the displacement vector u 
describing the shift of a point in the deformed material 


£'ik £ki 2 


dltj due 
dx k d.Xj 


(6.5) 
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Figure 6.1: Continuum-mechanical 
model of a nanotubc - a closed cylinder 
of 1 eng til / with inner radius R\ and outer ^ 
radius R 0 . The boundary conditions °j-| 
under hydrostatic pressure are indicated ' -- 
in the figure; A is the ratio between the 
cap area and the area supported by the 
cylinder walls, A — R */(/? 2 — R?). 


z = 0 


{// 


<r(R)= 0 


oiFO =-p 


cr(±ll2)=-Ap 


Inserting Hooke’s law (6.4) into Eq. (6.3) the fundamental equation of continuum mechanics 
can be derived I 6 ' 13- * 


(1 — 2 v) Am + graddivM=2(l — v)graddivM — (I -2 v)rolrotM = 0. 


( 6 . 6 ) 


Since the rotation of u vanishes in our problem, Eq. (6.6) in cylindrical coordinates simplifies 


1 d(rur) 1 du& du-, 

divM =--—- H-= const. 

r or r ov oz 


(6.7) 


Figure 6.1 defines the parameters in the continuum approximation of a single or multi wall 
nanotubc. The tube is modeled as a finite hollow graphene cylinder of length l with closed 
caps and inner and outer radius R\ and R 0 , respectively. At z = 0, in the middle of the tube, the 
displacement u z — 0 and increases continuously in 4 and — z directions, £ u = du z /dz - const. 
The circumferential displacement is independent of since our problem is rotational]y 
symmetric, /.e., du$/dD =0. Finally, according to Eq. (6.7) 1 /r-d(ru r )/dr is again constant. 
The strains £„■ in cylindrical coordinates are therefore given by L6 271 

du r b 1 du$ u r b , du z 

En ~ = a— , £$$ = -rr-— H-= </ + -y, and = —— = const. (6.8) 

dr r l r did r r- oz 

The constants a> b, and £ zz are determined by the boundary conditions for a under hydrostatic 
pressure. Assuming that the pressure medium cannot enter the nanotube <y ir (R\) = 0 and 
a rr (Ro) = — p, where/; is the applied (hydrostatic) pressure. Along the z-direclion the pressure 
transmits a force ~p ■ kR 2 on the caps of the tube (cap area=7T/? 2 ). The area supported by the 
wall of the tube is 7t(R^ - /? 2 ) and hence o u = — tf 2 /(/? 2 — R\) - p — - Ap . Inserting the 
boundary conditions into Eq. (6.4a) we obtain the constants of integration in Eq. (6.8) 


«=^ = -(l-2v)^ 


/,= -(!+ v)^, 


(6.9) 


with A = R\/(R^ — Rf). 


Reinserting them into Eq. (6.8) finally yields the strain tensor in a cylindrical tube under 
external hydrostatic pressure p 

£rr=-^[(l-2v)-(l+v)S €00 = f(l - 2 v) l(l + v)4’ 

h, L r~ J is L r*~ _ 


£zz=-^f{ 1 -2v). 


( 6 . 10 ) 
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The mixed strain components (' / /), vanish. The strain tensor in a nanotube under pres¬ 
sure, in this model, is thus given by two elastic constants E and v, and the geometry of the 
cylinder. 

There are some general implications for the strain tensor in the continuum approximation. 
The change in the lube’s length or the translational periodicity along the ^-axis is described 
by £ zz> while £$$ is the radial or circumferential deformation. Both components are always 
negative for positive pressure. Moreover, the circumferential deformation is always larger 
than the axial deformation 


£i»t» _ . 1 + v Rf 

-1 “I i 1 


> 1 , 


( 6 . 11 ) 


as expected for an anisotropic system. Note that the differences in £## and £ zz are only a 
consequence of the cylindrical geometry as the nanotube wall is taken to be isotropic. It is 
also straightforward to adapt the model to different physical situations. Multiwall tubes may 
be described by choosing the inner and outer radius according to the number of layers of a 
given tube. Open nanotubes may be described by modifying the boundary conditions used to 
find the integration constants appropriately. One can even address the question as to whether 
or not the pressure medium enters the nanotubes. 16111 

The change in the wall thickness, £, r , can be positive or negative. In particular, it depends 
on r, and there is a radius /*o where e, T (>o) > 0. For isolated single-walled nanotubes a varying 
wall thickness is not very meaningful, since it consists of only one graphene sheet. We choose 
r ( ) — 1 + v)/(l — 2 v)/?i, i.e., the radius where £, r (/o) ~ 0. However, in multiwall tubes 

a natural choice is the mean value of R x and R 0 , and for reasonable values of /\ the strain 
components e rr and £,>» do not depend very much on r in single-walled nanotubes. 

The strain components that are responsible for the experimentally observed frequency shift 
of the high-energy Raman modes are the circumferential and tangential strain components. As 
discussed in Chap. 2 the high-energy vibrations are parallel to the nanotube’s wall. Hence 
is negligible both for single and multiwall nanotubes. 

What follows for the strain in a nano tube from our continuum model? Consider unwrap¬ 
ping the tube to a rectangle; the strain along the narrower, circumferential direction is then 
and the longer side is deformed according to t: zz . With typical values for the radii and 
the elastic constants of single-walled nanotubes {R\ ~ 5.2 A, R 0 - 8.6 A, E = lTPa -1 , and 
v - 0. l4)l 6 - lfi J.[6.27] £^(p) = —2.04TPa _l p and £ Z z{p) — — 1.07TPa -1 /;. Within the elastic- 
continuum model the ratio between circumferential and axial strain is thus 1.9, the unit cells of 
the tubes under hydrostatic pressure deform as shown in Fig. 6.4. Asa consequence, the six¬ 
fold hexagonal symmetry is lowered, and, e.#., the vibrational modes degenerate in plain 
graphite should split under pressure. Another consequence is that the radial modes should 
have at most twice the pressure coefficient of that of the axial modes. As we show later, this 
is not observed experimentally; the radial modes in bundled tubes are strongly affected by the 
bundling, a property that we have so far not included in the model. 

We are now in a position to calculate from our strain pattern the change in phonon fre¬ 
quency under pressure from a linear expansion of the dynamical equation in the presence of 
strain. Before doing so, we compare the results of the elastic-continuum model to other, more 
sophisticated calculations of the elastic properties of carbon nanotubes. 
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Figure 6.2: Ab-initio calculation of the axial 
(closed symbols) and circumferential (open sym¬ 
bols) strain in single-walled nanotube bundles. Cir¬ 
cles refer Lo an (8,4), up triangles to a (6,6), and ^ 
down triangles to a (10,0) nanolube. The full lines o 
show a least squares fit of the strain components in ^ 
the three tubes; the broken lines are the continuum 
approximation [see Eq. (6.10), r — 4.05 Al. 
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6.1.1 Ab-initio , Tight-binding, and Force-constants Calculations 


There are general approaches for finding theoretically the elastic properties of a material. 
Either the lattice constants under stress are calculated by directly incorporating the applied 
stress tensor into the calculation or the elastic constants are found from the second derivatives 
of the energy in a strained unit cell. The former approach was used by Reich el al . l6 * 28 ^ in 
ab initio calculations as well as by Venkaleswaran el al A 6,9 ^ in light-binding molecular dy¬ 
namics; whereas Lu ro.23] T [0 24j anc j Robertson el mA 6-29) used the latter in their force-constants 
calculation. 


Ab-initio calculations of three small-diameter nanotubes, an armchair (6,6), a zig-zag 
(10,0), and a chiral (8,4) nanotube (chiral angles 30°, 0°, and 15°), are shown in Fig. 6.2, The 
circumferential = [/*(/?) ~ and axial strains £ zz = [a(p) - a a \/a a are given by the 

stress-dependent radius r(p) and the translational periodicity a{p)\ r a and a a are the ambient 
pressure values. As in the continuum approximation the circumferential strain is larger than 
the strain along the nanotube axis. Moreover, the strain components are found, lo a very good 
approximation, to be independent of the chirality of the nanotubes, a parameter completely ne¬ 
glected within the continuum approximation but justified a posteriori. The calculated pressure 
slopes of the radial and axial strains arc £ = —1.5 TPa" 1 /? and £ zz = —0.9 TPa -1 /? (full lines 
in Fig. 6.2). This is in excellent agreement with the elastie-eonlinuuin model for d = 0.8 nm as 
can be seen in Fig. 6.2, where the strains obtained from Eq. (6.10) £$$ = — 1.42TPa l p and 
£ zz — 0.86TPa -1 p are shown as broken lines. The similarity between the elastic-continuum 

model and the first-principles calculations for such small tubes is quite remarkable. The 
continuum-mechanical approximation works well even in the limit of a single atomic layer 
and a strongly curved surface. Larger tubes, such as the typically studied 10-A-diameter lubes 
should also be well described by the continuum model. 

Lu1 6,24 1 calculated the entire set of elastic constants Ciju from force constants fitted to 
reproduce the phonon dispersion in nanotubes. From these elastic constants for a two-layer 
(10,10) lube the strain components may be obtained from Eq. (6.2); they are given in Table 6.1. 
The strains in both directions are somewhat smaller than within the continuum model. The ra¬ 


tio between the axial and circumferential strain is predicted to be 3.5. Venkateswaran el 


performed molecular-dynamics simulations of (9,9) single tubes and bundles of tubes under 
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Figure 6.3: Molecular dynamics simulation of the 
axial (closed circles) and the circumferential (open 
circles) strain under hydrostatic pressure. The data 
points are taken from Fig. 4 of Ref. [6.9 f The cir- 
eumferential deformation shown here corresponds 
to the average of the two radii under pressure re¬ 
ported by Venkateswaran et ci! 



pressure. The normalized axial and circumferential strain they reported in the bundle is shown 
in Fig. 6.3. The compressibility along the axis is similar to the continuum value, whereas the 
circumferential strain was found to be much larger than in the continuum approximation. 

Despite some differences in the absolute values of the predicted strains all calculations 
agree in the following fundamental points: under hydrostatic pressure the cireumferential 
strain is larger than the axial strain by a factor of 2-4, and the linear compressibility along the 
nanolube axis is similar to that of graphite (—0.8TPa -1 /?). 

An experimental determination of the elastic constants on isolated nanotubes is almost 
impossible. Methods like X-ray scattering under external stress cannot be applied to isolated 
tubes, because nanolubes strongly differ in their translational periodicity. There are many 
studies of Young’s modulus and nanotubes under tensile load, but the few for single-walled 
nanotubes were performed on bundles, see Sect. 6.3. The change in bond lengths and angles 
can be deduced from Raman scattering. The high-energy in-plane vibrations of single-walled 
tubes are most sensitive to the o bonds, whereas they are only weakly affected by varying the 
intertube distance. We include here results on the high-energy modes obtained on nanotube 
bundles, because of these modes’ sensitivity to the o bonds. 


Tabic 6.1: Axial and circumferential strain under hydrostatic pressure in the four approximations dis¬ 
cussed in this chapter. The first three rows are for radii typical lor single-walled nanotubes. The next 
two rows demonstrate the exeel lent agreement between the clastic-continuum model and ab-initio cal¬ 
culations. The experimental value for graphite is listed for comparison. 



r( A) 

d£ () #/dp{ TPa -1 ) 

cle zz /dp( TPa -1 ) 


Continuum model 

6,9 

-2.04 

-1.07 

1.9 

Klastic constants^ 6,24 ! 

6.8 

-1.74 

-0.49 

3.5 

Molecular dynamics^ 69 ' 

6.1 

-3.41 

-0.91 

3.7 

Continuum model 


-1.42 

-0.86 

1.6 

Ab initio^'^ 

HI 

-1.5 

-0.9 

1.7 

Graphite^ 1 ' 31] 


0.8 

0.8 
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6.2 Pressure Dependence of the Phonon Frequencies 

Strain changes the phonon frequencies because the bond length and angles are different in a 
strained crystal. In the following we first assume that the strain tensor of the tube is known, 
to demonstrate how to find the phonon frequency shift for an arbitrarily strained tube. We 
then examine the case of a hydrostatic stress tensor, sinee many Raman experiments were 
performed under hydrostatie pressureJ 6,9 ^ 612 ^ 

From a known strain tensor the phonon frequency shifts follow from the dynamical equa¬ 
tion modified to include terms linear in strain via the phonon-deformation potentials 
The phonon-deformation potential relating the volume change of the unit cell with the fre¬ 
quency shift under pressure is called the Griineisen parameter. We show in the following how 
to derive the vibrational frequencies in nano tubes under pressure by making reference to the 
rolled-up graphene sheet. The basic idea of the approach is depicted in Fig. 6.4. The figure 
shows schematically a (6,6) and an (8,4) tube under exaggerated hydrostatie pressure (corre¬ 
sponding to ^ 100GPa). Because of the larger radial than axial strains, hydrostatic pressure 
changes not only the area of the graphene hexagons but also distorts their shape. The six¬ 
fold hexagonal symmetry is broken under pressure, which splits the doubly degenerate Ei s 
graphene optical modes into a higher and lower frequency component vibrating parallel and 
perpendicular to the higher strain direction, respectively. For nanotubes this corresponds to a 
stronger pressure dependence for a phonon eigenvector with the atomic displacement along 
the circumferential direction than for an axial vibration. A similar analysis can be performed 
for other stress tensors like, e.g ., a uniaxial load J 6 * 15 Id 6 - 37 ! 

We perform a quantitative analysis by unwrapping the tube to a narrow graphene rectangle. 
The strain in the graphene sheet due to £$# and £ zz reads (after transformation to the principle 
axis of graphene)^ 6 12 1 

£= /e l 9 l 9 cos 2 0 + e„sin 2 0 isin(20)(f, ? -e,,,,) \ 

\ 5 sin(26)(e zz — E#$) £,,,, sin 2 9 f £,,cos 2 9) ’ 

separated into the hydrostatic and nonhydrostatic components 


— 2^° + e zz) 



/cos2 6 

\sinie 


sin20\ _ 
- cos20 J* 


(6.13) 


where 6 is the chiral angle. The deformation of the graphene unit cell is only hydrostatic if 

£ zz = 


Figure 6.4: Schematic of the distortion of a (6,6) 
and an (8,4) nanolube under hydrostatic pressure, 
/.c., = 2e. zz . The strain is fully symmetric in the 

point groups of the tubes, but not for the graphene 
hexagon. The hexagon area as well as its shape are 
altered by applying pressure to a nanotube. 
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7 

(Kn-Kn) 

2®o . 

Nanotubes^ 6,12 ^ 6,3S| 

1.24 

0.41 

Graphitcl 6 - 3 " 46 -”] 

1.59 

0.66 

Diamond (cubic)* 6 * 40 ' 

1.50 

0.51 


Table 6.2: Phonon-deformation potentials for nano¬ 
lubes (tight-binding calculation), graphite (experi¬ 
ment and ab-initio calculation), and diamond (ex¬ 
periment). The shear-deformation potential in di¬ 
amond is for an applied uniaxial stress along the 
(001) direction. 


Wc expand the dynamical equation lo terms linear in strain to find the phonon frequencies 
in the strained graphene cell,^ 6 T6.361 

-wv, -- (6.14) 

khn 

where v is the atomic displacement, m the reduced mass of the atoms, and a>o the strain-free 
frequency. The second summand describes the change in phonon frequency due to the strain; 
Kikmt = dKik/dEkf is the change in the spring constants of the strained crystal. The symmetric 
tensor has only three non-zero components because of the hexagonal symmetry of the 
graphene sheet, namely, t6J4 ^ 

K 11 j i = K 2222 - nl ‘ K\ 1 

K\ 122 - m * K \2 (6.15) 

A1212 - m • ~( K \ 1 - K \ 2 ) • 

From the dynamical equation (6.14) we obtain a secular equation with the help of the K 
tensor components in Eq. (6.15) and the strain in the graphene sheet (6.12)^ 6,3: 46,361 


(Ai ] + ^i2)(£tfi? + £sz) + 


1 

2 


+(Aij -Ky 2 )(€p l <) -f^) cos 20 -2A 
(A, 1 - Ki 2 )(e&& -£v Z )sin20 


(An - Ai 2 )(c^,j -sin20 

(An I + £--) - 

-(A] | — A|2)(f|?^ — E Z z) cos 2 d - 2 \ 



(6.16) 


where A — ft) — ft) ( y is the difference between the squared strain-dependent frequency ft) and 
the frequency in the absence of strain cOq. Diagonalizing Eq. (6.16) thus yields the relative 
shift of the phonon energy in the strained graphene sheet' 4 


co — (Oo Aft) A 
____ 

OX) ~ OX) 2 0)1 


(K\\ 4 * 12 ) 
4 "o 




1 (£11-*12 ) 

2 2 


~ £zz) ■ (6.17) 


In Eq. (6.17) two phonon-deformation potentials relate the frequency shift with strain. The 
first deformation potential (K\ y -\-Ky 2 )/Aco^ -- — y is the Grtineisen parameter, which describes 
the frequency shift for a hydrostatic deformation of the graphene hexagon. The splitting of the 
modes under shear strain arises from the second term. Measured and calculated deformation 
potentials in graphite, carbon nanotubes, and diamond are given in Table 6.2. 
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Figure 6.5: Raman scattering on carbon nanotubes under hydrostatic pressure, (a) High-energy range 
of the Raman spectrum and pressures up to 9GPa. (b) Pressure dependence of the phonon frequencies 
as measured in (a). The numbers give the logarithmic pressure slopes in TPa -1 . The error of the slopes 
is 0.1 TPa 1 unless stated otherwise. From Ref. [6.43], 


Interestingly, the frequency shift is independent of the chirality of the nanotubc, /.e\, the 
way the graphene rectangle is cut and strained. A mode vibrating parallel to the high- 
strain direction, always shifts according to the ptus-solution of Eq. (6.17), whereas vibrations 
parallel to e z - have a frequency shift below the hydrostatic contribution. Between these two 
limiting cases the phonon modes show a dispersion similar to, e.g,, the dispersion in wurzite 
crystals. The dependence of the phonon frequency on the displacement direction of the eigen¬ 
vector in strained materials is discussed in two papers by Anastassakis. 

Raman scattering on strained tubes was mostly performed under hydrostatic pressure. To 
calculate tv- and for this situation we use the circumferential and axial strain components 
obtained from elasticity theory and the elastic constant calculations by Lu.^ 624 ! With the 
phonon-deformation potentials for graphene and nanotubes as given in Table 6.2 we find the 
hydrostatic component of the frequency shift 

y-(£z; + e.»») = - (3.8±l)TPa 1 p, (6.18) 

and a shear strain splitting 

(Ku -S l2 )(t% z £,,,,)/2a^=-(0.6±0.2)TPa-y (6.19) 

Figure 6.5(a) shows the typical high-energy Raman spectra of single-walled nanotubes 
under pressures up to 9GPa;l 69 ^ 6,27 ^^ 6 * ^ for a review of the experimental work on 
pressure, see Ref. [6.44], for a discussion of the Raman peaks under ambient conditions see 
Chap. 8. Under increasing pressure the phonons shift to higher frequency. At the same time 
the Raman peaks lose intensity and broaden. The origin of the intensity loss is not fully 
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Figure 6.6: (a) A\ high-energy eigenvec¬ 
tor of an (8,4) nano tube with a frequency 
of I5()5cm~ 1 . The atomic displacement 
is parallel to the circumference, (b) A\ 
high-energy eigenvector of a (9,3) tube 
(1627 cm -1 ). The displacement is parallel 
to the carbon- carbon bonds. The direction 
of the helix in both tubes, which is obtained 
from the screw-axis operation, is indicated 
by the gray lines. 


a.) (8,4) 


b.) (9,3) 




understood; it is attributed to an hexagonal distortion or a squashing of the tubes at high 
pressure [6.461 ^ similar washing out of the nanotube peaks is also found in high- 
pressure optical absorption. 16 471 The high-energy Raman frequencies as a function of pressure 
are shown in Fig. 6.5 (b). The numbers are the normalized pressure slopes in TPa -1 . All four 
of them are in excellent agreement with the expected hydrostatic component of the frequency 
shift. The predicted shear-strain splitting of 0.6TPa \ in contrast, is completely absent. It 
was observed in high-pressure Raman experiments with an excitation wavelength of 647 nm. 
The different behavior at different excitation energy can be attributed to metallic nanotubes, 
which are resonantly excited in the red energy range (Sect. 8.5.2) J 6 - 12 ^ For the so-called 
semiconducting spectra as in Fig. 6.5 (a), however, only the hydrostatic stress component is 
found experimentally. 


The possible explanation for the absence of the shear-strain splitting lies in the phonon 
eigenvectors of the high-energy vibrations, see also Sect. 2.3.5. In achiral armchair and zig¬ 
zag tubes the eigenvectors are completely determined by the high symmetry of the tube. In 
particular, the A\ phonons in achiral tubes are either polarized along the axis or along the 
circumference. Since experimentally only scattering by A \ phonons yields a noticable Raman 
intensity the high-pressure spectra should show the shear-strain splitting if the sample consists 
of achiral tubes. In contrast to the higher-symmetry achiral tubes the phonon eigenvectors of 
chiral tubes arc not fixed by symmetry because of the missing mirror planes. A distribution 
of displacement directions with respect to the circumference or the tube axis washes out the 
splitting introduced by the shear deformation in Eq. (6.17)J 6 I2 ^ 6411 Only the hydrostatic 
component is then observed experimentally. 


Figure 6.6 shows the A i high-energy modes of (a) an (8,4) and (b) a (9,3) nanotube as 
obtained from a first-principles calculation. 16 481 The black ticks indicate the displacement 
direction of the atoms. A high-energy A\ mode always has an eigenvector where the two car¬ 
bon atoms in the graphene unit cell move in opposite directions; moreover, the displacement 
is constant when going around the circumference of the tube. The atoms in Fig. 6.6 vibrate 
along the direction of the carbon-carbon bonds and not along the axis or the circumference. 
This is best seen for the (9,3) nanotubes in (b). The calculated dependence of the eigenvectors 
on the direction of the carbon bonds thus very nicely explains the high-pressure Raman exper¬ 
iments. The good agreement between the theoretical and experimental hydrostatic pressure 
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Figure 6.7: (a) Doubly degenerate E\ eigenvector of an (8,4) tube with a frequency of 1610cm” 1 . The 
sequence shows the change in displacement when going around the tube in steps of 32°. The atoms 
highlighted by the small circles are connected by the screw symmetry of the lube, (b) ^-component of 
the displacement versus the jcy-component. The strongly varying displacement direction as shown in (a) 
results in an open displacement ellipse. After Kef. [6.48]. 


component, on the other hand, confirms the validity of the continuum model for single-walled 
carbon nanotubes. 

Let us take a brief look at the E w phonons in chiral nanotubes. For these modes the 
atomic displacement shows 2 m modes when going around the circumference. Although E\ 
and Ej vibrations are Raman active they do not contribute strongly to Raman spectra as seen 
in Fig. 6.5 (a). This was found experimentally on isolated and unoriented lubes (Sect. 8.4) 
and is understood by the depolarization effect in carbon nanotubes as explained in Chap. 4. 
Nevertheless, the E modes show an interesting dependence on the azimuthal angle $ that we 
want to include here. In Fig. 6.7(a) we show an E\ eigenvector of an (8,4) nanotube. The 
nanolube is successively rotated by 32° to show how the eigenvector evolves when going 
around the nanotube. As expected, the magnitude of the atomic displacement (the length of 
the ticks) is modulated by a sin <jp function. Contrary to what is generally expected, however, 
the direction of the displacement varies as well. Whereas the displacement of the highlighted 
atom is perpendicular to one of the carbon-carbon bonds in the first picture they are almost 
parallel to the bonds in the last two pictures. 

The angular dependence of the direction of the eigenvectors becomes more obvious when 
plotting the atomic displacement along the ^-axis versus the circumferential displacement 
[Fig. 6.7(b)]. Open ellipses in such a plot describe E symmetry eigenvectors with a vary¬ 
ing or “wobbling” displacement direction. The open ellipse that makes an angle of w 30° in 
Fig. 6.7 (b) corresponds to the eigenvectors shown in (a). The degenerate eigenmode has the 
same ellipse. Two ellipses perpendicular to each other represent modes of the same symmetry 
but different frequencies. The diagram in Fig. 6.7 (b) shows both the 1610 and the 1591 cm 1 
E\ eigenvector. 


6.3 Micro-mechanical Manipulations 

Most of the experimental work on elastic properties has been performed on multi wall nano¬ 
tubes, which are not in the scope of this book. Nevertheless, we show also some nice pieces 
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Figure 6.8: Sword-in-sheath experiment 
showing (a) a multiwall tube loosely con¬ 
nected to two AFM tips, (b) Same tube 
after stretching and pulling out the inner 
tube (now curled up) and leaving the outer 
one behind (or vice versa), (c) Schematic 
of the telescope idea. After Ref. |6.49]. 



r\ 





Figure 6.9: (left) (a) Schematic of the realization of a micro-electromechanical device. A multi wall 
nanotube beating anchored by A1 and A2 is devised to hold a mirror that can be rotated via a stator 
electrode SI, S2, and S3 (buried underneath the surface), (b) Scanning electron microscope (SEM) 
image of the realization of the device, just before etching the mirror, (right) Sequence of SEM images 
of the mirror plate at different angles; the angular position of the mirror is indicated by Lhe bars under 
the images. The nanolube runs from top to bottom in the images. After Ref. [6,5If 


of work that involve nanotubes sliding within each other in a multiwall arrangement, a so- 
called sword-in-sheath experiment. In Fig. 6.8 from Yu et a/.* 6 * 49 ' we show how a multi wall 
nanotube attached to the tips of two opposing atomic-force microscopes is pulled apart. In 
Fig. 6.8 (a) the two microscope tips have not yet stretched the tube, it still has some slack. 
In (b), after tearing the tube, we see the two remainders of the broken nanotube. The part 
on the upper lip has curled up, the lower rest of the nanotube still stands up straight. During 
the tearing process the measured forces give information about the shear strength between the 
two parts of the tube. We would expect them to be on the order of the in-plane shear strength 
of graphite, i.e., relatively weak. Yu et ah found a shear strength between 0.1 and 0.3 MPa, 
which is indeed similar to graphite. Cummings and Zettl^ 650 ^ in a similar experiment pulled 
and pushed the inner part of a multi wall nanotube in and out repeatedly and found no wear 
over about 20 cycles. 

Later, Fennimore et a/.*- 6 ' 51 -* extended the work on bearings to a fascinating electrome¬ 
chanical device that had a multi wall nanotube bearing for a small plate that can be thought of 
as acting as a tiny mirror, see Fig. 6.9. This device was integrated on a Si chip and worked 
over repealed rotations. The authors expect their device to work to quite high frequencies due 
to the small involved mass and a relatively high torsional foree constant. 
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Figure 6.10: (a) Atomic-force microscope image of a bundle 
of carbon nanotubes supported over a mask in a clamped-beam 
configuration. From the experienced forces the clastic modu¬ 
lus of the nanolube rope can be derived, (b) Schematic of Lhe 
measurement. From Ref. [6.5], 



Salvetat et alS ( determined experimentally the elastic properties from deflection mea¬ 
surements of nanotube ropes with several different diameters. They suspended the ropes as 
schematically shown in Fig. 6.10 (b), an atomic microscope picture of the experiment is shown 
in Fig. 6.10(a). Analyzing their results on such ropes as an assembly of beams they deduce 
an elastic modulus of I TPa, the usual value for nanotubes. At the same lime they determined 
the shear modulus 1 GPa), i.e., the tubes have a high stiffness in the axial direction, but 
can resist bending only very little. Note that the numerical value of the elastic modulus de¬ 
pends on the diameter of the nanotube assumed. There are differences in the literature as to 
how the diameter of isolated tubes and ropes of tubes is given, which does not necessarily 
reflect different physical constants. Applications based on mechanical reinforcement through 
nanotubes should keep this in mind. 

Yu et a/.^ ) 52f stretched single-walled nanotubes that they picked up with the tip of an 
atomic-force microscope from a sample of so-called bucky paper. Compared to multiwall 
nanotubes they were much more entangled and they could not be stretched across two tips 
as in Fig. 6.8. In Fig. 6.11 we see the single-walled nanotube before and after the break. In 
tensile-loading experiments of 15 individual nanotubes, the authors found again a mean elastic 
modulus of 1 TPa. 

Another very interesting application of the elastic properties of carbon nanotubes was 
found by Baughman et ^/. I653f They developed a micro-mechanical actuator from single- 
walled nanotubes, so-called artificial muscles . The idea is to eleclrochemically inject charge 
on stripes of bucky paper that are close to but electrically isolated from each other and thus 
form a capacitor. By applying positive and negative de voltages to the two sides of the actuator 

Figure 6.11: Scanning electron micro¬ 
scope image of the lip of an atomic force 
microscope pulling on a rope of single- 
walled nanotubes stretching from a piece 
of bucky paper (a) before the break and 
(b) after the break. From Ref. [6.521. 
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Figure 6.12: Micro¬ 
mechanical acluator, a 

so-called arlificial muscle, 
(a) Different charges on 
the stripes of bucky paper 
delleci the stripe in different 
directions, (b) Setup of the 
electrochemical-actuator ex¬ 
periment. (c) Strain of the 
actuator at different driving 
frequencies. After Ref. [6.53]. 
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the device as shown in Fig. 6.12(a) deflected repeatedly up to 1 cm. The actuator was able 
to follow a square-wave oscillating voltage in the still unoptimized setup of up to 15 Hz, see 
Fig. 6.12 (c). A smaller device is expeeted to have higher oscillation frequencies. The maximal 
strain associated with these deflections was estimated to be ~ 0.2%. 


6.4 Summary 


This chapter discussed the elastic and vibrational properties of carbon nanotubes under high 
hydrostatic pressure. To describe the elastic response of nanotubes to pressure we developed a 
continuum model of carbon nanotubes within elasticity theory. The tube was approximated as 
a hollow graphene cylinder with a finite wall thickness and closed ends. The linear modulus 
in the circumferential or radial direction was found to be 2-3 times higher than in the axial 
direction, i.e., the deformation of the nanolubes unit cell under pressure is not fully hydrostatic. 
Instead, a shear strain is present in the graphene hexagons. Because of this nonhydrostatic 
strain component the E?# graphene optical mode is expected to split; its frequency under 
pressure depends on the direction of the atomic displacement. For the nanotubes this implies 
different pressure slopes for axial and circumferential vibrations, whereas Raman experiments 
show uniform pressure dependencies of all high-energy modes. The apparent contradiction is 
resolved by the phonon eigenvectors with mixed character in chiral nanotubes. 

Support for this idea comes from ab-initio calculations of the axial and circumferential 
phonon eigenvectors of two chiral nanotubes. The calculated atomic displacement of the 
non-degenerate modes in chiral tubes indeed pointed into various directions. Moreover, the 
degenerate E eigenvectors even showed a “wobbling” of the displacement direction when 
going around the circumference. This wobbling is seen as open ellipses in a plot of the z 
versus the circumferential displacement component, which is a way to uniquely specify a 
phonon eigenvector in nanotubes. Finally we showed some micro-mechanical applications of 
nanotubes based on their elastic properties. 



7 Raman Scattering 


When a new material is discovered - or a long-known material suddenly turns out to be of 
great physieal interest - Raman speetroscopy is usually among the first experimental tech¬ 
niques used for characterization. Spectra can be recorded on small and little-known samples, 
and provide deep insight into the physical properties as well as the material quality. During 
the last decade Raman spectrometers have become rather cheap and easy to handle, in partic¬ 
ular, the single-grating spectrometers working with a notch hller. The Raman process yields 
information not only on the vibrational properties. Resonant scattering is deeply influenced by 
the electronic slates of a system, phase transitions are nicely studied by recording the Raman 
spectra, and experiments under external pressure allow us to understand the elastic properties 
as well. 

In this chapter we briefly discuss the basics of Raman scattering (Seel. 7.1) in as much as 
they are important for the analysis of carbon nanotube spectra. For newly discovered materials 
without single-crystal quality - such as carbon nanotubes for the lime being - one of the 
interesting questions is what the symmetry of observed modes is. We show in Sect. 7.2 how 
such a symmetry analysis can be performed on unoriented samples. In Sect. 7.3 we discuss 
how information at large wave vectors can be obtained with Raman scattering. We will pay 
attention to resonance phenomena, focusing on the Raman double resonance (Sect. 7.4), which 
has become a central subject in the understanding of Raman scattering in graphite and carbon 
nanolubes. 

7.1 Raman Basics and Selection Rules 

First-order Raman scattering is a three-step process as shown in Fig. 7.1. The absorption of 
an incoming photon with a frequency ft)] creates an electron-hole pair, which then scatters 
inelastically under the emission of a phonon with frequency ft> /? /,, and finally recombines and 
emits the scattered photon (Oj . 17- 1 M7.2J £ ner gy an j momentum are conserved in the Raman 
process 


h ft)] =ho>i±ho) p } l (7.1) 

q x =q 2 ±q p , v (7.2) 

where the _L signs refer to Stokes and anti-Stokes scattering. The details of the electron- 
photon and the electron-phonon coupling are included in the corresponding matrix elements. 
Let the polarization of the incoming (outgoing) light be a (p) and the Hamiltonian for electron- 
radiation interaction H ( >r^ (H e R tP )\ the electron-phonon coupling is given by H ( > p . The matrix 
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Figure 7.1: Feynman diagram of a first-order Raman 
process. An incoming photon with frequency ft)] and 
wave vector k\ excites an electron hole pair. The elec¬ 
tron is scattered inelastically emitting a phonon with fre¬ 
quency ft) and wave vector q. The elec iron-hole pair 
recombines under the emission of the scattered photon 
{k’i, ft)7). After Ref. [7.1 ]. 



element Ki /,to of the process in Fig. 7.1 is therJ 7 ^ 


Kif, io = 


{q>2, /, /1 HeR,p 10, /, b)(0,f.b\ H e ,, [ 0,0, a) < 0 ,0, a \ H e ^ a | ft)|, 0, /) 

(£| - E ‘ai - iy ){ E l -■ h® - Ki - ’7) 

(7.3) 


where | ct)| ,0 ,i) denotes the state with an incoming photon of energy E\ = hC0\, the ground 
state 0 of the phonon (no phonon excited), and the ground electronic state /; the other stales 
are labeled accordingly. The initial and final electronic states are assumed to be the same; 
the sum is over all possible intermediate electronic states a and b. The final phononic stale 
is denoted by /. The E* ti are the energy differences between the electronic states a and /; the 
lifetime of the excited states y is taken to be the same. 

The Raman intensity is proportional to the square of |A"2 /,io * n Eq. (7.3) and difficult to 
evaluate, because the matrix elements are usually not known. For a calculation of the reso¬ 
nant spectrum it is common to take the numerator to be constant and integrate over possible 
intermediate states a and b as described, e.g ., in Ref. [7.31. For the double-resonance pro¬ 
cess another matrix element and a further resonant term in the denominator is included, see 
Sect. 7.4. In a single (or double) resonance the Raman cross section 

I ~ Ky- io " (7.4) 

diverges when the intermediate stales a or b are real and one (or several) terms in the denom¬ 
inator of Eq. (7.3) vanish. The lifetime y keeps the Raman cross section finite. 

When interested only in selection rules the question is whether the matrix element in 
Eq. (7.3) is zero or not. The quickest way to work out the selection rules for Raman scattering 
in carbon nanotubes is to use the conservation of the quasi-angular momentum m and the parity 
Of, (the latter only for achiral tubes). Treating m as a conserved quantum number implicitly 
assumes that no Umklapp processes occur in the Raman transition; 41 see also Chap. 2. This 
assumption is correct as long as only first-order scattering with q 0 and optical transitions 
in the visible (Ak ^ 0) are taken into account. An extension to more general transitions, in 
particular in defect-induced scattering,^ 7i ^ will be performed as well. 

The eigenstates in Eq. (7.3) are composed of an electronic, a vibronic, and a photonic part. 
The quantum numbers are conserved for the total eigenstate. Since the initial and final elec¬ 
tronic state is the same - excluding vibro-electronic coupling^ 7 6j ^ 7 7 ^ - Am = 0 and <7/, = +1 
for the electronic part. A z-polarized optical transition conserves angular momentum Am — 0 
and changes the mirror parity <7/, = — 1; for transitions polarized perpendicular to the tube 
axis Am = ±1 and <7/, — -\ 1 ) a| The change in angular momentum and parity induced by the 
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Table 7.1: Phonon symmetries conserving the angular momentum quantum number and the a/, parity 
in the Raman configurations. In chiral tubes Of, is not a symmetry operation; the superscript ± and the 
subscript g arc omitted. 


Scattering geometry 

Phonon symmetries 

Line group notation Molecular notation 

(z,z) 

(x,z), (z,x), (y,z), (z,y) 

(x,x), {y,y) 

C*..v), G>V*) 

oE | 

()Aq , oFj 
()#0 ’ ^2 

A u , 

E\x 

A El\r 

A 2g: Ei g 


absorption and emission of a photon must be compensated for by the phonon. For ^-polarized 
incoming and outgoing light - (zz) configuration in the usual Raman notation - angular mo¬ 
mentum and parity are fully conserved by the photons. Therefore, only Aj = A\ g phonons are 
allowed in this scattering configuration. In (,vz) or (za) scattering geometry Am p hoton — ±1 
and CT/, photon = — 1 giving rise to - E\ H phonon scattering. The selection rules for F-point 
phonons are summarized in Table 7.1 for all possible scattering configurations. 

Let us now consider the Raman selection rules for scattering with q =£ 0, including either 
defect scattering or a second phonon. Again they can be derived in the standard way from 
the character table (Table 2.5) of the line groups 7 - 4 f or found from the conservation of 

quantum numbers . 1 We will sec that phonon branches of carbon nanotubes that are derived 
from a Raman-activc F-point mode are always allowed. We assume that a possible defect 
cannot change the symmetry of a state it interacts with (/« defect 0 ), /.<?., it scatters electrons 
only within the same band. As for scattering with F-point modes, the phonon provides the 
quantum numbers by which the electronic system is changed through the optical transitions 
in a given scattering geometry, e.g., Am — m p \ } - ±1 for (a,z) polarization of incoming and 
outgoing light, respectively. We summarize the required quantum numbers in Tabic 7.2. The 
Oh parity in achiral tubes (given in brackets) is defined only for q = 0. The vertical mirror 
plane (a v ) is present for q / 0 if m = 0 or m = n. From the conservation of the o x parity it 
follows that the entire LO branch (including q = 0) is allowed in zig-zag tubes and forbidden 
in armchair lubes; and vice versa , the TO branch is allowed in armchair tubes but forbidden 
in zig-zag nanotubes. In two-phonon scattering, the change in quantum numbers is provided 
in total by both phonons, i.e., Am m p h = m p h\ +m p i u 2 . Therefore, in contrast to lirst-order 
scattering, also modes with \tn\ > 2 can contribute to the two-phonon signal. They scatter 
electrons from one band into another band. The quasi-angular momentum m of the phonon 
defines to which band the excited electron is scattered through mf, = m a + m p j u where the 
subscripts a and b refer to the intermediate electronic stales, see also Eq. (7.24). 

If the phonon wave vector is larger than 7t/a> the quasi-angular momentum m is not a 
conserved quantum number and the Umklapp rules [Eq. (2.20) and (2.21)] apply. For achiral 
tubes, m — 0 changes into m = n for q O. (tt/ a, 2n/ci\. In chiral tubes, it is more convenient to 
use the helical quantum numbers k,m\ then the entire m = 0 band is allowed in (z,z) config¬ 
uration. To summarize, the selection rules for large -4 Raman scattering in carbon nanotubes 

*Note that also the quasi-momentum conservation, q\ -■ qi L q p u , is found formally from the full space group 
character table as given in Tabic 2.5. 
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Table 7.2: Phonon quantum numbers conserving the total quantum numbers in q ^ 0 Raman scattering. 
The m quantum number m p j } refers to scattering by one or more phonons. For two-phonon scattering, 
m /} ) } — mp /,.1 \-Wph2' If one phonon is replaced by a defect, m p h — m p h \ I rn ( \— rn p j } The parity 
quantum numbers given in brackets on the right are only defined at q — 0. In chiral tubes O'/, and cr v are 
not a symmetry operation. 

Scattering geometry Allowed phonon quantum numbers 


Mph _ Gx,ph __ __ ®h,ph 


(z,z) 

0 

+1 

(li) 

(z,x), (y,z), (z,.y) 

dr 1 

— 

(-0 

M, (y,y) 

0; ±2 

+ U — 

(+1) 

(,v,y), (y,,v) 

0; ±2 

-l;- 

(+1) 


are given by the conservation of the quasi-angular momentum m. If q > 7t/a, the Umklapp 
rules must be additionally applied. For m — 0 and m — n phonons in achiral tubes, the allowed 
modes are further restricted by parity quantum numbers. In general, for q ^ 0 the selection 
rules are less restrictive than for 1 ’-point phonons, since some of the parity quantum numbers 
are defined only at q ~ 0. If a phonon mode is forbidden at the r point but allowed for q > 0, 
however, continuity prevents the mode from having a large Raman signal for small q . For an 
in-depth treatment of the optical transitions, see Chap. 4. 

The Raman-scattering intensity I is usually evaluated by contracting the Raman tensors SR 

(7.5) 


where e x and e s are the polarization vectors of incident and scattered light, respectively. The 
Raman tensors of the modes given in Table 7.1 can be found by the group projector technique 
introduced in Chap. 2. Often, an inspection of the table together with symmetry arguments 
is sufficient to find the general form of the Raman tensors. The representation appears 
only for parallel polarizations, hence all non-diagonal elements of its Raman tensor must be 
zero. Various symmetry operations transform the xv- and the yy-components into each other 
in nanotubes. To obtain an A \ g representation these two entries of the tensor must be the same. 
The ez-component, on the other hand, is linearly independent, because all line group symmetry 
operations preserve the z-axis. We thus obtain diag[a,a,b\, i.e., a purely diagonal matrix with 
a xx ~ aw — ct and a zz = b , see Table 7.3, as the general form of an A\ g Raman tensor of 
single-walled nanotubes. E\ g can only have jcz,zx.yz,zy non-zero elements. Again and yz 
transform into each other under the symmetry operations of the tubes and are not independent, 
whereas xz and zx are decoupled. Similarly, the other Raman tensors can be found; they are 
listed in Table 7.3. The experimentally observed selection rules arise from the zeros in the 
Raman tensor and, with single crystals of carbon nanotubes at hand, the symmetries of all 
Raman excitations could be determined. At present, however, such crystals are not available. 
Samples with a partial alignment along the z- axis or dilute nanotube samples on different 
substrates have been used for Raman experiments..wj-fz.tsi 
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7.2 Tensor Invariants 

When single crystals of a material are not available the symmetries of Raman excitations can 
be studied by measuring the polarization of the scattered light in unoriented samples. One 
can thus determine the so-called Raman tensor invariants ^ 7 19].[7.20] w hi c h yield information 
about the symmetry, although the assignment is not always unique. 

Let us assume a phonon with a diagonal Raman tensor with three elements a \ ^ «2 7 ^ « 3 - 
Furthermore, the scattering configuration in the laboratory frame is (ZZ). To find the Raman 
intensity we integrate and average over all possible orientations of the crystal. Using Euler’s 
angles^ 21 ^ 7 - 22 ] 


hz 


k2k2k 

€i • 9U e s | 2 d l// dip sin $ d 
0 




a 1 


«2 



(7.6) 


( sintp sin $ 
cos (p sin 
cos $ 


) 2 d\p dip sinf) di), 
(7.7) 


integrating and rearranging yields 


hz 


45a 2 H 4y/ 2 
45 


with 


a ^ (z7 j ^.72 ^ 3 } 

Js 2 = \ [(«! — Ul) 2 + («2 — a ?) 2 + (fl.l — a \) 2 ] • 


(7.8) 

(7.9) 
(7.10) 


The result in Eq. (7.8) holds for all parallel polarizations of the incoming and outgoing linearly 
polarized light and for every Raman tensor except that y / 2 then has a more general form (see 
below). For perpendicular linear polarization, e.g., Ixz> the integration yields Ixz = 3y/ 2 /45. 
Now it becomes obvious that the symmetry can also be partially deduced from experiments 
on unoriented materials. For example, if the three elements of the Raman tensor are the same 
(= a, as for cubic point groups), Raman scattering is forbidden in crossed linear polarization, 
and in parallel linear polarization we find simply Izz = a 2 and, thus Ixz/hz = 0. On the other 
hand, a fully uniaxial Raman tensor (ci\ = ai = 0, a 3 - /;) results in Ixz/hz r 1 /3, 

In Appendix B we show how to generalize the results of the preceding paragraph for 
arbitrary Raman tensors. The intensity on unoriented substances follows directly from the 


Tabic 7.3: Raman tensors of the phonons in carbon nanotubes. They are valid for the D (( and D q i t point 
groups with q > 3, which refers to all realistic tubes. 

__ ^ 2 (y) _ ^ 2 (y) _ 

(a 0 0 \ /0 e 0 \ /0 0 c\ /0 0 0 \ /0 / 0 \ /-/ 0 0 \ 

00 000 0 0 -c / 0 0 0 / 0 

\0 0 b) \0 0 0/ \d 0 0/ \0 -d 0/ \0 0 0/ \0 0 0/ 
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transformation of a tensor under rotation. A second-rank tensor can be decomposed with re¬ 
spect to the rotation group into a scalar (tensor of rank zero), an antisymmetric matrix (rank 
one), and a symmetric traceless matrix (rank two). These irreducible components have well- 
defined quantum numbers and transformation properties under rotation. The matrix element 
for a fixed orientation is obtained from the Wigner-Eckarl theorem; the integration over all 
crystal orientations is determined by the tensor invariants. Different authors use slightly dif¬ 
ferent invariants in Raman scattering. Following Nestor and Spiro^ 7 - 2 ^ we define the isotropic 
invariant 


a = j(a,. v + a V v + oy, 


(7.11) 


the antisymmetric anisotropy 


rl 


* 

4 L 


(a.vy - Oyx) + {<*xz ~ <*zxY + (Ovz ~ <hv) \ , 


(7.12) 


and the symmetric anisotropy 

Js ~ 2 [ ( — %'.v ) ^ T (0Cy_y — ~ T ( &ZZ ~ ^v.v) "" ] T ^ [(Ofjrv T Ctyx ) 

+(a xz + a 7 j ) 2 l (« v , + a ;:v ) 2 ]. 


(7.13) 


where a\j ( i.j = jt,y,z) are the elements of the Raman matrix as given in Table 7.3 for carbon 
nanotubes. 

The scattering intensity on an unoriented sample in any scattering configuration can be 
expressed by a linear combination of the tensor invariants, see Appendix B. For linear parallel 
(||) and perpendicular (_L) polarization of the incoming and scattered light the intensities are 
given by (apart from a constant factor; Table B.2) 

/|| = 45 a 2 + 47 ; (7.14) 

h = 3y 2 + 5y 2 , (7-15) 

which is the generalized result of Eq. (7.8). The quotient /_l//|| is known as the depolarization 
ratio p. Under non-resonant conditions the antisymmetric invariant vanishes, % 2 = 0. Mea¬ 
suring the intensity under parallel and crossed polarization is then sufficient to find the tensor 
invariants. I 11 resonance, the antisymmetric scattering docs not necessarily vanish, and we 
need at least one more independent measurement to find the tensor invariants. Using circular 
instead of linear polarization the intensities in backscattering configuration are 


ho = 67 ; 


(7.16) 

/oo - 45 a 2 + y 2 + 5y n 2 . (7.17) 

where I ( is the intensity for corotating and Ay- for contrarotating incoming and outgoing 
light; /qc/A o is the reversal coefficient P. Solving the system of four equations Eqs. (7.14)- 
(7.17) with respect to the tensor invariants we obtain as one possible solution^ 7 * 23 ' 


45 a 2 = /|| - f/ cc , 

5 Y ( l = 11 U - 
6 y 2 = / . 


(7.18) 

(7.19) 

(7.20) 



7.2 Tensor Invariants 


121 


With the last quantity lyj we can measure the experimental error. The experimentally ob¬ 
tained tensor invariants are only aeecpled as significantly different from zero if they are larger 


than A1 = |(/|| \ l ± ) - U v- ! /•■ )|. 

In general, the conclusions that can be drawn from experiments on unoriented samples 
are as follows: The only symmetry that has a non-vanishing isotropic part cc is the fully sym¬ 
metric representation in any point or space group. Thus, phonons of zl i symmetry are readily 
distinguished from the other species. Of particular interest is the observation of antisymmet¬ 
ric contributions to the Raman intensity, i.e., y 2 / 0. If only the antisymmetric component is 
present the Raman peak originates from a phonon transforming as the totally antisymmetric 
representation, in the point group of nanolubes this is A 2 (Table 7.3). Totally antisymmetric 
scattering is scarcely observed experimentally; more frequent is an antisymmetric contribution 
to a degenerate mode. 17 - 2 ^H 7 25 1 The only possible modes in nanotubes showing mixed sym¬ 
metric and antisymmetric scattering are E\ modes. For example, a strong incoming resonance 
with an optical transition that is allowed in z-polarization, but forbidden in x- or y-polarization 
yields in the matrix representation of the E\ Raman tensor c i= d (Table 7.3). Such anti¬ 
symmetric contributions were reported by Rao et at. 1 7J 2 1 , [7.26], [7.27] p )r multi wall nanotubes. 
Degenerate modes have a symmetric anisotropy y~ different from zero, but or - 0. A large 
ratio y v “/or can serve as an indicator for scattering by E\ and £2 symmetry modes in carbon 
nanotubes. 


7.2.1 Polarized Measurements 

The tensor invariants of the Raman scattered light can be obtained from a linear combination 
of the intensities in linear and circular polarization as shown in Sect. 7.2. Such a basic setup 
- a combination of two linear polarizing elements (a Fresnel rhomb and a polarization filter) 
and a A/4 wave plate - is shown in Fig. 7.2. It allows the Raman intensities to be recorded 
in parallel, perpendicular, corolaling, and contrarotating polarization without changing the 
illumination level or removing any polarizing elements in the light path between the measure- 



Spectrometer 
with CCD 


Figure 7.2: Raman setup for the measurements of the tensor invariants. The polarization direction of 
the incoming light is chosen by the Fresnel rhomb. The laser then passes a A/4 zero-order wave plate 
and is focused onto the sample. The scattered light comes back through Lhe A/4 plate, is analyzed with 
a polarization filter, and focused onto the entrance slits of the spectrometer. Different orientations of the 
Fresnel rhomb and the A/4 plate yield the relative polarizations without inserting additional elements, 
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Table 7.4: For a fixed spetrometer polarization the settings of Fresnel rhomb and A/4 wave plate set up 
as in Fig, 7.2 allow a recording of the four different relative polarizations of incident and scattered light 
without inserting or removing an optical element. 


Polarization 

Fresnel rhomb 

A /4plate 

Analyzer 

Parallel I\\ 

0 ° 

0 ° 

vertical 

Perpendicular /1 

90° 

0 ° 

vertical 

Corotating I^q 

0° 

45° 

vertical 

Contrarotating Iqq 

90° 

45° 

vertical 


mentsJ 7,19 ^ 7 ' 20 ^ 7 - 231 We illustrate the arrangement in some more detail since it is relatively 
unknown; yet it yields the tensor invariants with high accuracy. 

For the polarizing elements in positions as indicated in Fig. 7.2 a backscattering Raman 
spectrum under corotating polarization is recorded: The laser light is vertically polarized and, 
after passing the Fresnel rhomb (90° position), light is horizontally linearly polarized. After 
passing the A/4 wave plate (its principle axis is at 45° to the horizontal) the incoming light is 
circularly polarized. The backseattcred beam, in general, consists of a left- and a right-hand 
circularly polarized part, which on passing back through the A/4 wave plate is converted into 
linear polarization. The coroialing part is now vertically polarized, the contraroting part hor¬ 
izontally (the circular polarizations are specified in the lab frame). Only vertically polarized 
light can pass the analyzer and is recorded. The intensities in the four different polarizations 
are then obtained by rotating the Fresnel rhomb and the A/4 wave plate. Let us assume that 
the analyzer is vertical (e\#., because of a higher sensitivity of the spectrometer for vertically 
polarized light), then the Raman polarizations are given by the settings in Table 7.4. 

Figure 7.3 shows the Raman spectra of CCI 4 in (a) the two linear and (b) the circular po¬ 
larizations. In this molecule the fully symmetric mode is characterized by only the isotropic 
invariant a 2 being different from zero. For the peak at 4600111“' a depolarization ratio 
p — 0 and a reversal coefficient P = 0 are expected; the other modes should show p =0.75 
and P = 6 (a 2 = 0, — 0). All quantities are in excellent agreement with the measured 

values given in Fig. 7.3. Deviations from the theoretical value are usually found for the re¬ 
versal coefficient, because the circular polarizations are much more affected by the non-ideal 


Figure 7.3: Raman spectra of CCI 4 (a) 
under linear and (b) circular polariza¬ 
tion. Next to the fully symmetric mode 
at 460 cm -1 and the mode at 314 cm"' 
the measured depolarization ratio p and 
reversal coefficient P are given. 
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backscattering J 7 ‘ f) ^ 7,23 J While the theoretical depolarization ratio is the same regardless of 
the scattering geometry, the reversal coefficient, e.g ., in forward scattering, is the inverse of 
the backscattering value. In CCI 4 the measured P for the non-fully symmetric modes varies 
between 3.6 at 780cm -1 and 5.3 at 220 cm 1 . A more robust indicator for the symmetry of a 
Raman mode than the raw values of p and P arc the ratios between the tensor invariants. In 
particular, the ratio between the symmetric anisotropy and the isotropic invariant J 2 /<X 2 — 0.4 
for the 460 cm 1 mode, but y 2 /cc 2 is well above 100 for all other modes. 


7.3 Raman Measurements at Large Phonon q 

The Raman experiments commonly performed in laboratories and excited with laser light in 
the visible or near-visible energy regime are limited to F-point phonons in first order due to the 
small wave vector of the incident light. In backscattering geometry the maximal momentum 
transfer and hence phonon momentum is given by 

4 ll _ I 

q max ~ —— ^ 0.01 A , say at A/ = 488 nm ( 7 . 21 ) 

A/ 

in a material with a refractive index n = 4. This is very small compared to the extent of the 
Brillouin zone in reciprocal space, for which the lattice constants set the relevant scale, 

k/nax ' ~ 1 *3 A" 1 , say with ao = 2.46 A as for graphite. ( 7 . 22 ) 

oq 

There are several techniques of gelling to larger wave vectors that have been used in the past. 
One is to create an artificial, smaller Brillouin zone by growing superlallices of different ma¬ 
terials and studying the resulting q ss 0 modes J 7 2 x 1 \i, . 20 j a wa y^ j s happening in carbon 
nanolubes by wrapping up the graphene sheet and thus introducing Brillouin-zone folding, 
sec also Sect. 2.1. Most of these new q = 0 modes in nanotubes are, however, forbidden by 
selection rules in lirsl-order scattering. A second approach is to relax the perfect periodicity in 
single crystals. For example, the earliest reports of Raman scattering in graphite by Tuinstra 
and Koenig 17 101 showed that the now-cal led D mode arose from a defect-induced process at 
large q vectors; it is not allowed in the perfect crystal. Another example is the ion bornbarde- 
ment of crystalline silicon with Si atoms successively increasing the damage to the material. 
In this way, one could show how the phonon density of slates of a-Si evolved from that of 
c-SiJ 7 - 3| l The partially oxygenated high-temperature superconductor YBa 2 Cii 30 7 _g with 5 
around 0.3 shows defect-induced peaks at 230 and 600 cm -1 . Interestingly, the intensity of 
these defect peaks decreases when illuminated ; 17 321 A 7 33 1 light absorption increases the order 
of oxygen atoms in one of the crystal planes (the chain plane). 

The optical Raman methods of large-# scattering, unfortunately, are connected with little 
specific information about the phonon dispersions. In second-order Raman scattering,I 7 1 ' ^ 341 
for example, two phonons are emitted (or absorbed) at the same time, a process that is gen¬ 
erally 10 to 100 times weaker than the first-order spectra. The momenta of the two phonons 
involved cancel for equal and opposite phonon vectors, and the condition | q max | = | #] — #2 |~ 
Ann/Xi is easily fulfilled for visible light throughout the Brillouin zone. As a consequence, 
the Raman peak is an integration over the Brillouin zone, and regions with large densities of 
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Figure 7.4: Overbending in carbon nanotubcs as func¬ 
tion of chiral angle. The maximal overbending of a given 
tube in the range 2.8 A < d < 50.0 A was fitted to the 
empirical expression in Eq. (7.23). which is plotted here. 



Chiral angle (°) 


states become prominent in the spectra. Frequently this is near the F point, as the dispersion 
relations have zero slope there. In Si, *?.#., the second-order peak at 1000cm 1 arises from the 
optical phonon branch of Si, see the density of-states calculation of Weber. * 7,3 ^ The 2 nci -order 
peak goes to zero at 1040 cm -1 , a frequency twice the highest LO frequency at the r point, 
which is 521 cm - , 

The situation is different when the F point is not the maximum in the phonon dispersion, 
/.<?., when it is a minimum or a saddle point. Then a second-order Raman peak at more than 
twice the highest first-order frequency appears in the spectra. 'This is the ease in graphite/ 7 ' 36 ^ 
diamond ,* 7 3 ,3S1 and possibly AISb . 17,391 The frequency of this peak, divided by two, corre¬ 

sponds to the maximum in the dispersion curves. We refer to the maximum phonon frequency 
being higher than the frequency at the F point as overbending. The reproduction of this 
phenomenon in lattice dynamical calculations is considered a stringent quality test of the cal¬ 
culation. Recent ab-initio work on diamond* 740 * and graphite 17,41117,42 * and AlSb* 743 * have 
confirmed these overbendings. Since the dispersion of graphite shows an overbending, the 
question is what happens to the 2 nd -order or even the 1 sl -order spectrum in carbon nanotubes. 

In a symmetry-based study of the phonon dispersion of nanotubes with over 1000 different 
chiralities with a modified force-constants model, Dobardzie et alP found the overbending 
empirically to depend on chirality as 

^w = —U5S+ ,_ 02 ^ 7 cos6e |W), (7.23) 

where AE is defined as the energy difference between the local band minimum at ^ = 0 and 
the highest point in the dispersion and is given in cm -1 . They also give an expression for the 
k point at which the maximum occurs. Note that as a function of chiral angle the overbending 
drops from its largest value for zig-zag tubes to about half that for armchair ones. Ab-initio 
calculations confirm the overbending also for carbon nanotubes . 17 41 ** 7,451 

An experimental 2 nd -order spectrum is shown in Fig. 7.5. It is seen that the frequency 
difference between the two peaks in the graphite traces has disappeared in single-walled nano- 
tubes;^ 7,34 ] which has been interpreted as an overall softening of the lattice vibrations by about 
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Figure 7.5: 2 ntl -order Raman spectrum of single-walled and 
multi wall nanolubes and graphite in comparison (noise trace, 
upper scale). The less noisy trace is the first-order Raman spec¬ 
trum (lower scale), the two scales differ by a factor of two. 
The vertical lines indicate the F -point frequency of graphite 
and the maximum in the dispersion from overbending. After 
Ref. 17.341. 
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30 cm '. On the other hand, the maximum of the SWNT first-order peak is higher than that 
of the graphite peak by at least 10 cm -1 , which indicates a hardening of the lattice. 

The hardening of r -point phonons in nanotubes is one possible interpretation of the shift 
of the first-order phonon. An alternative explanation is based on a process that allows large-g 
scattering in optical experiments by a double-resonance process. Then the increase in Raman 
frequency in tubes is due to the larger 4 -vector involved in the double resonanee and henee, 
if overbending is present, a larger frequency appears in the Raman spectrum. When treat¬ 
ing the vibrations of carbon nano tubes in the zone-folding approximation, it is important to 
know whether or not there is overbending, as eigenmodes other than the fully symmetric ones 
correspond to q > 0 in the graphite Brillouin zone. See also Chap. 2 for a discussion of the 
zone-folding approximation and Sect. 8.5 for the interpretation of the high-energy mode in 
single-walled nanotubes. The double-resonance process is explained in Sect. 7.4. 

Finally, we mention a new method for measuring the full phonon dispersion of tiny crys¬ 
tals too small for neutron scattering experiments. With a highly focused synchrotron radia¬ 
tion beam (spot size 30 x 60 /tm) it has become now nearly routinely possible to investi¬ 
gate the full Brillouin zone of solids. The technical breakthrough was made possible by the 
brightness of the new synchrotron light sources and by high-order, temperature-controlled Si- 
crystal-based X-ray monochromators. At an incident photon energy of about 20keV these 
monochromators operate with an energy resolution of 3 meV or about 20 cm 1 (full width 
at half maximum of the Raman peaks). The first such measurements on diamond were re¬ 
ported by Schwoerer-Bohning el ai ) 1 others followed by investigating GaNJ 7 46 ^ We show 
in Fig. 7.6 the dispersion obtained for the high-energy modes of graphite, because they play 
an important role in the wide spread zone-folding approach to nanotubes. t742J In the past, 
force-constants and ab-initio calculations have given large qualitative and quantitative differ¬ 
ences in slopes, frequencies and crossings of the TO- and LO-related phonon branches. None 
of the calculations existing before the measurements had predicted correctly all aspects, see, 
e.g. y Refs. 1.7.41], [7,47] and [7.48]. The open symbols with the spline-extrapolated lines are 
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Phonon Wave Vector 


Figure 7.6: Phonon dispersion relations of graphite. Clearly seen is the overbending of the LO branch 
in both rM and 1 /^-directions. Note also the crossing of the IX) and TO branch between i' and M. The 
measurements were taken by inelastic X-ray Raman scattering, the calculation was performed ab initio , 
From Ref. [7.42]. 


ab-initio calculations performed by Maultzsch el ai} 1A2 ^ who found that taking into account 
the long-range nature of the dynamical matrix was mostly responsible for the much improved 
agreement between theory and experiment (Fig. 7.6). Only the calculated TO-related branch 
near the A'-poinl shows a slight deviation from experiment. 

We showed that while large-# Raman methods are available, most practical applications of 
Raman scattering in solids, however, are restrained to small-wave vector experiments for the 
lime being. An exception occurs in carbon nanotubes: due to the particular electronic band 
structure their Raman spectrum is dominated by so-called double resonance processes, which 
do not have a general restriction to the Brillouin-zonc center. We discuss this process now in 
more detail. 


7.4 Double Resonant Raman Scattering 

The Raman spectrum of graphite shows a number of different peaks besides the allowed Eig 
r -point vibrations. The most prominent of them is the D mode around 1350 cm” 1 . This mode 
is induced by disorder; the weaker additional peaks appear because of disorder as well. It was 
found experimentally that the frequency of the disorder-induced modes depends on excitation 
energy. For example, the /7-mode frequency increases by 50 cm 1 per 1 eV difference in laser 
energy. In Sect. 7.3 we saw that usually only q — 0 vibrations contribute to the first-order 
Raman spectrum. Therefore, the frequency of a Raman line is usually independent of the 
excitation energy. The shift of the D mode in graphite (and in carbon nanotubes) was very 
surprising and it took almost 20 years for its explanation. 1 ’ 4 j 

The mechanism responsible for the laser-energy dependence is defect-induced, double¬ 
resonant Raman scattering. The defect allows large phonon wave vectors q to contribute to 
the spectra; the double-resonance mechanism selectively enhances specific large-# modes. 
The observed frequency shift as a function of laser energy thus corresponds to the scanning 
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Figure 7.7: Noil-resonant Raman scattering 
(a), single-resonant (b), and double-resonant 
scattering (c). The solid lines indicate real 
electronic states. The dashed lines represent 
virtual states, />., energies that are not eigenen- 
ergies of the system. In the non-resonant pro¬ 
cess (a), both intermediate electronic states are 
virtual. If the laser energy matches a real elec¬ 
tronic transition [first step in (b)], the Raman 
process is single resonant. When the special 
condition (c) is met, i.e. y in addition to (b) an¬ 
other electronic transition matches the phonon 
energy, the process is double resonant. 
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part of the phonon dispersion. Double-resonant Raman scattering evolved to be a key for 
understanding the Raman spectra of carbon nanolubes. Some aspects, however, are still un¬ 
der debate in the literature and are discussed in detail in Chap. 8. In this section we give an 
introduction to the concept of double-resonant Raman scattering.^ 7 ^ Wc explain the charac¬ 
teristics of this effect, in particular the process that leads to a laser-energy dependence of the 
Raman frequencies in higher-order scattering. 

We show in Fig. 7.7 a schematic view of non-resonant, single-resonant, and double¬ 
resonant first-order Raman scattering. The solid lines indicate real electronic states; the dashed 
gray lines denote virtual intermediate states. The incoming photon with energy E\ excites an 
electron (1), the excited electron is scattered by emitting a phonon with energy ft(ti p h (2), and 
the electron recombines with the hole by emitting a photon with energy £3 (3). If both in¬ 
termediate states are virtual as in Fig. 7.7(a), the process is called non-resonant. If the laser 
energy matches the transition energy between two real electronic states [Fig. 7.7(b)!, ihe Ra¬ 
man process is single-resonant. In this case, in Rq. (7.3) the first term in the denominator 
vanishes for y = 0 and the Raman intensity diverges. To obtain double-resonant scattering, 
where two of the intermediate states are real [Fig. 7.7(c)!, the electronic states must provide 
three suitable energy levels with energy differences equal to E[, h(O p ^ and E\ — h(x> p f } . Ex¬ 
perimentally, this rather restrictive condition can be fulfilled, if the electronic band structure 
of the material is tuned accordingly by applying uniaxial stress, an electric, or a magnetic 
field.IT50H7.53I j n semiconductor superlattices the intersubband transitions can be designed 
to match the required energy differences for the double-resonance condition J 7 54 * In these 
examples, double-resonant scattering is obtained for only one particular wavelength of the 
incoming light. 

In the above description of resonant and non-resonant Raman scattering, we restricted 
ourselves to first-order scattering that (for visible light) involves only F-point phonons. We 
extend the discussion now to higher-order processes, including scattering by two phonons of 
opposite wave vector or elastic scattering mediated by defects. In higher-order processes, the 
phonon wave vectors are not restricted to zero, see Sect. 7.3. 

In Fig. 7.8 (a) two linear electronic bands are shown, which can be taken, e.g ., as an ap¬ 
proximation to the graphene bands at the K point, sec Chap. 3. Here, for any laser energy 
an incoming real transition is found. With increasing laser energy, the resonant transition oc- 
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curs at increasing electron wave vector it,-. If the resonantly excited electron can be scattered 
by phonons with arbitrarily large wave vector q , a second resonance is found for a particular 
phonon. Both energy and wave vector of this phonon are determined by the phonon dispersion 
and the double-resonance condition. The two resonant transitions that constitute the “double” 
resonance, are in our example the excitation of the electron by the incoming light and the 
inelastic scattering by the phonon. Because quasi-momentum is conserved, the process indi¬ 
cated in Fig. 7.8 (a) has to include the scattering by a second phonon (“second-order” Raman 
scattering) or by a defect (elastic scattering, shown here). In the case of defect scattering, the 
Raman matrix element is given by 17,31 


* 2 /, 10 = £ 


Me-def M ep 


a% (£i - Ki ~ i r) (*I toph - Eb - iY)(E\ ~ h(0 ph - Eli ~ 1 j) 

'M i >p JVC e-def '^eR.a 


+ E 


(£, - - /y)(£, ■ - Eh -iy){E , - rm ph -E^-i y) 


(7.24) 


where the notation is the same as in Eq. (7.3) and the matrix elements in the numerator are 
abbreviated as M f . JVC -e-def is the matrix element for the interaction between electron and 
defect. The first term in the sum describes the process, where the electron is first inelastieally 
scattered by a phonon and second elastically by a defect; in the second term, the time order is 
reversed. For scattering by two phonons, Eq. (7.24) is modified accordingly. 

We now inspect Eq. (7.24) in more detail. The sum over all possible intermediate elec¬ 
tronic states aj?.c in Eq. (7.24) includes all non-resonant and single-resonant processes. The 
ease q — 0 is given if the electron wave vector — k a . This is illustrated in Fig. 7.8(b), 
where some examples for single-resonant scattering with different phonon wave vectors and 
phonon frequencies are shown, including the process for q = 0. The intensity of the single¬ 
resonant processes shown in Fig. 7.8 (b) is large, because one of the terms in the denominator 
of the Raman cross section vanishes. If for a particular combination of q and h(o p h the double¬ 
resonance condition is fulfilled, however, a second term vanishes and the Raman intensity is 
further increased. The double-resonant phonon mode is selectively enhanced and gives rise to 
a peak in the Raman spectrum. Only for laser energies below the first optical transition en¬ 
ergy, /.£>., in non-resonant scattering, does the resulting Raman spectrum resemble the phonon 
density of states; such scattering is comparatively weak. 

In Fig. 7.8 (c) we illustrate the effect on the Raman spectra when changing the incoming 
photon energy. As mentioned above, the electron wave vector k t — k a at which the incoming 
resonance occurs is larger for higher laser energy. Consequently, the phonon that scatters the 
electron resonantly to a state k{ } = k (l — q must have a larger wave vector. This phonon will be 
enhanced and appears in the Raman spectrum. The Raman frequency of this mode is different 
from the frequency observed at smaller laser energy, depending on the phonon dispersion. 
Therefore, by changing the laser energy one can, in principle, measure the phonon dispersion. 
In general, this unusual dependence of Raman frequencies on the wavelength of the incoming 
light is a signature of double-resonant Raman scattering, if the process involves phonons with 
non-zero wave vector. 

So far in our examples the incoming light was in resonance with the electronic states 
(incoming resonance). Alternatively, the scattered light can be in resonance (outgoing reso¬ 
nance). We show in Fig. 7.9 (upper row) the four processes resulting from the two time orders 
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Figure 7.8: (a): Double-resonant Raman scattering at two linear electronic bands as, e.g. y at the K point 
in graphene. Resonant (non-rcsonant) transitions are indicated by solid (dashed, gray) arrows. The in¬ 
coming light resonantly excites an electron at wave vector kj. The electron is resonantly scattered by a 
phonon from state a to b , From b the electron is elastically scattered back to c (with k c & k,) by a defect, 
where it recombines with the hole. The last two transitions arc non-resonant, (b): Examples of single- 
resonant scattering, where only the first transition is resonant. The excited electron is non-rcsonantly 
scattered by phonons with different wave vectors, including the case cj = 0. (c): Double-resonant scat¬ 
tering at two different laser energies. The double-resonant phonon wave vector and hence frequency 
depend on the incoming energy. In (b) and (c) the last two transitions arc omitted for simplicity, i.e ,, 
elastic scattering by the defect and recombination of the electron and hole, 


in Eq. (7.24) and incoming/outgoing resonance. Moreover, in the ease of different electron 
and hole dispersions, the analogous processes have to be taken into aeeount, where the hole 
instead of the electron is scattered. Finally, if the bands are not symmetric with respect to the 
minimum, the contributions depend on whether the optical transitions occur on the left or on 
the right of the minimum. All processes shown in Fig. 7.9 (a)-(d), however, are contained in 
Eq. (7.24), if the sum is taken over all intermediate stales. 

We will now evaluate the first term in Eq. (7.24) lor the configuration shown in Fig. 7.8, 
where two linear electronic bands cross the Fermi level at k = 0 with Fermi velocities V| < 0 
and \>2 > 0. The differences in electronic energies are 


Ki = l^l ( v 2 - ' ; i)> E e b i k '= -qv\ or *=° qv 2 , and E ci = |*|(v 2 - v,). (7.25) 

The sum in Eq. (7.24) can be converted into an integral over the electron wave vector k in one 
dimension. Inserting the energies in Eq. (7.25) into the expression for the Raman cross section 
we obtain^ 7,3 ^ 7 ' 491 


^ 2 /, 10 


(2K 2 -q) 


dk 


(v 2 -v,) 3 (K- 2 -r/ l ^-)(JC 2 + < 7 l ^ 2 -) ./() (K-| k)(K 2 k)' 


(7.26) 


Here we assumed the matrix elements in the enumerator of Eq. (7.24) to be constant. The 
integral is straightforwardly evaluated and yields 


^ 2 /, 10 


(K2-<7^)(fc2 + r/^-r 


(7.27) 
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Figure 7.9: Double-resonant processes lor Stokes (a-d) and anti-Stokes (e-h) scattering. Solid and 
dashed arrows indicate resonant and non-resonant transitions, respectively. In each row, the first two 
pictures show an incoming resonance; the last two pictures show an outgoing resonance. In (a) [and 
from here in every other picture] the electron is scattered first inclastically by a phonon and second 
elastically by a defect. This time order is reversed in (b). 


where b is a slowly varying function of q 

b = \n{K 2 /Ki){2K2-q)/\{v2-v\) 2 ho)^). 
and 

K[ = (El - in y)/(v2 - V\ ) and k 2 = ( Ei Ti o)p h - ihy)/(v 2 - n). 

A double resonance occurs for those combinations of phonon wave vector q and energy 
h(Dph{q), for which one of the terms in the denominator of Eq. (7.27) vanishes. 17,31 Here 
the first and second terms correspond to incoming and outgoing resonance, respectively. The 
denominator vanishes for the double-resonant phonon wave vectors 

E) — h(O p h(q) E, - n<O ph (q) 

q =--- and q — —--'-. (7.28) 

V 2 -Vi 

In the approximation of h(O p h ^ 0 and symmetric electron bands, we can simplify this con¬ 
dition to the so-called q = 2k rule, i.e. y the double-re sonant phonon wave vector is given by 
twice the wave vector of the excited electron. This is correct if the defect is involved in a 
resonant transition as for instance shown in Fig. 7.9(b) and (f), and if iq = —V 2 . This rule 
is a good approximation for estimating the double-resonant phonon wave vector. It cannot, 
however, substitute the full integration of the Raman cross section in Eq. (7.24) when deriving 
precise phonon frequencies or calculating a Raman spectrum. 
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Figure 7.10: Raman intensity as a function of the phonon wave vector for laser energies between 2 and 
4 eV, calculated from Eq. (7.27) for linear electronie bands. On the right, the slope of the electronic 
bands is doubled; the shift of the Raman peaks with laser energy is there lore smaller by a factor of two. 
We used a linear phonon dispersion and a broadening y = 0.1 eV. 


In Fig. 7.10 we plot the Raman intensity, as a function of q for different laser energies. 
We chose ho p f } to depend linearly on q; the Raman spectrum is obtained if the g-axis is trans¬ 
formed into rudptj. 2 We sec in Fig. 7.10 the clear dependence of the selected phonon wave 
vectors and hence the Raman frequencies on excitation energy. The double-peak structure is 
due to incoming and outgoing resonance. Because of the linear electron and phonon disper¬ 
sion, the shift with laser energy is linear as well. The effect of the electronic bands on the 
laser-energy dependence is shown in Fig. 7.10 (b), where the electron Fermi velocities were 
doubled. Now the same change in laser energy results in a smaller change in the electron 
wave vector of the resonant optical transition. Therefore, the double-resonant phonon wave 
vector is less affected as well. Again, as the dispersion relations are linear in our example, 
the shift of the Raman peaks with laser energy decreases by a factor of two when the slope of 
the electronic bands is doubled. It is obvious that a larger phonon dispersion results in a more 
pronounced laser-energy dependence of the Raman spectra. 

Besides the laser-energy dependence, another unexpected result was obtained for the D 
mode in graphite. For the same laser energy, Stokes and anti-Stokes spectra are different. 17 551 
We illustrate in Fig. 7.9 (lower row) that this behavior, too, follows naturally from double¬ 
resonant scattering. The double-resonance condition is different for absoiption and emission 
of a phonon at a given excitation energy. In the example shown in Fig. 7.9, the phonon wave 
vector is larger in anti-Stokes than in Stokes scattering. This can be seen by comparing, for 
instance, Fig. 7.9(a) and (e). For anli-Slokcs scattering, the sign of the phonon energy in 
Eq. (7.24) has to be inverted. 

For second-order scattering, the elastic scattering by a defect is replaced by inelastic scat¬ 
tering by a second phonon. In the ease of two phonons with the same frequency but opposite 
wave vector, the Raman shift is about twice the single-phonon (first-order) frequency and 
hence the shift with laser energy is approximately doubled. Because the quasi-momentum 


2 This is trivial for a linear phonon dispersion. Otherwise the phonon density of stales has to he taken into account. 
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Figure 7.11: Raman spectra of Ge at different laser 
wavelengths. The Raman peaks result from double- 
resonant Raman scattering of overtones and combi¬ 
nations of acoustic phonons with large wave vector 
q. The peaks show a large upshift with increasing 
laser energy. From Ref. [7.56J. 



Stokes Shift (cm ] ) 


conservation can always be fulfilled for scattering by two phonons, the second-order spec¬ 
trum can be double-resonant, independently of the presence of delects. As an example, we 
show in Fig. 7.11 the low-frequency Raman spectra of germanium at different laser wave¬ 
lengths. 17,561 The peaks are due to scattering by two acoustic phonons with large wave vector 
q. The parabolic electronic bands give rise to double-resonant Raman scattering as shown in 
processes (a) and (c) in Fig. 7.9, where instead of the defect a second phonon is involved. 
Because the acoustic phonons are strongly dispersive, the Raman peaks in Fig. 7.1 l shift with 
excitation energy. 

The observed intensities of the Raman peaks are not solely determined by the double- 
resonance process. Those modes for which the double resonance takes place close to a singu¬ 
larity in the electronic density of states (Sect. 3.3), are further enhanced. This is easily under¬ 
stood from Eq. (7.24). For a given laser energy we sum over all possible intermediate states. 
At a high density of electronic stales, more terms in the sum of Eq. (7.24) fulfill the first res¬ 
onant condition and contribute to the second resonance as well. For the same reason, phonon 
modes from a region with a high phonon density of states contribute particularly strongly to 
the Raman signal. Therefore, the relative strength of these effects must be evaluated carefully. 

The laser-energy dependence of the observed Raman frequencies constitutes the finger¬ 
prints of double-resonant Raman scattering with large phonon wave vectors. Stokes and anti- 
Stokes spectra are different for the same laser wavelength. Large phonon wave vectors are 
allowed in the ease of higher-order scattering by two (or more) phonons or if defects are 
present in the sample, which relax the translation symmetry. 



7.5 Summary 


133 


7.5 Summary 

In this chapter we presented some basics of Raman scattering and its seleelion rules in as 
far as they are related to problems in carbon nanolubes. We showed how the symmetry ol’ the 
Raman modes can be determined on unoriented samples from linearly and circularly polarized 
measurements and presented some methods used to study phonons with large q vectors. In 
the last section we explained the mechanism of double resonance which dominates the entire 
Raman spectrum of carbon nanotubes much more than in other solids. Many phenomena of 
the Raman spectra of carbon nanotubes can be explained quantitatively and qualitatively by 
double resonance, which is discussed in detail in Chap. 8. 



8 Vibrational Properties 


The one-dimensional nature of carbon nanotubes has pronounced effects not only on their 
electronic band structure but also on their vibrational properties. Spectroscopic work on the 
experimentally observable quantities of the lubes has become extremely rewarding as regards 
fundamental insight as well as the information used to characterize nanolubes. It turns out that 
for the largest part of the vibrational properties combining nanotube symmetry and electronic 
band structure is essential to gain deeper insight. With our knowlegde about the symmetry 
of the tubes and their electronic properties developed in Chaps. 2 and 3 we are now in the 
position to focus on nanotube vibrations. 


Of the common spectroscopic methods for the investigation of vibrations in solids - inelas¬ 
tic light scattering, lar-infrared spectroscopy, and neutron scattering - Raman scattering has 
been by far the most used; hence it will form an experimental focus in this chapter. Part of its 
predominance conies from the lack of single crystals, which precluded momentum-resolved 
experiments using neutrons. It also reduced far-infrared spectroscopy to obtaining orientation- 
averaged information. The Raman-scaltcring signal of carbon nanolubes, on the other hand, 
is so large that even isolated tubes could be investigated. The conclusions derived are quite 
general and allow us to learn a great deal about nanotubes. Furthermore, Raman scattering 
is a non-contact in-situ method available in many research institutes and industrial applica¬ 
tion laboratories. The ever-growing interest in carbon-nanolube applications as mechanical 
enforcement, as chemical sensors, or as electronically active and passive devices demands a 
thorough and robust understanding of the vibrational properties, and a precise prescription of 
what can actually be learnt. Combined with theoretical work showing how the vibrational 
spectra are intimately related to the electronic properties of the tubes, it was natural that Ra¬ 
man scattering became a straightforward in-situ non-destructive tool for the characterization 
of nanotubes. 


After a general introduction into the vibrational spectrum in Sect. 8.1 wc focus on the 
low-frequency radial breathing mode, which is most frequently used to characterize nanotubes 
(Sect. 8.2) and conceptually easy to understand, and on the D-inode with its large excitation- 
energy dependence (Sect. 8.3). In the remainder of the chapter we discuss the experimentally 
determined mode symmetries (Sect. 8.4) and the important high-energy mode (Sect. 8.5). We 
have separated this chapter on vibrational properties from one that discusses the basic concepts 
in Raman scattering (Chap. 7). 
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8.1 Introduction 


Properties commonly derived from the vibrational spectroscopy are tube diameter, tube ori¬ 
entation, metallic or semiconducting nature of the tube, and even attempts to determine the 
lube's chirality have been published. Clearly an in-depth analysis of the spectra is necessary to 
be confident in deriving such relatively specific and important quantities from the spectra. We 
will show that some properties indeed follow from simple analogy to graphite, while others 
require a more detailed understanding of the nanotnbes. 

We derived the optically allowed modes of the nanotubes and the corresponding eigen¬ 
vectors from the symmetry properties of the nanotubes rigorously in Sect. 2.3.5; here we 
summarize the information needed to follow the remainder of this chapter (Table 8.1). Many 
of these modes are related to graphite and also seen at similar frequencies in nanotubes. The 
radial breathing mode, however, is specific to nanotubes and arises from a radial expansion 
and contraction of the entire tube. It is of symmetry and used to derive in particular 
the radius of the nanotube, as we will see in Sect. 8.2. The other phonons are in the 
high-energy range between 1500-1600 cm" 1 as well as 2 E\ and 2 £3 modes (in achiral tubes 
1 E\ h and 1 Eig). The infrared-active modes are expected at « 870cm 1 (A 2 «), between 100 
and 300cm 1 (E\ u ) and in the high-energy part (E i M )J 8 ' 11 

The full phonon dispersion of carbon nanotubes could not be determined experimentally 
so far, because nanotube single erystals do not exist. To a first approximation, however, the 
phonon dispersion can be found theoretically by zone folding the graphite Brillouin zone. This 
approach works reasonably well and is illustrated in Fig. 8.1. On the left, the result of an ab- 
initio calculation of graphite is shown. Nicely seen are the longitudinal (LO), transverse (TO), 
and oul-of-plane (ZO) optical modes and the three acoustic modes. Notice the overbending 
of the highest optical mode, />., its upward curvature when going from the F point into the 
Brillouin zone. It will play an important role later in the assignment of the vibrational modes 
in nanotubes. 


Tabic 8.1: The optically active modes in single-walled nanotubes. The number of modes, their symme¬ 
try label and their selection rules arc given. The tube axis is parallel to z. 
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( 4 , 4 ) 

Zone folding 


(4,4) 

Ab initio 



Figure 8 . 1 : (a) Ab-initio calculation of the dispersion relations of graphite, (b) Zone-folded phonon 
band structure of a (4,4) nanotube, (c) The same band structure from an ab-initio calculation. The thick 
lines indicate those branches not present in graphite. From Ref. [8.2]. 


On the right we show two phonon band structures of the (4,4) tube, one calculated by 
folding the Brillouin zone of graphite (left), and one calculated ab initio . The zone-folding 
approach was described in detail before, and we briefly illustrate the procedure here because of 
its widespread application in work on nanotubes. As shown in Chap. 2, the folding is obtained 
by slicing the graphite Brillouin zone in the appropriate direction, /.<?,, the direction of k±. For 
an armchair tube this is along r — M, and the slicing occurs 4 times, in general n times for 
an (/?,/?) tube. For zig-zag tubes the slicing direction is rotated by 30° to the r — K direction, 
i.e., to the right part of the graphite Brillouin zone in Fig. 8.1. The slice with the quantum 
number rn = 0 always lies on the r point and the one with m = // on the M point for armchair 
tubes. In zig-zag tubes the K point is hit in the m = 2n/?> slice if m/ 3 is an integer (Fig. 8.1). A 
general (/ijb/ 12 ) lube will cut the Brillouin zone in a general direction, and cannot be drawn in 
a figure that has only high-symmetry directions for graphite; in principle, the same approach 
is valid also for a chiral tube, see Eqs. (2.12) and (2.11). The phonons where the vertical lines 
in Fig. 8.1 (a) cut the graphite dispersion become T-point phonons in the nanotube. 

The zone-folding approach, however, also has some systematic shortcomings, most no¬ 
tably for the acoustic modes. First, simple zone folding does not yield four acoustic modes, 
one of the new ones being a twiston mode, where the nanotube performs a twisting-type vi¬ 
bration. Secondly, the out-of-plane translation, an acoustic mode in graphene, transforms into 
the radial breathing mode (RBM) in carbon nanotubes with non-zero frequency at the r point. 
This mode is not present in graphite, and yet much of the experimental information about tube 
diameter arises from this mode. The two modes present only in nanotubes are indicated by the 
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/c (194 n/a) 


Figure 8.2: Phonon dispersion of the (14,5) tube given by helical quantum numbers. The vertical clashed 
line is at k — 2/3^ and indicates the phonons that correspond to the K point in graphite. The six bands 
have m — 0. The Brillouin zone is enlarged by the same factor by which the number of bands is decreased 
with respect to the linear quantum numbers. On the right, the dispersion of 1164 bands is given by linear 
quantum numbers for k c [O. tt/c/]. It is obvious that the conventional way of drawing the dispersion 
hands, i.e., the black bar on the right, is not particularly useful for large unit cells. After Ref. [8.3]. 


thick line in Fig. 8.1, bottom right. As can be seen in the figure, there are also some quantita¬ 
tive differences between zone folding and the ab-initio calculations in the high-energy region; 
they will be compared to further calculations and to experiment later. 

Including the effect of curvature in the calculation of the phonon frequencies is less 
straightforward than including confinement. Two hand-waving explanations predict oppo¬ 
site shifts of the graphene frequency when the sheet is rolled up, and, moreover, the exper¬ 
imental findings are contradictory as well. Experimentally, a softening of the second-order 
Raman spectrum was observed by ThomsenJ 8,4t suggesting that the curvature softens the lat¬ 
tice. However, as already pointed out, the first-order spectrum is at slightly higher frequencies 
in nano tubes than in graphite, indicative of a lattice hardening. From a more general point 
of view, one may argue as follows: When a graphene sheet is rolled up to form a nanotube 
the pure sp 1 bonding of graphite is distorted and the bonds become partially sp* hybridized. 
Diamond as an example of a material with only sp* bonding, has the lowest optical phonon 
frequency of all carbon materials. Therefore, a downshift of the phonon energy is expected. 
On the other hand, the carbon bonds are shorter on a curved wall than on a flat sheet; the 
angles vary correspondingly. This distortion is similar to a small compressive strain, which 
should yield a blue shift of the vibrational frequencies. 

Zone folding can be based on determined force constants of graphite with some necessary 
adjustments to reproduce the twiston mode and the RBM coneetlyj 8 In a symmetry- 
based approach, starting also from the graphite force constants, the calculated phonon bands 
are automatically labeled by their quantum numbers.I s - 1 148.3] j n pjg g,2 we illustrate the 
usefulness of helical quantum numbers (Sect. 2.3.2) for the phonon dispersion of a (14,5) 
nanotube. On the right of Fig. 8.2, the dispersion of the (14,5) tube with 2 q = 388 atoms in 
the unit cell is plotted in terms of the common linear quantum numbers, obviously this is not 
very useful because of the large number of atoms per unit cell and hence bands. The helical 
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Figure 8.3: Phonon density of states of single- 
walied carbon nanotubes. (a) Inelastic neutron scat¬ 
tering data. The lower trace (solid circles) is mea¬ 
sured on single-walled nanotubc bundles; the up¬ 
per trace (open circles) from graphite. Two peaks 
at 22 and 36meV appear only in the nanolube spec¬ 
trum; they are likely to come from the radial breath¬ 
ing mode, (b) Calculation of the phonon density 
of states from a force-constants model. The three 
curves are for an isolated (10,10) lube (upper curve), 
for a distribution of isolated tubes with an average 
diameter of 1.4 nm (middle), and for a bundle of 
(10,10) nanotubes. The curves are offset lor clarity. 
From Ref. [8.8]. 



energy [meVJ 


quantum numbers, in contrast, yield 6 bands (n 1 and thus rh = 0 only) as viewed in the 
figure on the left. These bands can be used in further numerical calculations using the phonon 
dispersion in nanotubes. 

First-principles calculations of the phonon dispersion in carbon nanotubes arc rare and 
mostly restricted to achiral tubes because of the large number of atoms in the chiral unit 


cells. 7 * The ab-initio and force-constants calculations agree in the general shape of 
the dispersion, <?.#., regarding the overbending in the longitudinal optical bands and the \/d 
dependence of the RJBM frequency (Sect. 8.2), but the frequencies from ab-initio calculations 
for graphene and carbon nanotubes tend to be overestimated. 


The phonon density of states of single-walled nanotubes was measured by inelastic neu¬ 
tron scattering.L 8 8 * The data from Ref. [8.8] are shown in Fig. 8.3 (a). The upper curve (open 
circles) was measured from graphite; the lower one (full circles) from single-walled carbon 
nanotubes. The two experimental curves are not too different, which is to be expected from the 
similarity of the materials. The measurements also agree with the calculated phonon density 
of states in (b) except for the theoretically predicted peak at 155 meV *, which is not observed. 
The most significant difference between the graphite and the nanolube spectra in Fig. 8.3 (a) 
is found in the low-energy range. The peaks at 22 and 36meV appear only in the nanotube 
spectrum. They were attributed to the radial breathing mode, which, as described, is unique to 
single-walled nanotubes. The high density of states for the radial breathing mode is consistent 
with its weak dispersion near the j T point, see Fig. 8.1 (c). In the high-energy part, the peak at 
~ 175 ineV is lower by some meV in carbon nanotubes compared to graphite; this peak arises 
mainly from the M point in graphite. The phonon density of states drops to 0 at & 205 meV, 
indicating an overbending of the longitudinal phonon bands, see also Sect. 7.3. 


1 1 meV— 8.071 cm 1 ; 10 cm 1 — t .239 meV. 
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Figure 8.4: Raman spectrum of single-walled nano¬ 
tubes excited with 488 nm. The energy regions of 
the radial breathing mode (RBM), the -point re¬ 
lated D mode, and the high-energy mode (HEM) are 
shown; the RBM and the HEM are very strong. 



Raman shift (cm" 1 ) 


The first-order Raman spectra arc divided into regions where the entire tube deforms at 
low frequency and where neighboring carbon atoms vibrate out-of-phase at higher frequency; 
the discussion in this chapter will be divided accordingly. The low-frequency range of the 
radial breathing mode (RBM) is between 100 and 400 cm" 1 , the intermediate range with the 
defect-induced vibration (D-mode), which involves phonons from the graphite AVpoint, lies 
between 1200 and 1400 cm -1 , and the high-energy range, 1500-1600 cm -1 , belongs to the 
so-called high-energy mode (HEM), see also Fig. 8.1. A typical Raman spectrum of a sample 
of single-walled nanotube bundles excited at A = 488 nm is shown in Fig. 8.4. Most Raman 
spectra look remarkably similar when excited with Pi(0\ > 2.0 eV; when excited with lower 
energy around 1.9 eV the spectra in the high-energy region broaden, change their shape, and 
shift somewhat to lower wave numbers, the maximum intensity being around 1550 cm -1 . The 
two types of HEM line shapes are traditionally referred to as semiconducting and metallic, a 
notation related to the electronic density of states of semiconducting and metallic nano tubes 
believed to cause corresponding Raman resonances. We will discuss this further in Sect. 8.5. 

The first Raman spectra of carbon nanotubes were published 1993 by Hiura and eowork¬ 
ers J 8 - 9 ! This very first spectrum looked exactly like graphite with a single peak at^; 1580 cm 
Holden et c//.^ 8,101 reported for the lirst time the group of broad Raman peaks just below 
1600cm' 1 , which is typical for single-walled nanotubes. A tentative assignment of all Ra¬ 
man modes to calculated frequencies was made by Rao et ] ^ partly, this assignment is 
still considered to be correct. Known deficiencies have arisen in the high-energy part of the 
spectrum, which is not explained by a simple correspondence between a JH-point eigenfre- 
quency and an experimentally observed peak, as first thought. 

One of the most curious aspects of Raman scattering in nano tubes actually goes back to 
graphite. There, the vibrational mode in the region 1200 to 1400 cm" 1 had the unusual prop¬ 
erty that it changed its energy in the Raman spectrum with excitation energyJ 8,12 ^ 8,13 * The 
corresponding mode in nanotubes showed a very similar behaviorj 8 ' 4 ^ 8,14 ^ and so a common 
explanation was called for. It is now accepted that the large excitation-energy dependence 
stems from a double-re sonant Raman process, see Sect. 8.5. 

Raman-scattering experiments have given the impetus to improve the understanding of 
both electronic and vibrational aspects of carbon nanotubes. The lowest-order approximation 
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ol' Mintmirc and White, while suitable near the Fermi surface, led to difficulties in interpret¬ 
ing, e.g., chirality-dependent energy splittings, arising from the trigonal shape of the graphite 
electronic band structure near the K point. When analyzing resonance Raman spectra the 
splitting of the clectronie joint density of states can be detected. 

Another stimulation arose from the two models used to interpret the pressure dependence 
of the nanotubc Raman spectra. In macroscopic elasticity theory (see Chap. 6) vibrations 
with eigenvectors purely in axial or circumferential directions have predictable relative pres¬ 
sure slopes because a cylinder under hydrostatic pressure deforms in a way well known from 
continuum mechanics. 81 Pressure experiments/ however, did not reflect what was 


expected from continuum theory, leading to an experimental estimate of the strength of van- 
der-Waals bonding in bundles of nanotubes. In general, because nanotubc samples often con¬ 
sist of unoriented tube ensembles, where only the average tube diameters could be controlled 
by growth conditions but all chiral angles are present, the Raman signal is averaged over dif¬ 
ferent polarizations, diameters, and chiralities. Therefore, the correct interpretation of the 
Raman spectra, in particular of the high-energy mode, posed quite a challenge. 


8.2 Radial Breathing Mode 


The radial breathing mode is the conceptionally easiest mode to understand in carbon nano¬ 
tubes. In single-walled nanotubes it is widely applied to determine the diameter of nanotubes 
as it has a particularly simple relationship between its frequency and the diameter of a tube. 
In the radial breathing mode, which has symmetry (Table 8.1), all carbon atoms move in 
phase in the radial direction creating a breathing-like vibration of the entire tube, see Fig. 8.5. 
The force needed for a radial deformation of a nanotubc increases as the diameter (and hence 
the circumference) decreases. The expected dependence of the radial breathing mode fre¬ 
quency on diameter is 


=C\/d K + C2(d), 


( 8 . 1 ) 


with C] a constant, C 2 possibly depending on diameter, and an exponent K. Equation (8.1) 
was first introduced by Jishi et n/J 8,17 ^ for isolated nanotubes with C 2 -- 0 and k = 1 and is 
used to measure the diameters of isolated carbon nanotubes/ 81 ^‘ s 181 However, there is quite 


Figure 8.5: Radial breathing mode of an (8,4) nanotube with 
a diameter of d = 8 A. The arrows indicate the motion of the 
carbon atoms during the vibration. A breathing tube changes 
its diameter as indicated by the lines. 
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Table 8.2: Different values used in the literature forCi and C3 in Eq. (8.1). The constant is mentioned 
only if Cy / 0, the exponent only if k / 1; 7,F refers to /one folding. C\ is given in units of cm -1 nm, 
(-'2 in cm 1 . 



c, 

C 2 

Exponent Method 

Jishi et rt/J 8 ' 17 * 

218 


ZF, graphite force constants 

Rao et c//.^ 8 ’ 111 

221 


graphite force constants 

Bandow et 

223.8 


force constants 

Kurd et c//.J 8 ' 19 l armchair 

236 


EDA, frozen phonon 

zig-zag 

232 



Jorio et of. 

248 


Raman amplitude 

Alvarez et a /. 18 * 201 

238 


0.93 force constants, bundles 

Sanchez-Portal et a/J 8,2 * 

233 


ah initio 

Popov et 

230 



Henrard et c//., 18,221 armchair 

261 


tight binding, isolated 

zig zag 

256 



averaged 

258 

21 

bundles 

Kuzmany et al 


C'{(DJ) 

bundles 

Mahan 18,241 

227 


elastic properties 

Dobardzic et al J 8 2 N 

224.3 


tight binding, isolated 

Machon et al. ^ 8 - 26 ^ 

232 


oh initio 

Bachilo et a/J 8,271 

223.5 

12.5 

luminescence/Raman 


a range of values for C \, which differ by a lew per cent and translate into a similar uncertainty 
for d . The values reported in the literature for isolated and bundled nanotubes are summarized 
in Table 8.2. For isolated tubes they range from C’i =218 to 248cm'" 1 nm. There is also 
no accurate independent experimental confirmation for a value of C\ from a measurement of 
tube diameter, say from a diffraction experiment, and 0 )rbm on the same tubes. Rather, C| is 
either calculated or found by a consistent best fit to a large set of measurements of tubes. We 
feel that it is safe to keep a 5% inacccuracy in mind when working with Eq. (8.1). Note that 
Eq. (8.1) also holds for chiral tubes, since chirality-specific assumptions were not made in its 
derivation. 

8.2.1 The RBM in Isolated and Bundled Nanotubes 

Raman measurements with a number of different excitation wavelengths were first reported 
by Rao et cil)* A 0 They showed that the RBM frequency is resonant with electronic transitions 
in the nanotubes and that the frequency of the largest RBM peak in a given sample is different 
for different excitation energies. In graphite-based force-constant calculations they derived 
a value of C\ 221 cm -1 nm and performed the first assignment of Raman peaks to lattice 
vibrations. The assignment was based on the natural assumption that the modes in the spectra 
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Figure 8.6: Radial breathing mode of three differ¬ 
ent individual nanotubes or small ropes. From Dues- 
berg et a/3 8 - 29J 



were T-point modes and that they should have a eertain correspondence to the Raman spee- 
trum in graphite. The assignment is still believed to be correct today as regards the grouping 
of peaks, i.e., the low-frequency RBM, the D mode, and the high-energy mode. The details of 
the assignment, in particular the symmetry of the observed modes was under debate for a long 
time: the selection rules and the pressure dependence of high-energy modes did not fall into 
the predicted categories of A[ gy E\^ and Eig phonons, see Sect. 8.4. 

The first systematic combined X-ray, electron diffraction and Raman experiments on a set 
of bundles of nanotubes with different diameters was performed by Bandow et c//. 18 181 They 
increased systematically the growth temperature from 780 to 1000 °C and obtained mean di¬ 
ameters ranging approximately from 9.5 to 12.2 A; at all temperatures there was a distribution 
of diameters of about +0.1 nm, see also Ref. [8.28], Using a force-constant model (not ex¬ 
plicitly evaluating the experiment) they derived C\ as indicated in Table 8.2. 

The Raman spectra, through electronic resonances, arc so strong that spectra of individ¬ 
ual isolated tubes can be recorded in a reasonable accumulation time. In Fig. 8.6 we show 
the low-energy region of a spectrum, taken from three different isolated nanotubes or small 
bundles as identified in atomic-force microscopy. The polar plots in Fig. 8.21 were generated 
from polarization-dependent measurements on such isolated nanotubesJ 8,29 ^ Nevertheless, 
there has not been any report of a series of isolated nanotubes with independently determined 
diameters measured at the same lime with Raman spectroscopy to determine experimentally 
Ci in Eq. (8.1). 

Most of the information on Ci stems from calculations, based on either graphite force 
constants as described above, or on ab-initio methods. Kiirti et a/.^ 819 ' were the first to report 
such a first-principles calculation on armchair and zig-zag nanotubes. They relaxed their 
tubes and then increased and decreased the tube radii; from a quadratic lit to the resulting 
energies they determined the force constant and from that calculated the RBM frequency 
(frozen-phonon method). They found slightly different force constants for armchair and zig¬ 
zag nanotubes, Ci -- 236 and = 232 cm' 1 nm, respectively. Since these values are used 
frequently to determine radii of nanotubes we want to comment on their accuracy. Allowing 
for a deviation of the exponent K ~ 1 in zig-zag tubes and rather finding a best fit to the 
frequencies calculated by Kiirti et al leads to K - - 0.98 + 0.01; the corresponding C, = 
222 cm -1 nm is much lower than for k 1. Really, this implies that the values calculated for 
Ci should not be believed to better than about 5%. 
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Figure 8.7: z-component of the eigenvector of the 
radial breathing mode in nanotubcs as a function 
of chiral angle as given in Eq (8.2), Note that 
for symmetry reasons the z-componcnt in armchair 
nanotubes must be strictly zero. After Dobard^ic 
et at 



Chiral angle 0 (°) 


The vibrational properties of selected nanolubes were calculated with ab-initio methods 
by Sanchez-Portal et a/. 18,21 They confirmed the 1 jd dependence of o)rbm and found a con¬ 
stant C| — 233 cm -1 nm for the larger tubes (cl > 7.6 A). Using similar techniques, Machon 
et a/.* 8,261 included more nanotubes and obtained a similar value. They observed that the 
armchair lubes were quite well described by the inverse-diameter relationship down to a (3,3) 
lube. The zig-zag lubes for small diameters, however, were systematically lower in frequency 
than estimated by Eq. (8.1), e.g., the (5,0) by almost 50cm -1 and the (6,0) by 40cm *. 

There is a subtle point about the difference of the frozen-phonon method to a full inversion 
of the dynamic matrix with ab-m/z/^-determined force constants. Based on symmetry alone, 
the radial breathing mode, which is fully symmetric can mix, in principle, with any 
other fully symmetric mode. In zig-zag tubes the only candidate for mixing is the high-energy 
axial vibration at ~ 1600 cm 1 (Chap. 2). Now, because the frequencies - and hence force 
constants - for these two vibrations differ by an order of magnitude, such mixing is not going 
to be very large; it may be neglected to a hrsl approximation, and the zig-zag lube may be 
considered purely radial in a frozen-phonon calculation.* 8 ' 19 * The first to point out the small 
but systematic z-component in the eigenvector of the radial breathing mode were Dobardzic 
et c//.^ 811 They derived the phonon bands for all nanolubes in a large diameter range based 
on symmetry and using appropriately modified graphite force constants. They give a fitted 
expression for the z-component as a function of chiral angle 0, which we plot in Fig. 8.7: 


zrbm(/A 0) 


/ 0.197 

V T 


0.167 \ 


cos 3 0 , 


( 8 . 2 ) 


where d (in A) is again the diameter of the nanotube. This expression agrees nicely with recent 
numerical work: the RBM eigenvectors of zig-zag nanotubes from ab initio have indeed a z- 
component on the order of 10 2 (of the normalized eigenvector). Armchair nanotubes, on the 
other hand, have a horizontal mirror plane and hence a fully symmetric axial vibration does 
not exist. In armchair nanotubcs the z-component in numerical work is much smaller, < 10“% 
a measure of the numerical accuracy. In the frozen-phonon method the z-component cannot 
be taken into account. 

The radial breathing mode was also used in experiments to determine the diameters of 
quite small tubes, such as the (3,3), (4,2), and (5,0) tube, which can be grown in channels of 
zeolite as was shown by Sun et u/ 8,301 The channels have a diameter of 10.1 A, and taking 
the nanotubes (3,3), (4,2), and (5,0) with diameters near 4 A to fit in there, C\ = 233 cm“ *nm 
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yields an RBM frequency of around 560 cm 1 . Sun et al. indeed observed a peak at 530 cm 1 , 
which agrees well with the softening obtained from recent ab-initio calculations . 18,311 There 
is also work on the RBM mode where Raman scattering and luminescence are simultaneously 
detected in samples of isolated tubes / 8,27 ^ 8,321 see Chap. 4. 

From a symmetry-based force-constant calculation Dobardzic et ai suggest an empirical 
correction to Eq. ( 8 . 1 ) that decreases as d 3 for large diameters 


g>rbm = 


2243 


665 


(8.3) 


with d in A and C0 rbm in cm -1 . This term is not related to van-der-Waals interactions and, for 
a tube of 1 nm diameter, amounts to only 0.67 enr 1 ; for smaller tubes it becomes increasingly 
important. For the zeolite-grown tubes Eq. (8.3) yields a softening of about 10 cm 1 compared 
to Eq. (8.1). Remarkably, the authors of Ref. [8.1] derived similar expressions for all optically 
active modes for all chiralities and diameters in the range 2.8 A < d < 50 A, see their Table I. 

It is somewhat surprising to see Eq. (8.1) work to such small diameters with only small 
corrections, since one would expect curvature effects on the strength of the bonds to become 
more noticeable at some point. The results of ab-initio work for small tubes, such as those in 
zeolite, confirm however, that curvature-induced effects are not very large down to diameters 
of4A. t8 - 2M * 26| - r8 ' 3l] 

Attempts have been made ^ 8,331,18,341 to take the diameter determination as described by 
Eq. (8.1) with its at best 5% accuracy one step further. We will describe the ambitious goal of 
deriving the chiral indices from Raman scattering although we believe that there are several 
implicit assumptions in the procedure that, when challenged, cannot be justified. As the final 
index assignment is a “digital'’ information (a chiral vector is given), it is very hard to associate 
an error bar with the chiral-index determination: it is either completely right or completely 
wrong. We have reasons to fear the latter. 

Essentially the idea behind this method is to combine the RBM frequency with information 
about the electronic band structure. In this picture, the laser resonance selects a particular 
tube out of a set of different diameters. It is clear that a precise knowledge of the electronic 
transition energies is vital for this selection process to work unambiguously, because for a 
given diameter range, say d_0.5 A at d ~ 14 A the number of closely spaced possible chiralities 
is large. 

Jorio et a /.^ 8 - 341 fixed their two energy scales as follows: C\ in Eq. (8.1) was chosen to 
be 248 cm -1 nm on the grounds of Raman intensities. The peak with the highest amplitude 
in a series of some 50 measurements was assumed to match an electronic transition energy 
in a nanotube closely. In addition, they required the tube to be of armchair type or at least 
a tube with a large chiral angle because of the trigonal shape of the underlying Brillouin 
zone of graphite ^ 8 351,18,36 ^(see Sect. 3.1.1). This tube was taken to be in full resonance, see 
Fig. 8 . 8 . In the reported measurements, these two conditions were best fulfilled for a (13,10) 
nanotube with chiral angle 0 - 25.7° and transition energy Ej v { = 1.58 and 1.55 eV for the 
two trigonally split parts. C\ is then justified in hindsight as being the best choice for also 
explaining the relative intensities of all other peaks in the spectra. The larger value of C\ 
compared to most other findings (Table 8.2) was suspected to be due to other interactions, 
e.g. y with the substrate or with air . 1 - 8 - 341 
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Figure 8.8: (a) The intensity of a series of RBM 
modes versus the frequency of the mode (upper 
scale), (b) Kataura plot. Possible electronic tran¬ 
sition energies from a first-order tight-binding for¬ 
mula as a function of the inverse tube diameter plot, 
lower scale). The horizontal lines indicate the ex¬ 
citation energies used in the experiment and hence 
limits the possible set of tubes to those in the circle. 
The circle indicates the area where the largest ampli¬ 
tude Raman peak originates. After Jorio et c//T : 
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Several assumptions need to be examined when following the above procedure. (1) Aside 
from not being derived from an independent measurement, the correlation between C\ and 
the Raman intensities implies that a priori the Raman matrix elements are independent of 
chiral angle (Sect. 7.1). It is known, however, from recent experimental 18 - 37 * and theoreti¬ 
cal 18,2 ^ work that this is not the case. Zig-zag nanotubes can have Raman intensities more 
than 10 times larger than armchair tubes with similar diameter. (2) The initial choice of 
Ci = 248cm -1 nm appears not well justified, and the entire procedure hinges on only one 
data point. (3) The electronic transition energies were calculated using a l sl -order tight- 
binding expression (Sect. 3.1.1) with yo -- 2.9eV as parameter. This parameter is not well 
known and taking it to be 3.0eV would result in an entirely different assignment as, e.g., Tan 
et oL pointed out. 18 33 * [The mode at 156 cm 1 would then be assigned to a (17,5), see Table 1 
in Ref. [8.3413 (4) The tight-binding expression itself is only a first approximation to the band 
structure. In Sect. 3.1.1 we showed that 1 st - and 3 rd -order tight-binding energies near 1.6 eV 
differ by 50-100 meVj 8 38 * (5) Correlation effects are not included, they give an additonal 
shift in the excited-state energies. 18,39 * In Fig. 8.9 we compare the density of states obtained 
for a (10,5) tube with different methods, none including correlation effects. The transition 
energy clearly depends too much on the specific calculational approach to provide a reliable 
assignment of an experimental laser energy to a particular tube's transition. 

With C 2 yM) it is possible to explicitly account for the van-der-Waals forces, which are 
responsible for the intertube interactions in nanotube bundles. Evidence for the size of the 
van-der-Waals interaction came from high-pressure Raman experiments. Venkateswaran et 
ai 3 8,I6 1 and Thomsen et a/. 18,41 * found that the normalized pressure dependence of the radial 
breathing mode was « 16 times larger than the normalized shift of the high-energy modes. 
The striking difference in the pressure slopes can only be explained by the additional van-der- 
Waals interaction between the tubes in a bundle that alters the RBM frequencies. Since the 
van-der-Waals forces are much weaker than the intratube interaction, the tube-tube distance 
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Figure 8.9: Densities of stales for a 
(10,5) chiral nanotube. From bottom to 
top we show the singularities obtained 
with first-order tight-binding approxima¬ 
tion (it orbitals only), the zone folding 
of graphene, and an ab-initio calculation. 
The lower scale shows the energies as ob¬ 
tained from the ab-initio work and for 
graphene. The tight-binding curve was 
adjusted to match the conduction bands 
of the other calculations (7=2.54 cV). The 
upper scale, with y — 2.9 cV, may be con¬ 
sidered a correction of the ab-initio work 
for the band gap problem. From Reich 
elal}* 4 '" 


Energy corresponding to y 0 =2.9 eV (eV) 
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changes more rapidly under pressure than the diameter and the length of the tube itself. In 
turn, the van-der-Waals force constants also contribute to the radial breathing mode frequency 
at ambient pressure. From the pressure experiments the strength of the van-dcr-Waals coupling 
was estimated to range from 5 to almost 30%. 


The van-der-Waals interaction in nanotube bundles can also be studied via the temperature 
dependence of the radial breathing mode. Thomsen et and, later, Raravikar et al.^ A2 ^ 

both found that the temperature dependence can be divided into two parts, one “intrinsic” 
RBM part, and one due to tube-tube interactions. Their results imply again a 20-30% con¬ 
tribution of the van-der-Waals force constant to the total radial breathing mode in bundles of 
nanotubes. Li et a/J 84 ^ found a similar temperature dependence for the RBM in a tempera¬ 
ture range from room temperature to about 700 °C. 

Hcnrard et a!)*' 22 ^ calculated the effect of bundling on the radial breathing mode and found 
it to shift the frequency up by between 5 and 15% of the isolated RBM frequency, depending 
on the diameter of the tube. From their calculated frequencies, though, it can be seen that 
the absolute shift is approximately constant, Acorbm ^ 21 d-2cm _1 , justifying the simple 
approach taken in Eq. (8.1). For a limited range, the diameter dependence can also be fit by 
choosing an exponent k ^ 1 as Alvarez et n/J 8,20 ' 1 showed, see Table 8.2. Henrard et 
in a later paper, studied the effect of intertube coupling in homogeneous and inhomogeneous 
bundles of (6,6) and (10,10) tubes in their force-field Lennard-Jones approach. They find 
mixed modes and predict the occurrence of a second RBM for tubes that are typically studied 
due to the bundling. However, such a bundle-interaction-induced mode has not been observed. 

A second reason as to why the low-energy Raman spectrum yields only a rough estimate 
of the diameter is resonant scattering. Milncra et ^/. [8,45 ' thoroughly studied the Raman 
spectrum of the radial breathing mode as a function of the excitation energy between 1.44 and 
2.71 eV; selected spectra are reproduced in Fig. 8.10. It shows how the spectrum changes when 
a sample with a distribution of nanotube diameters is excited with different laser energies. 
The diameters obtained from the two lowest traces by the 1 jd dependence differ by ~ 13%. 
The dependence of the scattering frequency on excitation energy was interpreted as selective 
resonances with different tubes, and the van-der-Waals contribution was estimated as 8.5%. 
The authors point out that their Raman calculation is sensitively based on the choice of the 
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Figure 8.10: Raman spectrum in the low-cncrgy range mea¬ 
sured wiLh different excitation wavelengths. Modified figure 
from Ref. [8.451. 



140 160 180 200 
Raman shift (cm' 1 ) 


so-called overlap integral parameter y<) — 2.9 eV (Sect. 3.1.1), a change of % by 5% can lead 
to a 10cm" 1 shift of a particular RBM frequency. ^ 8 451 

In a further refinement it was suggested to make the second term in Kq. (8.1) bundle- 
diameter (D)-dcpcndentJ' 8,22 ^^ 8,46 * Hulman et cil. report C" — Ci/D = 12 cm ^m for a spe¬ 
cific sample with about 20 nanotubes per bundle. Kuzmany et in an attempt to de¬ 

scribe a large set of samples with quite different tube and bundle diameters, extended this 
refinement of C 2 by introducing a function that depends on tube diameter and bundle diame¬ 
ter. Rao et ^/J 8 47f studied isolated nanotubes in solution and found the radial breathing mode 
to have shifted up compared to undissolved tubes. They proposed that this apparent contra¬ 
diction to the expectation for a van-der-Waals contribution could be resolved by assuming 
changes in the electronic structure of the tubes in solution. 

In a simple model the van-der-Waals contribution can be treated as a constant additive 
force constant £ v jw to the vibrational force constant of an isolated tube 

^RRM = £iso + &vdW ' (8.4) 


Then the RBM frequency is given by g)rbm 

WvdW £0j S0 


yj~0)r o + fi) 2 , w , which can be expanded for 


~ ~ - + Co d with Co = '^ iW 
d “ 2Ci 


(8.5) 


For a fixed Ci there is thus a correction linear in d due to the van-der-Waals force. From 
the pressure dependence of the RBM frequency 37% of the total RBM force constant was 
estimated to be of van-der-Waals type. 18 411 Table 8.3 calculates C f 2 from Eq. (8.5) and gives 
the shift in this model also for the smaller estimate of Venkateswaran el c//. 18 161 
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Table 8.3: Van-der-Waals coefficient CJ~> from Eq. (8.5), assuming a contribution to the total RBM force 
constant of 37%^ 8,4 ^ and 17C| = 233 cm" 1 mil" 1 and an observed RBM frequency of 177 cm" 1 
was used. Acorbm is difference of the RBM frequency in bundled and isolated tubes. All frequencies 
rounded to full cm" 1 . 


*vdw/&RBM 

COvdW 


C 2 [cm 1 nm 1 

d 

nm 

Ao>rbm 

0.37 

103 

135 

22.8 

1.7 

39 





1.4 
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1.0 

21 

0.17 

70 
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1.4 

16 





1.0 
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Kuzrnany et al J 8 - 23 ! found C? =12 cm -1 nm 1 for a series of measurements, confirming 
this phenomenological approach. Of course, the van-der-Waals contribution to the total force 
constant is not necessarily diameter independent, and C 2 would be modified accordingly. For 
another estimate of the van-der-Waals contribution using the zone-boundary frequency of the 
corresponding graphite mode see Eq. (8.6). 


8.2.2 Double-walled Nanotubes 


Recently, the fabrication of double-walled tubes has become possible. They may be prepared 
by first filling bundles of nanolubes with C^o fullerenes with a procedure described by Kataura 
et «/J 8,4y| These filled tubes are then healed to 1300°C for about 12h, during which the Q,o 
transforms to the inner nanotube as described by Bandow et tf/. 18,50 ^ In these tubes with mean 
outer diameters in the range 14 A it is possible to simultaneously study two breathing modes. 
They are related in the sense that given a diameter difference of twice the graphite lattice- 


Figure 8.11: Frequencies of double-walled nano- 
tubes as a function of diameter of the outer tube. 
Open symbols correspond to isolated single-tube 
modes, closed ones to two different models for cal¬ 
culating the mixed modes. Note that the mixed¬ 
mode frequencies arc always shifted up compared 
to the same-radius single lube. From Ref. 18.48]. 


(n,n}©(n+5,n+5) 
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Figure 8.12: Approximations for A] and A 2 in 
the large and small-diameter limit in double-walled 
nanotubes. See Fq. (8.6). The solid line is the ex¬ 
act analytical expression, which agrees well with the 
calculation of Popov et ai in Fig. 8.11. From Do- 
bardzic et a/.l 8 * 25 ! 



plane distance, only a Unite set of fixed pairs of tube diameters occurs. 2 The two tubes are 
also related in the sense that their radial breathing modes may mix due to the van-der-Waals 
interaction and form in-phase and out-of-phase modes. 

Popov and Henrard^ 8,48 * ealculated the corresponding frequency shifts for double and also 
for higher-wailed nanotubes using a force-held method, including the van-der-Waals interac¬ 
tions with a Lcnnard-Jones potential, see Fig 8.11. Dobardzic et a/J 8,25 -* estimated the mixing 
of inner and outer modes in a simple analytical model, which gave results very similar to 
those in Fig. 8.11. They provided the following useful approximations for the shift in RBM 
frequency ol’two coaxial tubes with d\ — d 0 — Ad and Ad = 2 x 3.44 A the difference between 
outer and inner diameter, (see Fig. 8.12): 


A 12 = AGJrhm 


K f di 

2 7C\ 


for d t < 7 A, 


( 8 . 6 ) 


where id simulates the van-der-Waals force constant between the layers. It is adjusted to 
K f — 115 927 amu cm -2 A^ 1 and yields the experimental frequency of the graphite By s mode 
at 127 cm -1 ; c = 14.375 amu A -1 is the linear mass density of a carbon nanotube, 2 3 At small 
diameters the shift is linear in diameter and positive for both inner and outer tubes, z.e., both 
radial breathing modes shift up in frequency by the same amount. Equation (8.6) actually 
provides another way of estimating C f 2 in Eq. (8.5): C 2 — k'/ 2 cC\ ~ 17 cm 1 nrn" 1 , in rough 
agreement with the pressure-derived values. 

For large tubes (d\ «>), the out-of-phase mode approaches linearly the graphite B\ K 

frequency at o)n ly = 127cm“ 1 


a a ^.out-of-phase 
A 1 = Aft) RBM 


(Ob u -—-- for di > 10 A; 

1 4 dj 


(8.7) 


2 The precise value fur Ihe wall-to-wall distance in double-walled lubes is unknown and taken to be slightly differ- 
ent by different authors. 

3 1 aniu= Yjtn(^C) — 1.66 x 10 27 kg. 
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Figure 8.13: Raman spectra of double-walled car¬ 
bon nanotubes with assignments of the chiral indices 
(/?i , 722 ); M indicates metallic tubes. The sharp lines 
are thought to arise from the inner tube, which is 
believed to have very few defects. After Ref. [8.5 1J. 
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the frequency shift of the in-phase modes goes to zero quadratically in this limit as its dis¬ 
placement becomes the translational eigenvector in graphite 


A2 


. * Jn-phasc 


Ci Ad 


for dj > 10 A. 


( 8 . 8 ) 


For those double-walled tubes commonly investigated, Eq. (8.6) gives a simple estimate of the 
van-der-Waals-induced shift of the breathing-like modes in double-walled tubes. 

There are several reports on Raman scattering on double-walled nanotubes. Pfeiffer et ai 
report very sharp lines down to 0.35 cm -1 , which they attributed to radial breathing modes 
from the inner tubes of their sample; we reproduce their spectra in Fig. 8.13. 5 5 ^ The split¬ 
ting found for the majority of lines is attributed to interactions between inner and outer tube. 
This does not explain the narrow linewidths observed: the outer tubes should also have a 
broadening effect on the mixed vibrations. In their frequency analysis C\ — 235cm _1 nm and 
C 2 = 9 cm 1 — const; Co corresponds to the shift calculated from Eq (8.6) for an inner tube 
diameter of about 5.5 A, 

Bacsa et ai 18,521 prepared double-walled tubes by catalytic chemical vapor deposition 
method.* 8 * In their reduction process they were able to produce nanotubes with one to four 
walls and scanned them with a micro-Raman setup. They found several pairs of peaks that 
they assigned to mostly semiconducting peaks in a diameter range of 6.1 to 7.6 A for the inner 
tube. Their agreement with breathing-mode frequencies derived from Eq. (8.1) (Ci=224 cm -1 
nm, C2=0) is excellent (on the order of 1-2 cm -1 ), but they did not include the van-der-Waals 
interaction, for which Eq. (8.6) predicts an & 12 cm -1 upshift compared to an isolated tube of 
the same diameter. 

In a study also including the high-energy modes Bandow et r//. 18,541 used a literature- 
averaged value for C\ 1=234 cm - Sim, Eq. (8.1)]. Given the wide spread of values for Cj, 
this seems a most reasonable approach. The corresponding error is about 5% for the so- 
determined diameter. For their tubes, Bandow et al. found the inner tubes to have diameters 
in the range 6-9 A and the outer ones correspondingly 13-16 A. Similar to Bacsa's work, 
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Figure 8.14: The apparent shift of the RBM frequency in a 
(10,10) nanotube if the Raman process is double resonant, 
compared to the T-frequency. From Thomsen et al. 
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van-dcr-Waals interaction was not explicitly considered, but taken to be included in C i. The 
high-energy modes appeared not much affected, except for one new mode appearing under 
red laser excitation (hC0i= 1.9 eV). This mode, which was downshifted by about 7 cm 1 - 
presumably due to the stronger curvature - was assigned to the inner tube. 

Finally, we discuss an aspect of the diameter determination that is related to the double- 
resonance process in nanotubes. The frequency-diameter relationship G)rbm ru £"/ 1 as calcu¬ 
lated and summarized in Table 8.2 refers to k = 0 vibrational frequencies. In non-resonant or 
single-resonance scattering the observed excitations will be at k = 0, and a comparison with 
experiment can proceed as described. If, however, the radial breathing mode is an excitation 
involving a double resonance like the D or G mode^ 8 ^ then a large phonon q vector is in¬ 
volved. For phonons with dispersion, and the radial breathing mode does have dispersion, this 
implies that the observed frequency is not the RBM frequency of Eq. (8.1), but higher than 
that. In Fig. 8.14 we show the effect double resonance may have for a (10,10) nanolube. In 
such a case, the upshift due to double resonance may amount to 10 cm -1 , of course depending 
on the details of the electronic and phonon dispersions. 


8.3 The Defect-induced D Mode 

The D mode at 1350 cm 1 (Fig. 8.4) has been known in graphite for over 30 yearsJ 8 57 ^ It 
does not originate from a F-point Raman-active vibration. Tuinstra and Koenig^ ^ 7 * showed 
that the D-mode peak is induced by disorder. They measured different graphite samples and 
found that the intensity of this mode increases linearly with decreasing crystallite size. Vidano 
et studied the graphite Raman spectrum as a function of excitation energy. Their 

measurements revealed a Raman puzzle, which remained unsolved for almost 20 years: the 
frequency of the D mode shifted with the energy of the exciting laser. A similar behavior is 
found in multi wall and single-walled nanotubes as wellJ 84 ! .[ 8 . 14 ] dependence is due to 
a double-resonant Raman process, which selects a particular phonon wave vector for a given 
excitation energy. Since the phonon band is dispersive, the change in wave vector fulfilling 
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the double-resonance condition results in a shift in phonon energy. 1 8 58 1 For an introduction to 
the double-resonance process the reader is referred to Sect. 7.4. 


8.3.1 The D Mode in Graphite 

As we explained in Sect. 7.4, the D mode in graphite is a “classical” example of defect- 
induced, double-resonant Raman scattering with all properties characteristic of this effect. 
First, the frequency of the D mode increases with laser energy 112| ‘ 13 ^ 1 8 - 59 l-l 8 - 6! I by about 
50 cm l /eV. Secondly, at the same excitation energy a difference of 7 cm 1 between Stokes 
and anti-Stokes frequencies was observedJ 8 - 62 ! Finally, the Raman intensity increases with 
the number of defects, showing that the D mode is a defect-induced, non-F-point phonon. 
The defects are boundaries of the microcrystalliles in a polycrystalline graphite sample ^ 7 J 
Vice versa , the average crystallite size can be estimated from the D-mode intensity compared 
to a non-defecl-induced mode. 

Thomsen and Reich^ 8 5H 1 explained the origin of the D mode in graphite as due to double 
resonance. They calculated the D-mode spectrum and its frequency shift by fully integrating 
the Raman cross section [Eq. (7.24)] over the two-dimensional Brillouin zone. The double¬ 
resonant scattering takes place between the linear electronic bands near two inequivalent K 
points, see Fig. 8.15 (a). l8,58|, ' 8,63 l The resulting phonon wave vector is about twice the vector 
r~K, which again is close to the K point. Sometimes this is referred to as the q = 2k rule 
(where q is the phonon wave vector and k is the wave vector of the excited electron), which is, 
however, only an approximation, see Sect. 7.4. If we extrapolate to zero excitation energy, the 
double-resonant phonon wave vector is exactly a F-poinl vector; at the K point, the phonon 
dispersion has a minimum. When the laser energy increases, the phonon wave vector moves 
away from the K point and the observed phonon frequency increases. In Fig. 8.15(b) we 
show the calculated D-mode frequencies as a function of excitation energy (full symbols). 
The agreement with the experimental data (open symbols) is excellent. A related explanation 
based on double resonance was proposed by Baranov et al.:^ M ^ other models employed a 
disorder-induced two-phonon processJ 8,611,18,651 

In anti-Stokes scattering, the double-resonant phonon wave vector is at larger distance 
from the K point than in Stokes scattering for the same laser energy. Therefore, the D mode 
is at higher frequency in the anti-Stokes spectrum, as observed experimentally. 18 621 The over¬ 
tone of the D mode, D* (also referred to as G v )> shifts at about twice the rate of the D mode. 
As explained in Sect. 7.4, in second-order overtone scattering instead of defect scattering the 
electron is scattered by two phonons with the same energy but opposite wave vector. There¬ 
fore, the double-resonance condition changes only slightly. The observed frequency and hence 
the frequency shift is then doubled, in agreement with experiment. Since no defects are in¬ 
volved in two-phonon scattering, the D* mode is always observed independently of the defect 
concentration and may be used to determine the relative concentration of defects. 661 

In the double-resonance calculations in graphite and carbon nanotubes the LO phonon 
branch was assumed to be responsible lor the D mode, because it yielded the experimentally 
observed frequencies. The frequencies, however, were obtained from force constants or old 
ab-initio calculations of the graphite phonon dispersion, with no experimental data available. 
Castiglioni et al ) 8,671,18,68 1 and Ferrari et a/. 18,69 1-18.70] p rec ii c t e d instead the TO mode to be the 
origin of the D mode. The eigenvector of the D mode stems from a fully symmetric breathing- 
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Figure 8.15: (a) Double-resonant scattering in graphite: The contour plot shows the electronic band 
structure of graphite in the nearest-neighbor tight-binding approximation of the % orbitals. Scattering 
from the K point to any incquivalcnt K f point of the Brillouin zone (white arrow) yields a phonon wave 
vector that is close to r~K and thus has the D-mode frequency. Scattering between two equivalent K 
points yields a phonon wave vector around the T point, which gives rise to the high-energy modes, 
(b) Calculated D-mode frequency as a function of excitation energy (squares). The open symbols are 
experimental values from Refs. [8.13], |8.59|, and |8.60|. From Ref. |8.58|. 


like vibration of the graphene hexagons at the K point. 18,671 This points to the TO branch, 
which has A \ symmetry at the K point, in contrast to the degenerate LO phonon. Inelastic 
X-ray experiments later revealed the details of the graphite phonon dispersion. Indeed the 
TO branch has the correct frequencies to be the origin of the D mode, see also Sect. 7.3. 

The dispersion of the TO is very close to what was previously believed to be the LO mode 
in graphite; a refined analysis of the D mode is therefore necessary. This result, however, 
does not affect the concept of double-resonant scattering for the D mode or the discussion we 
present here. 


8.3.2 The D Mode in Carbon Nanotubes 

In carbon nanotubes, a Raman mode related to the graphite D mode is observed. It is found at 
somewhat smaller frequency than in graphite and shifts at a rate between 38 and 65 cm */eV 
with laser energy. [S t 8 - J4 T[«72],[s.73i j t seems obvious that this mode has the same or a re¬ 
lated origin as the D mode in graphite. Defects in carbon nanotubes can be structural defects 
like pentagon-heptagon pairs and kinks, impurities, or the finite length of the tube. The depen¬ 
dence of the D-mode intensity on defect concentration was shown, for instance, on y-irradiated 
nanotubes^ 8,74 ^ and on boron-doped mulliwall tubes. 

Besides their common origin, some aspects of the nanotube D mode are specific to nano¬ 
tubes because of their one-dimensional band structure and their symmetry. These include the 
role of singularities in the electon density of states (Sect. 3.3) and the fact that the D mode is 
not predicted for all chiralities of tubes. 
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Figure 8.16: (a) Double-resonant Raman process in 
the electronic band structure of an armchair tube. 
An electron is resonantly excited (1), then reso¬ 
nantly scattered by a phonon across the T point 
(2), elastically scattered back (3), and recombines 
with the hole (4). kf = 2k/ 3a is the wave vector 
where the valence and conduction bands cross; the 
optical transitions occur near kf. (b) Model disper¬ 
sion of the optical m = 0 and m = n phonons (solid 
lines); the m = 0 band continues as m — 0 (dashed 
line). The double-resonant phonon wave vector 
is 2 kf and corresponds to a -point phonon of 

graphite. From Ref. [8.76]. 


-tt/h —k F p ky 7r/a 



In Fig. 8.16 we show the electronic band structure of an armchair lube. Again, both 
electron and phonon states relevant for the double-resonant D mode are derived from the 
K point in graphite. In zone folding, the K point corresponds to kf = 2k/ 3a for = 3 tubes 
and to the r point for = 1 tubes. 18 75J Close to kf are the conduction-band minima, where 
the resonant optical transitions occur. We assume the incoming and scattered light to be z- 
polarized, i.e., the quasi-angular momentum m does not change in the transition (Aw = 0, see 
Chap. 4). The double-resonance condition can be fulfilled if the electron is scattered across 
the r point to the same band. The defects lead to a relaxation of the quasi-linear momentum 
conservation only; it cannot change m. Therefore, the phonon must have a quasi-angular 
momentum m = 0. In other calculations, also phonons with m / 0 were allowed, which 
implies that the defect itself possesses a specific quasi-angular momentum, t 8,12 ^ The double¬ 
resonant phonon wave vector is q o m 4 k/ 3a. We can either view q {) in the helical Brillouin 
zone or apply the Umklapp rules of Rq. (2.20), which yield 


<7o 


4k 
3 a 


2 k/q 


2k 

= — and m = n 
3a 


(8.9) 


The relation between these two pictures is shown by the dashed line (helical quantum num¬ 
bers) and the solid line (linear quantum numbers) in Fig. 8.16(b). Therefore, the double¬ 
resonant phonon corresponds to a /f-point mode and the observed frequency is similar to the 
D mode in graphite. If we increase the incoming laser energy, the resonant optical transitions 
occur at larger distance from kf. Hence q$ is smaller if the optical transition is on the left 
of the conduction-band minimum in Fig. 8.16(a), and larger if the optical transition is on the 
right. In both cases, the double-resonant phonon wave vector moves away from the K point. 
This results in an increase of the phonon frequency with laser energy as the phonon dispersion 
possesses a minimum at the K point. 

We show in Fig. 8.17(a) several D-mode spectra calculated for an (11,11) tube. The 
calculated spectra show a clear dependence on laser energy. The Raman intensity decreases 
with increasing laser energy, because the electron density of states is smaller for electron 
wave vectors away from kf . The D mode is not symmetric and consists of two peaks, which 
shift at different rates. Several reasons account for this line shape. The conduction band 
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(a) 



Figure 8.17: (a) D-mode spectra of the ( 11 , 1 I ) tube calculated from double-resonant Raman scattering. 
Two peaks arc resolved in the calculation (dashed line). They are caused by slightly different double- 
resonance conditions for several allowed electronic transitions, (b) Calculation for the (10,10) lube (top) 
and measurement (bottom) of the D-mode shift. The experiments were performed on single-walled 
nanotubc bundles with a mean diameter of l.3nm. Inset: Experimental D-mode spectrum at 466nm 
laser wavelength. After Ref. [8.761. 


minimum is not exactly at kp — 2n/3a t the minimum is not symmetric, and incoming and 
outgoing resonances have slightly different double-resonance conditions, see also Fig. 7.9. 
The structure due to incoming and outgoing resonance is not resolved. In chiral nanotubes, 
the peak structure can be even more complex due to several electronic bands contributing 
simultaneously to the double resonance. In Fig. 8.17 (b) we show the frequency of the D mode 
as a function of laser energy. The calculated shifts for a (10,10) tube (42 and 76cm _1 /eV) 
agree well with the experiment on SWNT bundles (47 and 63cm _, /eV). The experimental 
spectrum in the inset shows that the D mode is not a single line but indeed contains at least 
two peaks. 

Comparing tubes of the same chiral angle with different diameter, we find that at low 
excitation energy the absolute D-mode frequency is smaller for smaller tubes but the rate by 
which the D mode shifts is larger. We can understand this from the scattering process shown in 
Fig. 8.16. A smaller diameter results in a larger separation of conduction and valence bands. 
At the same laser energy, the wave vector of the excited electron is closer to kp and hence 
the phonon frequency is smaller than in larger-diameter tubes. Since the slope of the electron 
bands is smaller close to kp, the same change in laser energy results in a larger change of 
the excited-electron wave vector. Therefore, the change of the double-resonant phonon wave 
vector and hence the frequency shift is also larger. The predicted diameter dependence of the 
D-mode frequency was observed in experiments on isolated tubes and bundles,^ 7 ' 79 ^ see 

Fig. 8.18. 

In the above discussion wc showed that both the electron and phonon wave vectors that are 
involved in D-mode scattering correspond to the K point in graphite. Therefore, they are ap¬ 
proximately the same. On the other hand, the double-resonant phonon wave vector go is about 
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Figure 8.18: Diameter dependence of the D mode 
at constant laser energy. The solid triangles are 
experimental data from SWNT bundles with dif¬ 
ferent mean diameter. The D-mode frequency in¬ 
creases with increasing diameter, as predicted by the 
double-resonance model. For infinite diameter the 
D mode extrapolates to the graphite value. From 
Ref. [8.79]. 
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twice the electron wave vector. Only if the electron wave vector is at 2/3 of the Brillouin zone, 
it is equal to the phonon wave vector qo & — 2^ + This condition, Le., ky = 2tt/3 a, is 
only fulfilled for — 3 tubes, as mentioned above. A strong D-mode scattering and a sys¬ 
tematic excitation-energy dependence cannot be observed in *31 = 1 tubesJ 8,7C4 Consequently, 
a weak Raman signal in the D-mode region docs not necessarily indicate fewer defects in the 
investigated nanotubes but can be due to the presence of f Ji = 1 tubes. A strong D mode and a 
systematic shift with laser energy is an indication of metallic tubes. 4 This prediction is based 
on the assumption that only phonons with m = 0 (and, including Umklapp processes, m = 0) 
are allowed by symmetry. If elastic scattering by the defect could change the quasi-angular 
momentum m as well - which is unlikely - then the D mode would be double resonant for any 
chiralityJ 8,721 Note that in the second-order spectrum of the D mode phonons with m ^ 0 are 
allowed, since the quasi-angular momentum can be always conserved by two phonons with m 
and —/7/J 8,80 * Therefore, the second-order mode D* in carbon nanotubes does not depend on 
the tube’s chirality. 

The double-resonance process as the origin of the D mode in graphite and carbon nano¬ 
tubes is well established and validated by experiments. Nevertheless, some interpretations 
attribute the shift of the D mode in carbon nano tubes to the selective enhancement of different 
tubes in resonant Raman scatleringJ 8 ' 72 ^ 8 8I ^ The D-mode frequency changes in this picture 
because at a different excitation energy the Raman signal from a different tube is observed; 
a D-mode shift in a single tube is not predicted, in contrast to the model explained above. 
Laser-energy-dependent Raman measurements, however, showed that the D mode of an iso¬ 
lated tube is not constant but shifts as in experiments on bulk samples. In Fig. 8.19 we present 
the D-mode frequencies as a function of excitation energy in an isolated tube and a thin bun¬ 
dle.t 8,7 ^ The d mode shifts at a rate similar to that observed in bundles, showing that the 
dependence on excitation energy indeed is the property of a single tube and not an ensemble 
effect. 


4 All lubes wilh Ik = 3 are mciallie; semieondueiing lubes always have k = 1. Only a small fraction of metallic 
tubes has Ik — 1 as well, e.g.. metallic zig-zag tubes. 
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Figure 8.19: D-mode frequency of an isolated tube 
(closed symbols) and a very thin bundle (open sym¬ 
bols) as a function of laser energy. After Ref. [8.731. 
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8.4 Symmetry of the Raman Modes 


One of the important aspects when analyzing and interpreting Raman spectra is the symmetry 
of the investigated excitations. While the experimental information is straightforwardly ob¬ 
tained in single crystals, random systems require a more indirect analysis in terms of tensor 
invariants as described in Seel. 7.2. When studying the tensor invariants as derived from the 
Raman spectra of carbon nanolubes one would expect a different characteristic for the various 
Raman-mode symmetries. In particular, the traceless E\ and £2 tensors have a depolarization 
ratio of p = 0.75 and the fully symmetric A \ g modes can have any value between 0 and 0.75, 
depending on their relative entries in the Raman tensor. Conversely, a decomposition of the 
different weights in the polarized spectra should permit the - at least partial - identification of 
the phonon symmetries contributing to the spectra. Most surprisingly, a uniform behavior of 
all phonon modes over the entire range of measured Raman frequencies was found. [ 8 . 82 ] [ 8 . 85 ] 
In Fig. 8.20 we show the measured high-energy Raman spectra of single-walled carbon 
nanotubes in the respective relevant polarizations. All four spectra appear the same, apart from 
an overall sealing factor. Moreover, the factors between the polarizations are almost the same 
as those for the radial breathing mode around 200 cm -1 and the D mode at 1350 cm -1 
The depolarization ratio is around p ^ 0.34 and the reversal coefficient P & 1.01 for all Raman 
modes. Table 8.4 summarizes the tensor invariants obtained in this way in single-walled nano- 
tubes and in graphite. The last column gives the ratio y} /a 2 , which is indicative of the mode 
symmetry. For non-totally symmetric modes the ratio should be infinity, which agrees well 
with the high ratio found for the graphite high-energy mode. A purely diagonal Raman 


Figure 8.20: Raman-tensor invariants 
of the high-energy modes in single- 
walled nanotubes excited with 488 nm. 
(a) Parallel and perpendicular linear po¬ 
larization yielding p = 0.35 for all Ra¬ 
man peaks, (b) Corotating and contraro¬ 
tating polarization with P = 1.01. From 
Ref. [8.84J. 
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Table 8.4: Tensor invariants (arb. units) of the Raman modes in single-walled and multi wall tubes and 
in graphite. Quantities comparable to the experimental error A/ are considered zero. For single-walled 
nanotubes = 488nm corresponds to the spectra shown in Fig. 8.20. The error in the column yj/a 2 

is 10%. 
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SWNT (Aexc = 488 nm) 1594 

204 

252 

3 

50 

9.3 

1565 

64 

80 

1.5 

20 

9.3 
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20 

26 

1.4 

2 

9.7 

1350 

14 

17 

2 

-3 

8.8 

SWNT (Agxc = 488 nm) 202 

19 

24 

-0.3 

3 

9.6 
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0.04 

0.7 

9.2 

167 

3.6 
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0.8 

10.3 

Graphite 1582 (f^) 

0.72 

16.3 

0.4 

1 

170 

1350 

1.3 

2.4 

0.0 

0.4 

13.4 


tensor, on the other hand, is characterized by y 2 /a 2 - 0. Obviously none of the single and 
multiwall Raman peaks belong to this category; y 2 /ot 2 - 9, however, constitutes strong evi¬ 
dence for a predominant A\ g contribution. The antisymmetric tensor components were found 
to be zero in this measurement, see a discussion in the literature to this effect, t 8 ' * 

Additional information is found from measurements of aligned tubes/ 8,29 ]. [8.30J, l«-.87 h 8.891 
For an example of an explicit angular dependence, see Fig. 8.21. All of the Raman modes 
in parallel polarization, as a function of angle, are strongest along the z- axis. The contrast 
between the different polarizations is sufficiently large that Raman images can identify small 
nanotube bundles. i 8,9 °] While such measurements are not capable of distinguishing between 
A i and Ej symmetry modes, combining these results with the tensor invariants the phonon 
symmetries can be identified uniquely. A careful analysis leads to the conclusion that the 
entire Raman signal of single-walled nanotubes comes from zz-polarized totally symmetric 
Ai( s ) phonons. Their Raman tensor thus has the following approximate form: 

0 

v 

Summarizing, in single-walled nanotubes only zz-polarized Raman scattering is observed ex¬ 
perimentally, although two other representations are Raman active as well. 

8.5 High-energy Vibrations 

The high-energy vibrations in carbon nanotubes correspond to the graphene optical mode at 
1580cm -1 . In contrast to the radial breathing mode in Sect. 8.2, the carbon atoms vibrate 
tangentially to the nanotube wall in the high-energy range. As we saw in Sect. 8.1, a single 
T-point vibration of graphene transforms into a number of modes in carbon nanotubes due 
to the confinement of wave vectors along the circumference. The curvature of the tube wall 
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Figure 8.21: Polarized measurements of 
the radial breathing mode (RBM), the 
disorder-indueed mode (D) and two com¬ 
ponents of the high-energy mode (Fi^). 
In this polar diagram, 0° corresponds 
to alignment of incident and scattered 
polarization along the z-axis of an iso¬ 
lated nanotube. All measurements were 
taken in the parallel con fi gu rati on. After 
Ref. [8.29J. 
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introduces a small softening of the in-plane force constants and makes the phonon frequencies 
slightly diameter dependent. 1 S To a first approximation, however, rolling up the graphite 
sheet does not markedly lessen the strength of the carbon-carbon bonds. Single-walled carbon 
nanotubes are therefore extremely stiff against a force along their axis, whereas they can easily 
be bent and even tied into knots.A major exception to the anticipated similarity of the 
high-energy frequencies is found in metallic nanotubes. Confinement and a particularly strong 
electron-phonon coupling reduce the frequency of one of the vibrations by up to 100 cm' -'as 
we discuss in Sect. 8.5.2. 

By zone folding - although it does not predict the frequencies correctly - we can relate 
the high-energy modes of carbon nanotubes to those of graphene. We illustrated the idea 
briefly in Fig. 8.1. Here wc will explain it in more detail, because different notations for the 
high-energy vibrations are used in the literature that are based on zone folding. In addition, 
some properties of the high-energy phonon dispersion in nanotubes are still understood within 
this simple picture. The nanotube modes that correspond directly to the F-point mode 
of graphene are the modes with m = 0 and k = 0, which have A \ symmetry (Aj S and Aj„ in 
achiral lubes). In zig-zag tubes, the A mode has an atomic displacement along the axis, 
and the A\ lt (q/^ 0 ) mode vibrates along the circumference. Vice versa , in armchair tubes the 
axial vibration has A\ u symmetry and the circumferential mode is fully symmetric, see also 
the eigenvectors in Sect. 2.3.5. Because the wave vector is confined along the circumference 
of the tube (Sect. 2.1), non-F-point phonons of graphene transform into F-point modes of 
carbon nanotubes. These are the phonons with wave vector k z = 0 and m — 1,2,Within 
the zone-folding approach, A 1 modes always have the same frequency as the F-point mode in 
graphene. The E\(^ and ZA^) modes of the tube correspond in the zone-folding picture to the 
graphene phonons at k± = 2/d (m — 1) and k \ = 4/d (rn — 2), respectively. Because the LO 
phonon in graphene exhibits an overbending in all directions of the Brillouin zone, one of the 
and /A^) niodes each have in nanotubes a higher frequency at the F point than the fully 
symmetric m = 0 modes. 
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Figure 8.22: Zone-folding scheme for the high- 
energy modes. The graphene LO and TO branches 
in the direction of the quantized wave vector k± are 
shown. Tor m = I and m ~ 2, the slices at kj_ =2 /d 
and k i = 4/d (vertical lines) arc cut along the direc¬ 
tion k z , which is perpendicular to the plane of the pa¬ 
per. The dots indicate the derived frequencies at the 
r point of the nanotube (k z — 0). The notation on the 
left is the one we will use here, where TO- and TO- 
derived refers to the graphene phonon branches. The 
graphene LO phonon propagating along k L has (by 
definition) a displacement parallel to kj_, i.e., in the 
circumferential direction, and, vice versa, the TO 
phonon has a displacement perpendicular to k ± , i.e., 
along the nanotube axis. For small m the LO-derived 
dispersion in nanotubes resembles the graphene LO 
dispersion. 



In Fig. 8.22 we show schematically part of the longitudinal (LO) and transverse (TO) 
phonon dispersion of graphene along the direction of the quantized wave vector k± of the 
nanotube. The graphene LO phonon in this direction has (near the F point) a displacement 
parallel to k\ . When cutting “slices” of the graphene dispersion along k z (perpendicular to 
k±) and with k j = 2 m/d, we label all bands obtained from the graphene LO branch as LO- 
derived and those obtained from the TO branch as TO-derived. For m = 0, i.e,, at k± — 0, the 
LO-derived phonon is indeed a longitudinal vibration with both the propagation direction ( k z ) 
and the displacement along the tube axis. 5 For small k± (m - - 1 or m = 2), the LO- and TO- 
derived bands are still similar in shape to the LO and TO dispersion in graphene, respectively. 
On the other hand, the LO- or TO-derived modes for m > 0 cannot unambiguously be named 
as longitudinal or transverse. We take, e.g., the nanotube modes with m — 1 and k z = 0. 
These are in Fig. 8.22 the frequencies where the first vertical line cuts the LO and the TO 
dispersion. The LO-derived mode has the higher frequency and the TO-derived the lower 
frequency. Since the LO-derived phonon has an atomic displacement parallel to k \ , it is a 
circumferential mode, whereas the TO-derived one is an axial mode. A different notation 
is often used, where axial modes are always named LO, as their displacement is along the 
propagation direction k z (neglecting k±), and all circumferential modes are called TO. In this 
alternative notation the LO-derived phonons with m > 0 arc named TO and vice versa. For 
m = 0 both notations are the same. Here we will either name the phonons by their axial or 
circumferential displacement or stay with the notation first introduced as LO- and TO-derived, 
where LO and TO merely refers to the resemblance of the graphene LO and TO dispersion 
but not to the displacement direction. 

The high-energy phonons can be measured by infrared or Raman spectroscopy. For achiral 
lubes, these two methods are complementary, because their phonons are never infrared- and 


5 We neglect for the moment the deviation from the purely longitudinal or transverse character of the modes in 
chiral tubes, Sect. 6.1.1. 
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Raman active at the same time, see Sect. 2.3.5. At ^ 870 cm 1 an infrared-active mode is 
predicted that is Raman maelive in all tubes. 


8.5.1 Raman and Infrared Spectroscopy 

The Raman spectrum of the high-energy modes (Fig. 8.23) is, like the radial breathing mode, 
specific to single-walled nanotubes. For typical tube diameters of around 1.4 nm, it consists 
of 3 to 4 elose-by peaks when the excitation energy is in the green or blue range of the visible 
light. These peaks are broad - e.g ., the dominant features at 1593 and 1570 cm 1 have a half 
width at full maximum of 16 and 30 cm ! , respectively - and do not have a Lorentzian line 
shape. This characteristic peak structure allows, like the RBM, the identification of single- 
walled carbon nanotubes in a sample. The Raman spectrum of multi wall tubes is more similar 
to that of graphite with a single peak at 1582 cm' 1 . In Fig. 8.23 we compare the high-energy 
spectrum of (a) graphite, (b) single-walled, and (e) multiwall tubes. Frequently, the high- 
energy spectrum of carbon nanotubes is called the G band to emphasize its relation to the 
graphite G mode. Graphite has a single Raman-active mode at 1582 cm . The scattering 
phonon is of E 2k symmetry with an in-plane optical eigenvector, /.e., the four carbon atoms in 
the hexagonal unit cell move out-of-phase within the graphite planes. Similar vibrations also 
give rise to the high-energy spectra in nanotubes, but additionally the confinement around the 
circumference and the curvature of the graphene sheet must be taken into account. 

The zone-folding model was first used by Rao et al/ HA ^ and Kasuya et to assign 

the peaks in the Raman spectrum of single-wall nanotubes. Rao et ai tentatively assigned 
the observed high-energy peaks to a combination of Ey gJ and E 2g modes of armchair 
tubes. Kasuya et a/. [S92 l interpreted the peak above the graphite frequency as a circum¬ 
ferential phonon with E\ symmetry and the two smaller peaks at lower energy as E\ and 
Ei axial modes. Because of the diameter dependence of k± = 2m/cl, the upper Raman fre¬ 
quency should increase with decreasing diameter, whereas the two lower frequencies should 
decrease. This was indeed observed in experiments on several samples with different tube 
diameters. Although this interpretation seems convincing at first sight, it was later contra¬ 
dicted by polarization-dependent Raman experiments, which indicated the presence of pre- 



Figurc 8.23: High-cncrgy Raman spectrum of (a) graphite, (b) single-walled, and (c) multiwall nano¬ 
tubes. The dashed vertical line is at 1582 cm l , the Ei h phonon energy in graphite. Note that at 
1582 cm 1 single-walled nanotubes have a local minimum in the Raman intensity. 
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Figure 8.24: (a) High-energy mode as a function of laser energy. The open circles are experimental 
data from bundles of single-walled nanotubes; the open triangles arc from graphite. Values calculated 
for double-resonant scattering in a (15,6) tube are given by closed symbols. The frequencies of the 
peak at ~ 1590 cm 1 increase with laser energy, whereas the lower peaks decrease in frequency. The 
graphite frequency is constant, (b) Double-resonant scattering process for the high-energy mode in the 
band structure of an armchair nanotube. For comparison, the D-mode scattering is shown by the dashed 
arrow. Processes (A) and (8) at the same laser energy are both douhle resonant. Process (B) leads to the 
largest Raman peaks because it involves electrons with a large density of states. Process (A) gives rise 
to the weaker peak structure on the low-energy side of the Raman high-energy mode. From Ref. [8.55]. 


dominantly A\ modes (Sect. 8.4). The diameter dependence found by Kasuya et r//.^ 8,921 is 
consistent with the theoretical prediction for the Aj modes, see also Fig. 8.29. 

In lascr-energy-dependent Raman experiments, additional information on the electronic 
properties of the sample can be obtained. If the laser energy is scanned across the band gap 
of a semiconductor, the Raman intensity, as a function of excitation energy, reveals transition 
energies, the lifetime of the electronic stales, and properties of the electron-phonon interac¬ 
tion.[ 89 ^H 89 ^I Another example of laser-energy-dependent Raman scattering was shown for 
the D mode in Sect. 8.3 where - in addition to the electronic properties - the phonon dis¬ 


persion is probed as well. Although resonance proliles of the radial breathing mode and the 


high-energy modes in nanotubes were investigated by several authors,^ 8 896 ^ 8,97 ^ the aim 


of changing excitation energy is often a different one for carbon nanotubes. The common 


interpretation assumes that the laser energy determines which of the tubes in a sample are 


resonantly excited and contribute exclusively to the Raman signal. 


The high-energy modes vary slightly in frequency with excitation energy. This is usu¬ 
ally attributed to a weak diameter dependence of the optical Raman-active modes, 18, ll f[S,98] 
which is predicted by force-constants and ab-initio calculations. 18 .il.[8.5],L«.9yj resonant, 

diameter-selective excitation of carbon nanotubes was first proposed by Rao et al.^ A " based 
on the laser-energy dependence of the radial breathing mode (Sect. 8.2). In this interpreta¬ 
tion, only those tubes that have a singularity in the electronic joint density of states exactly 
at the laser energy contribute to the Raman signal. Many diameter-dependent studies of the 
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Figure 8.25: Stokes and anti-Stokes 
HEM at the same laser energy cal¬ 
culated for the (16.4) tube. The 
frequencies and the line shape arc 
different in Stokes and anti-Stokes 
scattering due to different double- 
resonance conditions. Although 
only the two m = 0 phonon bands 
arc included in the calculation, the 
HEM exhibits a complex peak struc¬ 
ture. After Ref. |8.80|. 



vibrational properties of carbon nanotubes are based on this assumption, /.e., the laser energy 
is varied instead of the tube diameter. In the literature of carbon nanotubes, the term “single 
resonance” or “photo-selective scattering” is often taken to stand for the diameter selection. 
Different samples with different tube diameters were studied, e.g. y by Kasuya et and 

Rafailov et 

The frequency shift of the high-energy mode with varying excitation energy is not neces¬ 
sarily due to diameter-selective excitation of the tubes. An alternative explanation is offered 
by defect-induced, double-resonant Raman scattering. In this picture, the Raman frequency of 
the high-energy mode does not change because a different tube is excited. Instead, a different 
phonon of the same tube is enhanced by double-resonant scattering. r Ilie scattering process is 
analogous to the one explained for the D mode in Sect. 8.3, but the excited electron is now 
scattered by a phonon with relatively small momentum across the conduction-band minimum. 
In Fig. 8.24 we show the Raman frequencies of the high-energy mode of nanotube bundles 
as a function of laser energy. Open symbols are experimental data; the triangles denote the 
Zi^-nuxle frequencies of graphite. Note that the frequency of the graphite E^ mode does 
not vary with excitation energy and is therefore not a defect-induced, double-resonant mode. 
The full symbols are theoretical values from calculations of double-resonant scattering in a 
(15,6) tube.* 8, ^ The upper peak shows a systematic upshift, whereas the lower peaks shift to 
smaller frequencies. This can be easily explained in the double-resonance model for the scat¬ 
tering process shown in Fig. 8.24(b). With increasing excitation energy, the selected phonon 
wave vector increases. The upper peak follows the overbending of the LO branch, and the 
lower peaks decrease in frequency according to the negative slope of the TO dispersion. The 
presence of several peaks on the low-energy side is due to several close-by electronic bands 
that contribute with different intensity in the double-resonant process. 

As for the D mode, the double resonance predicts different Stokes and anti-Stokes spectra 
for the high-energy modes (Sect. 7.4). Experimentally, the spectra are indeed different at the 
same laser energy. In the single-resonance picture, this was explained by slightly different 
resonance windows for Stokes and anti-Stokes scattering, where, c. ( g., semiconducting lubes 
were selected in Stokes and metallic tubes in anti-Stokes spectra.^ 100 * In Fig. 8.25 we show 
Stokes and anti-Stokes spectra of the (16,4) tube calculated for double-resonant Raman scat¬ 
tering. Since the double-resonance conditions are slightly different in Stokes and anti-Stokes 
scattering, the resulting Raman modes differ in shape and frequency. Although only the two 
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Figure 8.26: Atomic-force microscopy image of isolated nanolubes and small ropes of nanolubes on a 
glass substrate (left). Raman spectrum of the isolated single-walled nanotube labeled by I in the AFM 
image (right). The high-energy mode (labeled Gi, (h) has a large linewidth and resembles a metallic 
spectrum. From Ref. [8.29]. 


m - 0 phonon bands are included in the calculation, consistent with the predominant A \ sym¬ 
metry of the Raman modes, the caleulated spectrum exhibits a complex peak structure. The 
peak at zz 1590 cm -1 has the largest amplitude because the LO phonons contribute with a 
large density of states to the double-resonant Raman cross section [Eq. (7.24) J. 

ff the high-energy modes result from a double-resonance process similar to that of the D 
mode, their intensity depends on the defect concentration as well. This was studied by Raman 
experiments on boron-doped multi wall nanotubes. 18 * 66 ' The boron content, /.<?., the number of 
defects, was varied by growth conditions. The Raman intensity of the high-energy modes was 
normalized to the D* mode, which, as a two-phonon mode, has an intensity independent of the 
presence of defects to a first approximation. The relative intensity of the high-energy modes 
increased with increasing nominal boron concentration, although at a smaller rate than the D 
mode. A similar result is found by Zhang et tf/J 8,101 ^ where the defect concentration of single- 
walled nanotube samples was lowered by intense laser irradiation* This clearly indicates a 
contribution of defects to the high-energy mode seatiering, implying that nanotubes seen in 
Raman scattering always contain defects. 

As long as Raman experiments are performed on bulk samples with unoriented bundles of 
single-walled tubes with different chirality and a large diameter distribution, the interpretation 
ofthe Raman spectra is complex and sometimes leads to ambiguous results. The Raman signal 
is averaged over many tubes with different properties that are not resolved. It is possible to 
disperse very small bundles or even isolated lubes onto a substrate and to collect a Raman 
signal from only one or very few nano lubes. ' 8:54 f 18,73 U 18. i02j, [8.103] j n ^ se experiments, 

the chirality of the investigated tube is still not known. But now the Raman spectrum reflects 
the properties of only one individual tube. Furthermore, the position of the tube relative to 
some marker structures on the substrate can be determined by, e.g., scanning force microscopy. 
If the position and orientation of the tube is known, polarized Raman measurements can be 
performed within a given scattering geometry/ 8 29J see Sect. 8.4. Moreover, the same tube 
can be studied under different experimental conditions like varying laser wavelength. Any 
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Figure 8,27: Scanning con focal Raman image of an isolated 
tube forming a loop with a laser wavelength A = 568 nm. The 
Raman signal was recorded in the range of the high-energy 
mode. The Raman intensity varies strongly along the tube. 
From Ref. f8,106]. 



A «xc = 568 nm 



dependence of the Raman spectra like frequency, line shape, or intensity on the excitation 
energy is then a property of the tube itself. Tube-ensemble effects, on the other hand, are not 
detected by this method. 

Figure 8.26 shows to the left a typical atomic-force microscopy image of isolated tubes or 
very thin bundles on a glass substrate. The position of tubes close to a marker, e.g. y a gold 
electrode, can be found with an optical microscope in a usual micro-Raman setup. Since the 
laser spot size is typically 1 — 2/im, the density of the lubes has to be very low to ensure 
that only one tube is within the laser focus. To the right we show the Raman spectrum of an 
isolated tube. It is remarkable that the Raman signal of a single molecule is strong enough to 
be detected without further enhancement. The overall line shape is similar to that in bundles of 
single-walled tubes, although one could expect that the lines were much narrower or at least 
of Lorentzian line shape for a single tube. A number of experiments were also performed 
on samples where the position and orientation of the isolated tubes were not known but only 
their average density on the substrate. The analysis of these experiments is then, as for bulk 
samples, based on assumptions on, e.g., the relation between RBM frequency and diameter, 
and on diameter-selective scattering.^ 104 ‘ ,1051 

Jiang et rv/J s 106 ' obtained Raman spectra of even different segments of the same tube. 
They performed confocal Raman imaging, where the Raman intensity in a given energy range 
is mapped as a function of position, see Fig. 8.27. Comparing these Raman images with 
scanning force microscopy images, the effect of structural changes like kinks, bending of the 
tube or impurities on the Raman spectra can be studied. Along the same tube, both the D mode 
and the high-energy modes varied by several wave numbers, which was attributed to changes 
in the electronic structure. The authors pointed out that they were able to detect the Raman 
signal from the same tube at several excitation energies, although the Raman intensity varied 
for different positions and different laser wavelengths. When the laser energy was varied at the 
same tube segment, both the D mode and the high-energy modes shifted in frequency, as seen 
from the spectra in Fig. 3 of Ref. [8.1061. Similarly, variations of the Raman spectra along the 
same tube were observed by tip-induced near-held Raman microscopy. 9() J Jorio et a// 8,1051 
did not find a shift of the high-energy mode in a study of the same isolated lube. These 
experiments, however, were performed for only two excitation energies with a difference of 
0.13 eV (less than the phonon energy) and too close to observe a shift. We discuss the two 
contradicting interpretations of Raman scattering in carbon nanotubes - the diameter-selective 
single resonance and the double-resonance picture - in detail in Sect. 8.5.3. 





8.5 High-energy Vibrations 


167 


Figure 8.28: Infrared reflectance spectra of 
single-walled carbon nanotubcs (lower trace) 
and of graphite (upper trace). The first deriva¬ 
tive of the spectra is shown in order to am¬ 
plify the signal from the nanotubes. From 
Ref, 18.107]. 



Infrared spectroscopy on carbon nanotubes is extremely difficult, because the signal is 
very weak due to the high absorption in the tubes. Furthermore, the modes expected at 
~ 870 cm 1 and & 1590 cm' 1 are close to those of graphite and might be obscured by the 
presence of graphitic particles in the sample. Correspondingly, reliable experimental data 
are rare.^' ,()7 ^ s 1()S J Figure 8.28 shows a derivative of infrared-reflectance spectra of single- 
walled nanotube bundles. The first derivative was taken for a more precise determination of 
the peak position. The infrared-active modes exhibit an upshift by some wave numbers with 
respect to the corresponding graphite mode, in agreement with theoretical predictions 


8.5.2 Metallic Nanotubes 

In the preceding section we saw that the high-energy vibrations of single-walled carbon nano¬ 
tubes are almost at the same energy as in graphite. The longitudinal mode of metallic tubes, 
however, is an important exception. Quantum confinement and a particularly strong electron- 
phonon coupling give rise to a pronounced softening of this mode compared to semiconduct¬ 
ing tubes, as first found by Dubay et al. from first-principles calculations. In Fig. 8.29 
the optical phonon frequencies of armchair, zig-zag, and one chiral tube are shown as a func¬ 
tion of tube diameter. With decreasing diameter, the phonon frequencies decrease, which was 
qualitatively found in force-constants calculations as well J 8 ‘i]-[K-ULS.. i >j jj ie m __ q j on git L1( ji n al 
and transverse modes are indicated by closed and open symbols, respectively. They roughly 
follow the diameter dependence, but for metallic tubes, i.e., all armchair tubes, the (12,6) and 
zig-zag tubes with n/3 integer, the longitudinal mode drops below all other Raman-active 
modes, in particular below the transverse m = 0 phonon frequencies. The softening amounts 
to up to 100 cm 1 compared to the mode at «1590 cm 1 and decreases with increasing tube 
diameter. 

The softening occurs because the axial displacement leads to a periodic opening of a gap 
between the electronic bands crossing at the Fermi level in metallic tubes. Figure 8.30 shows 
the first-principles electronic band structure of the metallic (12,0) nanotube close to the Fermi 
level. In (a) the atoms are in their equilibrium position. The valence and conduction bands 
cross the Fermi level at the F point, if wc neglect the small secondary gap (Sect. 3.4.1), 
which does not affect the discussion below. In (b) the atoms are displaced according to the 
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Figure 8.29: Optical phonon frequencies from lirst- 
principles calculations as a function of tube diame¬ 
ter. The transverse m = 0 modes arc given by open 
circles. The longitudinal modes of semiconducting 
tubes arc indicated by closed circles. For metal¬ 
lic lubes, the frequency of the longitudinal phonon 
drops below the frequency of the transverse phonon. 
After Ref. [8.991. 



Diameter (A) 


Figure 8.30: Electronic band structure of the (12,0) 
tube close to the Fermi level, (a) The atoms are in 
their equilibrium position, (b) The atoms are dis¬ 
placed according to the circumferential mode. The 
Fermi wave vector moves along k z . (c) The atoms 
are displaced according to the axial mode. A gap 
opens at the I' point because the Fermi wave vector 
moves perpendicular to k z . After Ref. [8.99]. 



circumferential mode (TO-derived) and in (c) according to the axial (LO-derived) mode. For 
the atomic displacement along the circumference, Dubay et a/A 899 ^ showed that the Fermi 
wave vector kp always shifts along the quasi-continuous wave vector k z of the tube. This is 
seen in Fig. 8.30(b), where kp moves along k z \ the conduction and valence bands still cross 
at the Fermi level. In contrast, for the axial displacement kp moves perpendicular to the k z 
direction, in which the wave vectors are quantized. A finite gap opens between valence and 
conduction bands because the Fermi wave vector is not an allowed wave vector of the tube, 
see Fig. 8.30(e). 

The opening of the gap at the Fermi level reduces the energy of the electronic part of the 
system. The total energy of the distorted nanotube is still higher than in the equilibrium posi¬ 
tion because of the strain energy.' 8 991 Nevertheless, the periodic opening of the gap gives rise 
to a particularly strong electron-phonon coupling for the axial modes in metallic nanotubes. 
This is in good agreement with transport measurements as we discuss in Chap. 5. The m - 0 
axial phonon is not Raman active in armchair tubes but allowed in zig-zag tubes. This could 
imply a stronger high-energy Raman signal for nanotubes close to the zig-zag direction than 
for tubes with a large chiral angle. Note, however, that the strong coupling of the LO-derived 
mode to the electronic system was studied only for the low-energy electronic bands. Whether 
a similar effect occurs for the transitions in the visible range remains an open question. 

In laser-energy-dependent Raman experiments, metallic nanotubes can be identified by a 
substantial change of their Raman line shape. This unusual line shape was first recognized 
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Figure 8.31: (a) High-energy Raman spectra of carbon nanotubcs with 1 .3 nm and 1 .45 nm mean diame¬ 
ter, excited with laser energies between 1.61 eV and 2.18 eV. The spectrum at 1.92 eV is attributed to the 
resonant excitation of metallic tubes. From Ref. 18.96b (b) Raman spectra of isolated nanotube bundles. 
The bundle thickness increases from top to bottom. The strength of the metallic line shape increases 
with the bundle thickness, consistent with the predictions in Refs. [8.106], [8.1091 on phonon-plasmon 
coupling. From Ref. [8.103]. 


by Kasuya et «/J 8110 ^ and Pimenta et aL J 11 1 MS. 112 ] an( j j s already present in Ref. 18.11 ]. 
Figure 8.31 (a) shows the high-energy spectra for different excitation energies. The spectrum 
at 1.92 eV exhibits a different line shape compared to the spectra at other laser energies. The 
peaks are broadened towards lower frequencies and enhanced in intensity with a strong signal 
at 1540cm" 1 ; the highest peaks are downshifted. Pimenta et fl / ( I 8 - 1 m, [ 8.1121 attributed spectra 
with a similar line shape to the resonant excitation of metallic tubes. This was based on 
tight-binding calculations of the singularities in the electronic joint density of states. For the 
range of tube diameters in the sample (1.0- 1.6 nm), the singularities of metallic tubes were 
predicted between 1.7 and 2.2 eV, matching the excitation energy of 1.92eV. Raman spectra 
with a line shape similar to that at 1.92eV in Fig. 8.31 (a), /.<?., with a strong broadening and 
downshift of the peaks, are therefore often called metallic spectra. In contrast, the remaining 
spectra in Fig. 8.31 (a) were attributed to the resonant excitation of exclusively semiconducting 
tubes and named semiconducting spectra. 

Besides the generally lower frequencies in metallic nanotubcs discussed above, a second 
mechanism gives rise to the peculiar line shape in the Ramam spectra of metallic tubes in bulk 
samples. Kempa^ l09 J and Jiang et «/J 103 ^ proposed that a strong coupling of phonon and 
plasmon modes leads to the downshift and line shape of the metallic Raman spectra. They 
showed that a non-zero phonon wave vector is required for this coupling. Therefore, defects 
must be present in the tube, if the metallic line shape is to be observed. The required phonon 
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Figure 8.32: Phonon dispersion of the (3,3) tube 
from first-principles calculations. The longitudinal 
(transverse) mode with m = 0 and m = n is given by 
the black (gray) solid line. At the r point the LO 
mode drops below the TO frequency, leading to a 
strong overbending. 



momentum decreases in nanotube bundles with bundle thickness. As a consequence, the 
Raman intensity on the low-energy side of the metallic peak increases with bundle thickness, 
and the line shape changes between metallic and semiconducting-like spectra with varying 
laser energy were first observed in bulk samples.^ t)ri ^ 8 112 i We show in Fig. 8.31 (b) the 
Raman spectra of nanotube bundles with different thicknesses. The metallic line shape is 
most pronounced in the lowest trace, which is recorded from the largest bundle with 5 nm 
heightJ 810 ^ In the highest trace (from an isolated tube) the mode at 1540cm 1 is almost 
absent, in good agreement with the expectations. 

So far we have discussed the vibrational frequencies of metallic tubes only at the r point. 
In Fig. 8.32 we show the high-energy part of the phonon dispersion of the (3,3) tube from 
ab-initio calculations. The m — 0 longitudinal and transverse phonon bands are indicated by 
black and gray solid lines, respectively. The T-point frequency of the LO-derived phonon at 
1460 cm 1 is below the TO-derived frequency at 1492 cm 1 . Further away from the r point, 
the phonon frequencies approach the phonon dispersion expected from zone folding or for 
semiconducting tubes. The maximum frequency of the m — 0 LO branch is still large, making 
the overbending particularly pronounced. The highly unusual phonon dispersion of the LO 
and TO modes in metallic nanotubes was found experimentally by double-resonant Raman 
scattering on isolated nanotubes. 

In Fig. 8.33 (a) we show the high-energy Raman spectrum at different laser energies from 
the same nanotube. Both the line shape and the frequency clearly depend on laser energy. The 
spectrum at 2.05 eV exhibits a strong broadening and a high intenstity at ^ 1550 cm 1 . It re¬ 
sembles a metallic spectrum, which is expected to be, in general, weaker than in bundles, see 
Fig. 8.31 (b). With increasing laser energy, the peak at & 1550 cm 1 becomes weaker in inten¬ 
sity and shifts towards higher frequencies. The frequency of the upper peak at ^ 1590 cm -1 
first decreases and then increases again. The spectra above 2.18eV resemble typical semicon¬ 
ducting spectra. This indicates that the metallic or semi conducting-looking Raman spectrum 
is not an intrinsic property of the tube but depends on the excitation energy as well. The 
intensity of the spectra decreases continuously with increasing laser energyJ 8 - 73 ! 

Since the first-order Raman spectra of the same individual nanotube depend on excitation 
energy, we conclude that defect-induced, double-resonant Raman scattering is the physical 
origin of this effect. Let us assume that the isolated tube in Fig. 8.33(b) is metallic, as pre- 
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Figure 8.33: (a) Raman spectra from the same tube at different laser energies. The D mode clearly shifts; 
the HEM frequencies and line shape vary as well. At lower excitation energy, the spectrum is metallic- 
like, whereas at larger excitation energy the spectrum resembles a semiconducting spectrum. The vertical 
lines indicate the peak positions at the lowest laser energy, (b) High-energy mode frequencies as a 
function of laser energy, measured on an isolated tube (left) and calculated for the (8,8) tube (right). The 
solid and dashed lines are guides to the eye. They illustrate the resemblance of the HEM dependence 
on laser energy to the phonon dispersion of a metallic tube. On the right, the bottom axis denotes the 
calculated double-resonant phonon wave vector; the axis is not linear. The phonon dispersion used in 
the calculation is a model dispersion adapted to a metallic tube. From Ref. [8.73]. 



dieted from its line shape at FiO)/ = 2.05 eV. The double-resonant phonon wave vector is small 
and increases with increasing laser energy. Therefore, at h(Oj = 2.05 eV the observed phonon 
is close to the F point, where the m 0 LO frequency is strongly softened and gives rise 
to the metallic line shape. The phonon dispersion of the metallic tube is similar to the one 
shown in Fig. 8.32 for the (3,3) tube with a strong overbending of the LO branch. In arm¬ 
chair tubes, the m — 0 LO and TO modes cross, whereas they exhibit an anlicrossing in chiral 
tubes because they have the same symmetry. For increasing laser energy and hence increasing 
double-resonant phonon wave vector, the Raman peaks follow the phonon dispersion: they 
first shift towards each other, and then the splitting increases again. This is indicated by the 
solid and dashed lines in Fig. 8.33(b). The Raman intensity decreases continuously because 
the optical transitions take place at increasing distance from the singularity in the electronic 
density of states. The calculation to the right was performed for an (8,8) tube with a model 
phonon dispersion to illustrate the frequency shifts in a metallic tube. 


The Raman spectra of metallic tubes thus appear both metallic- and semiconducting-like, 
depending on laser energy compared to the energy of the van-Hove singularity. If the Raman 
spectrum is metallic, however, it does indicate a metallic lube. Only in metallic tubes do the 
strong broadening of the mode by a phonon-plasmon coupling and the softening of the LO 
phonon occur, giving rise to the peak at 1540 cm -1 . Therefore, Raman scattering provides 
an experimentally fast and simple method for determination of the metallic character of a 
tube. It is much more laborious to distinguish between metallic and semiconducting lubes by 
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transport measurements (Chap. 5). For example, metallic nanotuhes that had been separated 
by an electric field from semiconducting tubes were characterized by Raman scattering. 


8.5.3 Single- and Double-resonance Interpretation 


Two conceptually different models arc applied in the literature for analyzing Raman spectra 
of carbon nano tubes. They are often abbreviated to single-resonance and double-resonance 
models. We discussed both of them above when considering Raman scattering as a function 
of excitation energy. In this section we will outline the implications of the two models, which 
are partly contradictory. 

The single-resonance model is the conventional one and assumes scattering by F-point 
phonons only. Furthermore, the singularities in the electronic density of states play a dom¬ 
inant role. A tube contributes to the Raman signal only if the incoming or outgoing photon 
energy closely matches a singularity. Therefore, the Raman intensity of a given tube is either 
large, in the case of a resonance, or approximately zero. Consequently, in carbon-nanotube 
ensembles particular tubes are selected by the choice of the laser energy (diameter-selective 
resonance). Line shape or frequency of the Raman modes cannot change for a given tube by 
variation of the laser wavelength. Also for the D mode, which is widely accepted to result 
from a double-resonant process, the shift with excitation energy is sometimes attributed to 
selective enhaneement of different tubes. In general, any variations of the Raman spectra with 
laser energy imply that different tubes are excited, when the single-resonance interpretation is 
envoked. 


In the double-resonance model, phonons with large wave vectors are allowed by defect 
scattering, and are selectively enhanced in a double-resonant process. This interpretation does 
not explicitly exclude single resonances - in fact, they are always included in calculations of 
the Raman cross section - but the double resonance dominates the Raman spectra. The role 
of the singularities in the electronic density of states is considered as well. The Raman cross 
section increases for incoming or outgoing resonances close to the singularities. In addition, 
the phonon density of states is equally important. Moreover, the enhancement by double 
instead of single resonance can compensate for a lower electronic density of states. In bulk 
samples with many different tubes, the laser energy will exactly match the singularities for a 
few of them. These tubes contribute with a strong signal, as in the single-resonance picture. 
The contributions from the remaining tubes, neglected in the single-resonance model, can 
sum up to a comparable signal. This is supported by experiments on the same isolated tube 
for several laser energies that cannot all match the singularities exactly. 

The essential difference from the single-resonance picture is the following: Variations of 
the Raman spectra with excitation energy are not always attributed to selective enhaneement 
of different tubes but of different phonon wave vectors in the same tube. Consequently, the 
double-resonance model leads to different conclusions about the properties of the investigated 
tubes. Since the Raman line shape can change in the same tube depending on laser energy, a 
“semiconducting'’ spectrum does not necessarily indicate a semiconducting tube. Instead the 
spectrum can also result from a metallic tube. A “metallic” Raman spectrum, however, is still a 
signature of metallic tubes, because only metallic tubes have the softened phonon frequencies 
that give rise to the peak at « 1540cm -1 . Regarding the D mode, only metallic tubes with 
'k = 3, i.e., (n\ — ni)/?> integer, exhibit a strong D-mode scattering. Therefore, the absence of 
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the D mode, which is usually taken as an indication of low defect concentration, can instead 
also result from a semiconducting or a metallic 'R = 1 tube. Finally, if the entire Raman 
spectrum of carbon nanotubes is determined by double-resonant Raman scattering, the radial 
breathing mode, too, shifts with laser energy, see Sect. 8.2. The shift of the radial breathing 
mode is probably smaller than for the high-energy inodes because of its flat dispersion close 
to the r point. Given the large uncertainties in the relation between the RBM frequency and 
the tube diameter, the additional error due to the double resonance is, most likely, quite small. 


From a theoretical point of view, defect-induced, double-resonant scattering for the high- 
energy and the radial breathing modes can occur in carbon nanotubes, because it is the same 
process that is allowed for the D mode. The only difference is the smaller phonon wave 
vector. This makes the process even more favorable, since a wave vector on the order of S~ ] 
corresponds to a mean distance S between the defects and hence a lower defect concentration 
is required than for the D mode. Raman experiments on boron-doped nanotubes showed that 
the intensity of the high-energy modes increased with defect (boron) concentration. Moreover, 
the single-resonance model does not give a convincing explanation for the line shape of the 
high-energy peaks, in particular, the amplitude ratio of the peaks. Interpretations based on 
possibly different symmetries of the Raman modes, like the assignment to A j^, E\ s , and £?# 
modes, are contradicted by polarization-dependent Raman experiments showing that the high- 
energy spectra are uniformly dominated by fully symmetric phonon modes. In contrast, the 
double-resonance model offers a straightforward explanation for the complex line shape of 
the high-energy modes from only A j -symmetry phonons. 


Assuming that the entire Raman spectrum of carbon nanotubes is determined by double¬ 
resonant scattering, one might expect a large number of symmetry-allowed double-re son ant 
modes. Instead, only two lines, the D mode and the high-energy modes are observed. This is 
probably due to a particularly strong electron-phonon coupling for the observed modes. The 
strong coupling is evident from the softening of the modes found for metallic tubes; for the 
phonons giving rise to the D mode it was predicted by Castiglioni et z?/.Z 8 - 67 !'[8.68] consistent 
with experimental results on the graphite phonon dispersion. 18 711 


The double-resonance interpretation is strongly supported by experiments. Both the D 
mode and the high-energy mode in the same individual tube were found to depend on laser- 
energy in frequency and shape. This result is the fingerprint of defeel-induced, double¬ 
resonant Raman scattering and cannot be understood within single-resonant scattering of T- 
point modes. In general, the strong enhancement of the Raman cross section by a double 
resonance explains why the Raman signal of a single molecule such as an isolated nanotube 
can be detected on a scale comparable with, e.g. y the second-order modes of bulk silicon. The 
double-resonance picture can explain a number of experimental results from Raman scatter¬ 
ing on carbon nanotubes, such as the laser-energy dependence of the modes, their symmetry 
properties, and their line shape. For a verification of all predictions from this model, further 
experiments on isolated tubes are expected, where the metallic or semiconducting character 
of the tube or even its chirality are known from independent measurements. 
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8.6 Summary 

The vibrational properties of nanotubes show some remarkable physics as we described in this 
chapter. Apart from being interesting for both theoretical and experimental point of view they 
have become useful for the application of nanotubes in devices due to the analytic strength of, 
in particular, Raman scattering. For the predominant qualities commonly derived from Ra¬ 
man measurements - the orientation, the diameter, the chirality, the metallic or semiconduct¬ 
ing nature there is surprisingly little direct evidence that it actually works, The sensitivity 
to orientation, together with the strong absorption in the ^-direction appears experimentally 
proven. The relationship of the RBM frequency and the diameter is built mostly on theoretical 
models. They agree generally and there is little doubt about the 1 /d relation; the proportion¬ 
ality constant C\ or the function C? are known only approximately. We put an error of 5%, 
which translates into a corresponding error in diameter. Any conclusion derived explicitly 
from knowing C\ to higher accuracy, we feel is unjustified. In particular, the derivations of 
chiral indices from Raman scattering alone suffers from too coarse approximations. Reports of 
Raman experiments combined with luminescence contain more information on the nanotubes 
and get closer to a believable (n i, 112 ) assignment; they were discussed in Sect, 4.3. 

Recently, double-walled nanotubes have allowed progress in experimental assignments of 
lubes because of the pairing of inner and outer tubes and because the inner tube appeared to 
have very sharp lines, which is, however, not fully understood. 

At higher frequencies, two strong modes are observed in the Raman spectrum. The D 
mode is induced by disorder and shifts by & 50 cm _1 /eV with excitation energy. This surpris¬ 
ing behavior is also found in graphite and stems from a double-resonant scattering process. 
The high-energy modes have a line shape of at least two prominent peaks that are charac¬ 
teristic for single-walled lubes. They are uniformly fully symmetric modes with E\ and Ei 
contributions below 5%. The lineshape changes significantly when metallic tubes are excited. 
The peaks of the high-emergy mode are downshifted and strongly broadened, due to a strong 
coupling of phonon and plasmon modes. A so-called semiconducting spectrum, however, can 
originate from a metallic tube as well. 

The assignment of the high-energy modes is still under debate. The common interpretation 
is a single-resonance model, attributing the high-energy peaks to different phonon symmetries. 
This is in contradiction to polarization-dependent Raman results. Raman experiments on iso¬ 
lated tubes give strong support to an alternative model, where the high-energy mode, like the 
D mode, results from double-resonance scattering involving non-T point vibrations. 


8.7 What we Can Learn from the Raman Spectra of 
Single-walled Carbon Nanotubes 

In the introduction to this chapter we mentioned that Raman spectroscopy is probably the 
most useful tool for characterizing carbon nanotubes; examples were discussed throughout 
this chapter. We feel that the physical concepts in Raman scattering on nanotubes are quite 
involved, in particular, in view of the ongoing discussion about the interpretation of the spec¬ 
tra. In this section we give a brief guide to what can and what cannot be concluded from the 
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Raman spectrum of a tube. If a topic is controversial in the community we rather say “no” 
than “yes” or briefly describe the contradicting issues. 

Presence of carbon nanotubes: The combined spectrum of the radial breathing mode 
and the double-peak structure just below 1600 cm -1 confirm the presence of nanotubes in a 
sample. The scattering intensity is very high. Isolated nanotubes can be found by mapping 
a sample in con focal Raman imaging. The radial breathing mode alone is not convincing 
evidence for carbon nanotubes, since many materials have Raman peaks between 100 and 
300 enr 1 (Sect. 8.1, Fig. 8.4). 

Orientation of isolated tubes or aligned samples: The Raman signal is always strongest 
if the incoming (and scattered) light is polarized parallel to the nanotube axis. Note that the 
sensitivity of a spectrometer always depends on the polarization (Sect. 4.1 and Sect. 8.4). 

Diameter: The diameter can be estimated from the frequency of the radial breathing mode 
(±5 %). Once the factor C\ between C0 rbm and 1 /d is established experimentally the error will 
decrease (Sect. 8.2.1, Eq. (8.1), and Table 8.2). 

Chiral angle and indices: The uncertainty in diameter is too large to assign (n\,ni) on the 
basis of Raman data. For very small tubes (only few choices of for a given diameter 

range] deviations from the 0)rbm ~ I jd law occur. For larger tubes combined measurements 
of the radial breathing mode frequency and the optical transition energies (PLE) seem to be a 
promising approach. Note, however, that presently corbm was used to assign chiralities to the 
optical spectra, /.e., there is no independent information on C\ (Sect. 4.3 and “Higher-excited 
states” below). 

Defect concentration: The defect concentration can be measured by the intensity ratio 
between the D and IT peak. It is controversial as to whether the ratio between D and the 
high-energy modes is a good indicator for defects. Use the metallic resonance (red or yellow 
excitation for typical diameters) to obtain the highest D mode intensity on a given sample. In 
the double-resonant interpretation, the appearance of the nanotube Raman spectrum implies 
the presence of defects in the tubes (Sects. 8.3, 8.5.1, and 7.4). The absence of the D mode 
could indicate a low concentration of defects or a predominance of f Ji = 1 tubes. 

Metallic uanotubes: A broad peak around 1540 cm -1 (less pronounced in isolated tubes) 
comes from metallic nanotubes. Use red or yellow excitation to obtain the metallic spectrum 
(Sect. 8.5.2). 

Semiconducting nanotubes: The origin of the “semiconducting” spectrum is controver¬ 
sial. In the double-resonance interpretation it may come from metallic and semiconducting 
tubes alike (Sect. 8.5.2, in particular, Fig. 8.33). 

Strain: A shift in phonon frequency at fixed excitation energy results from a change in 
the bond lengths and/or angles by, c.g., externally applied stress or temperature (Sects. 6.2 and 
8 . 2 . 1 ). 

Temperature: The Stokes/anti-Stokes ratio is not characteristic for the sample temper¬ 
ature in single-walled carbon nanotubes because of the strong resonances. Heating of the 
sample shifts the phonon frequencies to lower energy. After calibrating the frequency shift for 
a given sample and experimental conditions (laser energy, etc.) this shift can be used to obtain 
the temperature (Sect. 8.2.1). 

Phonon dispersion: It is controversial whether the phonon dispersion can be measured 
with Raman spectroscopy. In the double-resonant interpretation the change in phonon fre¬ 
quency with laser energy comes from the phonon and electronic dispersion. The q = 2k rule 
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gives an estimate of the phonon wave vector; a detailed analysis requires calculating the Ra¬ 
man cross section (Sects. 7.4 and 8.5.2). 

Band gap: Below the band gap the Raman signal is expected to vanish because the reso¬ 
nances are lost (in both interpretations). This is, however, more of academic interest since the 
typical band gaps below 1 eV are loo small for standard lasers. 

Higher excited states: The predictions from the two interpretations are different. The 
single-resonance picture predicts a loss of the Raman signal if the laser energy E\ is more 
than one to two h(O p f t away from a singularity in the joint density of states Eu. In the double¬ 
resonance interpretation the signal is expected to be weak but present even if E\ > En + 2 E p } v 
In any case, for the high-energy modes this is a very broad energy range. From the intensity of 
Ihe radial breathing mode at many different excitation energies Ep can be measured. In an iso¬ 
lated tube a strong radial breathing mode signal (comparable, «?.#., to second-order scattering 
in semiconductors) indicates lhal Ep, is within ^ 50 — lOOmeV of the laser line. (Sects. 3.3.1 
and 8.2.1) 


Doping: This has not yet been studied experimentally. We propose some possible mech¬ 
anisms. Doping seems to be associated with strain in nanotubes, see above for the detection 
of strain. For high-doping levels the overall Raman intensity should decrease because ihe 
resonances are lost. Also, a phonon-plasmon coupling similar to metallic tubes should be 
observable. (See Sects. 8.5.2 and 6.3, see also the literature on bulk semiconductors). There 
is also work on intercalated nanotubes, see the literature. 
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In this appendix we give the point symmetries of graphene along the high-symmetry lines. 
Figure A.l shows the graphene hexagonal unit cell in real space. At the F point the six-fold 
rotation axis is normal to the paper (z-axis). At other points in the Brillouin zone the symmetry 
is reduced, because of the finite k vector. Only those operations are given that either leave k 
unaltered or transform it into a vector Ic with k f k ~ G , where G is a reciprocal lattice vector. 
The figure gives the six distinct high-symmetry points or lines for graphene together with the 
corresponding subgroup of D(^. C 2 operations are given next to the rotational axis. Unprimed 
rotations arc always around the z -axis and are not explicitly given. Mirror operations a stand 
next to the axis that is normal to the mirror plane. Note that the (.v. y.z) Cartesian coordinate 
system along the F-K and the F-M lines differs from the one at the high-symmetry points. At 
M the choice of the coordinate system is not unique, because all rotational axes have the same 
order. In Fig. A.l we show the coordinate system that we used throughout this book, Le., the 
principal axis at M is the same as the one at F. For another coordinate system at the M point, 
the irreducible representations will, in general, be different as well. Particular care has to be 
taken with the B and B 2lt ^ representations of Dn t . Changing the a- into the y-axis will 
interchange these two representations. 

Tables A.l to A.3 are the correlation tables for the /}$/,, Dy t , and D 2 h point groups. If the 
irreducible representation at the F point is known, they can be used to find the representation 
at lower-symmetry points. For example, at the F point the irreducible representation of the 7T* 
conduction slate in graphene is Big. Along the F-K line the point-group symmetry is lowered 
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Table A.l: Correlation table of the 
point group to some selected subgroups. 
The table is read in the following way: a 
R 2 g irreducible representation at F (Ai/*) 
will belong to the B 2 representation along 
F-M and to A 2 along T -K. 




Figure A.l: Point-group symmetry operations of graphene at the r point, along the F-M line, at the M 
and K points, and along the F-K line. The hexagons indicate the graphene lattice in real space. Tor each 
high-symmetry line or point the Cartesian coordinate system (z is always the principle rotation axis of 
the point group), the primed C 2 rotations, and the a mirror planes arc shown. Note that the Brillouin 
zone, when drawn into the same figure, is rotated by 90° with respect to the real space unit cell (about 
an axis normal to the paper). 


to C 2v - The principle rotational axis is now the x-axis of graphene {C 2 ), see Fig. A.l. The 
B 2h representation then corresponds to A 2 , as can be seen in Table A.l. At the K point the A? 
representation is correlated with A" and Zs", see Table A.2. There is, unfortunately, no a priori 
way to tell which is the correct choice. However, we know that the valence and conduction 
states are degenerate at the graphene K point. Such degeneracies at high-symmetry points are 


Table A.2: Correlation table of which is the point-group symmetry at K. 
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Table A.4: Character table for the D point group 
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group 
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Table A.6: 

Character table for the Lhh point group 








Ihh 


E 

c z 

l - , 2 


C 2 

c x 

l 2 

/ 

0 

O’ 


<x v - 

a 

VZ 

Basis 



1 

1 


1 

1 

1 


1 


1 


1 

Gxxi Aw- a u. 

A u 


1 

1 


1 

1 

-1 

— 

1 


-1 

- 

1 


B\ g 


1 

1 


1 

-1 

1 


1 


-1 

- 

1 

Rz,U.\y 

B\a 


1 

1 


1 

-1 

-1 

— 

1 


1 


1 

77 

10 

'sz 


1 

-1 


1 

-1 

1 

— 

1 


1 

— 

1 

By : fi-XZ 



1 

-1 


1 

-1 

-1 


1 


-1 


1 

y 

B^ 


1 

-1 


-1 

1 

1 

— 

1 


-1 


1 

B y , Cly Z 

ih„ 


1 

-1 


-1 

1 

-1 


1 


1 

— 

1 

X 

Xa(M) 


2 

0 


0 

2 

0 


2 


2 


0 



usually given by symmetry and are not accidental. Therefore, it is likely that the tt* conduction 
and the % valence electrons belong to the degenerate E n representation at K. This is indeed 
the correct symmetry. Along the F-M line the representation of the K* state is B 2 and, finally, 
it is B\ u at 
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Table A.7: Character tabic for the C 2v point group 
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Tables AA-AJ are the character tables of the D^ point group and its subgroups that 
correspond to high-symmetry points and lines in the graphene Brillouin zone. The last column 
shows to which representation the translation (x-, y-, and ^-component) and the rotation (R x , 
R yy and R z ) belong. Additionally, the transformation properties of a second-rank symmetric 
tensor are given. They can be used to find selection rules for Raman scattering. For example, 
the £' 2 ^ mode has the degenerate basis function (a xx — « y _ y ,« vy ), see Table A.4. This means that 
we have two Raman tensors 

fe 0 0\ /0 e ()\ 

0 -e 0 and \e 0 0 . (A.l) 

\0 0 0 ) \0 0 0 ) 

From the Raman tensor the intensity is calculated with the help of Eq. (7.5); see Chap. 7 lor 
details. 

The last lines in Tables A.4-A.7 give the characters of the atomic representations in 
graphene, />., the symmetry of the two carbon atoms in the hexagonal lattice. These char¬ 
acters help in finding, e.g., the dynamical representation or the representation of the n states 
in graphene. The n stales are dervied from a p z atomic wave function attached to each car¬ 
bon atom. Their symmetry properties are therefore given by the product between the atomic 
representation and the representation of the ^-coordinate. The latter, for example, is /\ 2 „ in the 
D()h point group corresponding to the graphene r point. We multiply the characters Xa(^) 
of the atomic representation at the r point by the characters of A 2 ,/. Reducing this product 
representation we immediately find that the graphene n orbitals belong to the 82 ? and the A 2 „ 
representation. When performing this analysis for the r~M and the r~K direction bear in 
mind the different coordinate system in Fig. A. E Along these two high-symmetry lines the p z 
orbital belongs to the y representation of C 2 , , because the v-axis is now perpendicular to the 
graphene sheet. 
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This appendix shows how to obtain the Raman intensities for any polarization on randomly 
oriented systems. We demonstrated the basic approach in Chap. 7, where we calculated the 
matrix element for a particular Raman tensor and configuration and then averaged over Euler’s 
angles. To generalize the result we use the transformation properties of the Raman tensor, /.e\, 
any tensor of rank two. The transformations of tensors under rotation are best described by 
irreducible spherical tensors, which is a decomposition with respect to the rotation group. 
Moreover, irreducible spherical tensors T,\f ] have sharp j and m quantum numbers; under 
rotation they transform according to 

r}J ] ^Y. T n i)D pUv,o,(p), (B.i) 

I> 


where is the matrix representation of the rotation group (rotation matrices). The decom¬ 
position of a tensor with rank k into irreducible tensors of rank 0,1is done with the help 
of the Clcbseh-Gordan coefficients. The procedure is described in a number of textbooks. A 
normalized set of irreducible tensors for the Raman tensor 5? = + 7^) T ^ is 

7 0 (<>) = “ 5 («.v.v + %' + a K ) t[\ ] = ±[(a,,--a r -)-t(a, v .- a v ,)] (B.2) 

T(l' ] - ^(CCxy - « W ) T$ = \ [(a.v.v - <Xyy) ± >{ a xy + Ctyx)] (B.3) 

’lf\ i(a?.r + OL xz ) _t (a, y + a,;)] 7j, (2) = ^ (2a., - a„ - a vv ). (B.4) 

To obtain the intensity //$ in a fixed scattering configuration (e/,es) we calculate the matrix 

element with the help of the Wigncr-Eckart theorem. We use Eq. (B.I) to average over the 
randomly oriented molecules. 
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j 


Ll 


Q. 


= / {^{(-l) 7,+7+ ^(V,v- 

J.M 


n 


V.M 


f.v)} d(i) 

(B.5) 


}V 


(B.6) 


where (JjJ s — Mjm s \J — M) are the Clebseh-Gordan eoeflicicnls; using Eq. (B.I) and the 
selection rule M = m\ - m x we find 


/ {ECM - m,m s | J [/)(, - in ,|) <£ ’I,,' 1 


Ll 



(B.7) 
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J 

0 

1 

2 

l p \' 4 j) } 2 

3 a 2 

2 2 

3 "as 

2 V 2 

3 's 


Table B.l: Reduced matrix elements in terms 
ol'the Raman tensor invariants. For a , y, 2 , and 
y 2 see Sect. 7.2. 


The rotation matrices are orthonormal 


D k X i D hk dco = 7577TT s ^^ k 2 5 ^- 


(B.8) 


Therefore, we can treat the contributions from irreducible tensors of different rank J sepa¬ 
rately. With the orlhonormality of the rotation matrices Eq. (B.7) reduces to 


jj s oc 


( JjJ s minis | J \m s 


2J + 


-iV T ‘ 


(J) -\ 2 


(B.9) 


The sum over p is independent of the angular momentum quantum numbers m. It has to 
be calculated only once for every J under consideration. Note that in deriving Eq. (B.9) we 
implicitly assumed that ei and c ? s have only one sharp angular momentum quantum number 
and are not a coherent superposition as, e.g., ex = i +^n ) The extension to this case is 
straightforward. Care must be taken when summing over p by using the orthogonality of the 
rotation matrices in Eq. (B.8), since the mixed elements in the squared sum do not necessarily 
cancel. This is only dangerous when m s mi are the same for the two coherent contributions 
as for the (exex) conliguralion. In all other cases the result for the coherent is the same as for 
the incoherent superposition. This can be verified by writing out Eq. (B.5). 

The next step in finding I IS is to calculate E /; [7}^] 2 for 7 = 0,1.2 with the irreducible ten¬ 
sors in Eq. (B.4). The results are summarized in Table B. 1 in terms of the traditional invariants 
used in Raman scattering (see Sect. 7.2). Finally, we use the Clebsch-Gordan coefficients and 
Eq. (B.9) to obtain the Raman intensities for the desired scattering configuration. For example, 
for Izz = /|| I find (J, = J s = 1 = m s = 0) 

, = v I'.oci. 1.1*2 , n 1 2 ,.2 I 2 1 2 , 45 a 2 + 4 y/ 

77. ^ ^ 7(1.s ^ ^ ^ ^ 7s- 


3 5 3 


This is the same result as we obtained in Eq. (7.8) by integrating over Euler’s angles. Nev¬ 
ertheless, in the derivation presented in this Appendix we did not use any special form of the 
Raman tensor. The intensities //$ for the other scattering configurations on unoricnled crystals 
are given in Table B.2 for Raman backscattering. 


Tabic B.2: Intensities in the four backscattering configurations on thrcc-dimcnsionally unoriented sys¬ 
tems. 


IS 


45 1 1S 


45a 2 + 4 


_L 


5 riv 13 y 2 


45 a 2 + 5 y 2 +y 2 




Appendix C Fundamental Constants 


Quantity 

Symbol 

Value 

Units 

vacuum velocity of light 

c 

2.998 x10 s 

m/s 

dielectric constant, 1 /(jUo • c 2 ) 

So 

8.854x 10” 12 

A s/( V m) 


IM) 

Ak x 10 7 

V s/(A m) 



12.57x10 7 

V s/(A m) 

electronic charge 

e 

1.602x10 19 

C 

conductance quantum 2 e 2 /h 

Go 

7.748 xl0“ 5 

s 

von Klitzing constant h/e 1 

Rk 

2.581 xlO 4 

Q. 

Boltzmann constant 


1.381x 10 23 

J/K 



8.617 xlO -5 

eV/K 

Planck's constant 

h 

6.626x10 34 

Js 



4.136xlO- |S 

eVs 


h — h/2 k 

1.055 xlO-- 34 

Js 



6.582 x 10 16 

cVs 

Rydberg constant 

Ry 

13.61 

eV 

Bohr radius 

bo 

0.529x10"'° 

m 

atomic mass unit (amu) 

U 

1.661 xlO" 27 

kg 

in eV, U ■ c 2 


931.5 

McV 

electron mass 

m c 

9.109xl0" 31 

kg 

in amu 


5.486x10 4 

U 

in eV, m e ■ cr 


0.511 

McV 



Bibliography 


Chapter 1 

[1.1] J. W. Seo, E. Couteau, P. Umek, K. Hernadi, R Marcoux, et aL , “Synthesis and manip¬ 
ulation of carbon nanotubes”, New J. Phys. 5, 120.1-120.22 (2003). 

LI.2] P. M. Ajayan and O. Z. Zhou, “Applications of carbon nanolubes”, in Carbon Nano¬ 
tubes: Synthesis, Structure, Properties, and Application , edited by M. S. Dresselhaus, 
G. Dresselhaus, and P. Avouris (Springer, Berlin, 2001), vol. 80 of Topics in Applied 
Physics , p. 391. 

LI.3] P. Y. Yu and M. Cardona, Fundamentals of Semiconductors (Springer-Verlag, Berlin, 
1996). 

LI.4] M. Cardona and G. Giintherodt (editors), Light Scattering in Solids I-VIII (Springcr- 
Verlag, Berlin, 1982-2000). 

[1.5] M. S. Dresselhaus, G. Dresselhaus, and P. C. Eklund, Science of Fullerenes and Carbon 
Nanotubes (Academie, San Diego, 1995). 

[1.6] R. Sailo, G. Dresselhaus, and M. S. Dresselhaus, Physical Properties of Carbon Nano¬ 
tubes (Imperial College Press, London, 1998). 

[1.7] P. J. F. Harris, Carbon Nanotubes and Related Structures (Cambridge University Press, 
Cambridge, 1999). 

[1.8] M. S. Dresselhaus, G. Dresselhaus, and P. Avouris (editors), Carbon Nanotubes: Syn¬ 
thesis, Structure, Properties, and Applications , vol. 80 of Topics in Applied Physics 
(Springer, Berlin, 2001). 


Chapter 2 

[2.1] M. Damnjanovic, I. Milosevic, T. Vukovic, and R. Sredanovic, “Full symmetry, oplieal 
activity, and potentials of single-wall and mulliwall nanotubes”, Phys. Rev. B 60, 2728 
(1999). 

12.2] C. Journet and P. Bernier, “Production of carbon nanolubes”, Appl, Phys. A; Mater. 
Sci. Process. 67, 1 (1998). 

[2.3] M. J. Bronikowski, P. A. Willis, D, T. Colbert, K. A. Smith, and R. E. Smalley, “Gas- 
phase production of carbon single-walled nanotubes from carbon monoxide via the 
HiPco process: A parametric study”, j. Vac. Sci. Teehnol. A 19, 1800-1805 (2001). 



186 


Chapter 2 


[2.4] H. Dai, “Nanolube growth and characterization”, in Carbon Nanotubes , edited by 
M. S. Dresselhaus, G. Dresselhaus, and P. Avouris (Springer, Berlin, 2001), vol. 80 
of Topics in Applied Physics , p. 29. 

[2.5] J.-C. Charlier and S. Iijima, “Growth mechanisms of carbon nanotubes”, in Carbon 
Nanotubes , edited by M. S. Dresselhaus, G. Dresselhaus, and P. Avouris (Springer, 
Berlin, 2001), vol. 80 of Topics in Applied Physics , p. 55. 

[2.6] L. Henrard, A. Loiseau, C. Journet, and P. Bernier, “Study of the symmetry of single¬ 
wall nanolubes by electron diffraction”, Eur. Phys. B 13, 661 (2000). 

[2.7] C. Journet, W. K. Maser, P. Bernier, A. Loiseau, M. L. de la Chapelle, et al. , “Large- 
scale production of single-walled carbon nanotubes by the eleetrie-are technique”, Na¬ 
ture 388, 756(1997). 

[2.8] S. Iijima, “Helical microtubules of graphitic carbon”, Nature 354, 56 (1991). 

[2.91 G. Qin and L.-M. Peng, “Measurement accuracy of the diameter of a carbon nanotube 
from TEM images”, Phys. Rev. B 65, 155431 (2002). 

[2.10] M. Gao, J. M. Zuo, R. D. Twesten, I. Petrov, L. A. Nagahara, and R. Zhang, “Struc¬ 
ture determination of individual single-wall carbon nanotubes by nanoarea electron 
diffraction”, Appl. Phys. Lett. 82, 2703 (2003). 

[24 1] X. B. Zhang, X. F. Zhang, S. Amelinckx, G. Van Tendeloo, and J. Van Landuyt, “The 
reciprocal space of carbon nanotubes: A detailed interpretation of the electron diffrac¬ 
tion effects”, Ultramicroscopy 54, 237 (1994). 

[2.12] L. C. Qin, T. Ichihashi, and S. Iijima, “On the measurement of helieily of carbon 
nanotubes”, Ultramicroscopy 67, 181 (1997). 

[2.13] P. Lambin and A. A. Lucas, “Quantitative theory of diffraction by carbon nanotubes”, 
Phys. Rev. B 56, 3571 (1997). 

12.141 A. A. Lucas, F. Moreau, and P. Lambin, “Optical simulations of electron diffraction by 
carbon nanotubes”, Rev. Mod. Phys. 74, 1 (2002). 

[2.15] D. Zhou, “HRTEM study of carbon nanoclusters grown from carbon arc discharge”, in 
Progress in Transmission Electron Microscopy 2, edited by X.-F. Zhang and Z. Zhang 
(Springer, Berlin, 2001), vol. 39 of Surface Sciences , chap. 2, p. 25. 

[2.16] L.-C. Qin, “Determining the helicity of carbon nanotubes by electron diffraction”, in 
Progress in Transmission Electron Microscopy 2, edited by X.-F. Zhang and Z. Zhang 
(Springer, Berlin, 2001), vol. 39 of Surface Sciences , p. 73. 

[2.17] T. W. Odom, J. L. Huang, P. Kim, and C. M. Lieber, “Atomic structure and electronic 
properties of single-walled carbon nanolubes”, Nature 391, 62 (1998). 

[2.18] Z. Zhang and C. M. Lieber, “Nanotube structure and electronic properties probed by 
scanning tunneling microscopy”, Appl. Phys. Lett. 62, 2792 (1993). 

[2.19] M. Gc and K. Saltier, “Vapor-condensation generation and STM analysis of fullerene 
tubes”, Science 260, 515 (1993). 

[2.20] M. Ge and K. Sattler, “Scanning tunneling microscopy of single-shell nanotubes of 
carbon”, Appl. Phys. Lett. 65, 2284 (1994). 

[2.21] J. W. G. Wildoer, L. C. Venema, A. G. Rinzler, R. E. Smalley, and C. Dekker, “Elec¬ 
tronic structure of atomically resolved carbon nanotubes”, Nature 391, 59 (1998). 



Chapter 2 


187 


[2.22J L. C. Venema, J. W. Janssen, M. R. Buiielaar, J. W. G. Wildoer, S. G. Lemay, L. R 
Kouwenhoven, and C. Dekker, “Spatially resolved scanning tunneling spectroscopy 
on single-walled carbon nanotubes”, Phys. Rev. B 62, 5238 (2000). 

[2.23] T. W. Odom, J. H. Hafner, and C. M. Lieber, “Scanning probe microscopy studies of 
carbon nanotubes”, in Carbon Nanotubes , edited by M. S. Dressclhaus, G. Dressel- 
haus, and P. Avouris (Springer, Berlin, 2001), vol. 80 of Topics in Applied Physics , p. 
173. 

[2.24] A. Hassanien, M. Tokuniolo, S. Oshima, Y. Kuriki, K Ikazaki, K. Uchida, and M. Yu- 
mura, “Geometrical structure and electronic properties of atomically resolved multi¬ 
wall carbon nanotubes”, Appl. Phys. Lett. 75, 2755 (1999). 

[2.25] J. Muster, M. Burghard, S. Roth, G. S. Duesberg, E. Hernandez, and A. Rubio, “Scan¬ 
ning force microscopy characterization of individual carbon nanolubes on electrode 
arrays”, J. Vac. Sci. Technol. B 16, 2796 (1998). 

[2.26] L. C. Vcncma, V. Meunier, R Lambin, and C. Dekker, “Atomic structure of carbon 
nanotubes from scanning tunneling microscopy”, Phys. Rev. B 61, 2991 (2000). 

[2.27] L. P. Biro and G. I. Mark, “STM investigation of carbon nanotubes”, in Carbon Fil¬ 
aments and Nanotubes: Common Origins, Differing Applications? , edited by L. P. 
Biro, C. A. Bernardo, G. G. Tibbetts, and P. Lambin (Kluwer Academic Publishers, 
Dordrecht, 2001), vol. 372 of NATO Science Series E: Applied Sciences , p. 219. 

[2.28] V. Meunier and P. Lambin, “Tight-binding computation of the STM image of carbon 
nanotubes”, Phys. Rev. Lett. 81, 5588 (1998). 

[2.29] L. P. Biro, P. A. Thiry, P. Lambin, C. Joumcl, P. Bernier, and A. A. Lucas, “Influence 
of tunneling voltage on the imaging of carbon nanotube rafts by scanning tunneling 
microscopy”, Appl. Phys. Lett. 73, 3680 (1998). 

[2.30] P. Lambin and V. Meunier, “Interpretation of the STM images of carbon nanotubes”, in 
Carbon Filaments and Nanotubes: Common Origins , Differing Applications? , edited 
by L. P. Biro, C. A. Bernardo, G. G. Tibbetts, and P. Lambin (Kluwer Academic Pub¬ 
lishers, Dordrecht, 2001), vol. 372 of NATO Science Series E: Applied Sciences , p. 
233. 

[2.31] M. J. Gallagher, D. Chen, B. P. Jacobsen, D. Sarid, L. D. Lamb, et aL , “Characteriza¬ 
tion of carbon nanotubes by scanning probe microscopy”, Suif. Sci. Lett. 281, L335 
(1993). 

[2.32] R. Hoper, R. K. Workman, D. Chen, D. Sarid, T. Yadav, J. C. Withers, and R. O. Loutfy, 
“Single-shell carbon nanolubes imaged by atomic force microscopy”, Surf. Sci. 311, 
L731 (1994). 

[2.33] L. P. Biro, “Atomic force microscopy investigation of carbon nanotubes”, in Carbon 
Filaments and Nanotubes: Common Origins, Differing Applications?> edited by L. P. 
Bird, C. A. Bernardo, G. G. Tibbetts, and P. Lambin (Kluwer Academic Publishers, 
Dordrecht, 2001), vol. 372 of NATO Science Series E: Applied Sciences , p. 255. 

[2.341 T. He riel, R. E. Walkup, and P. Avouris, “Deformation of carbon nanotubes by surface 
van der Waals forces”, Phys. Rev. B 58, 1 3870 (1998). 

[2.35] M.-F. Yu, T. Kowalewski, and R. S. Ruoff, “Structural analysis of collapsed, and 
twisted and collapsed, multiwallcd carbon nanolubes by atomic force microscopy”, 
Phys. Rev. Lett. 86, 87 (2001). 



188 


Chapter 2 


[2.36J T. W. Tombler, C. Zhou, L. Alexscyev, J. Kong, II. Dai, et til., “Reversible electrome¬ 
chanical characteristics of carbon nanolubes under local-probe manipulation”, Nature 
405, 769 (2000). 

[2.371 E. D. Minot, Y. Yaish, V. Sazonova, J.-Y. Park, M. Brink, and R L, McEuen, “Tuning 
carbon nanotube band gaps with strain”, Phys. Rev. Lett. 90, 156401 (2003). 

[2.38J P. J. de Pablo, C. Gomez-Navarro, J. Colchcro, P. A. Serena, J. Gomez-Herrero, and 
A. M. Baro, “Nonlinear resistance versus length in single-walled carbon nanotubes”, 
Phys. Rev. Lett. 88, 036804 (2002). 

[2.39] Y. Otsuka, Y. Naitoh, T. Matsumoto, and T. Kawai, “Point-contact current-imaging 
atomic force microscopy: Measurement of contact resistance between single-walled 
carbon nanotubes in a bundle”, Appl. Phys. Lett. 82, 1944 (2003). 

[2.40J I. Bozovic, M. Vujieic, and F. Herbul, “Irreducible representations of the symmetry 
groups of polymer molecules I”, J. Phys. A 11, 2133 (1978). 

[2.411 I. Bozovic and M. Vujicic, “Irreducible representations of the symmetry groups of 
polymer molecules II”, J. Phys. A 14, 777 (1981). 

[2.42] N. Bozovic, I. Bozovic, and M. Damnjanovic, “Selection rules for polymers and quasi 
onc-dimensional crystals: IV. Kronecker product for the line groups isogonal to D n ^\ 
J. Phys. A: Math. Gen. 18, 923 (1985). 

[2.43J M. Damnjanovic, “Standard components of polar and axial vectors for quasi one¬ 
dimensional systems”, Phys. Lett. A 94, 337 (1983). 

[2.44J M. Damnjanovic, I. Bozovic, and N. Bozovic, “Selection rules for polymers and quasi 
one-dimensional crystals: II. Kronecker product for the line groups isogonal to J. 
Phys. A: Math. Gen. 17, 747 (1984). 

[2.45] M. Damnjanovic, 1. Milosevic, T. Vukovic, and R. Sredanovic, “Symmetry and lattices 
of single-wall nanotubes”, J. Phys. A 32, 4097 (1999). 

[2.46] M. Damnjanovic, T. Vukovic, and I. Milosevic, “Modified group projectors: Tight 
binding method”, J. Phys. A: Math. Gen. 33, 6561 (2000). 

[2.471 I. N. Bronstein and K. Semendjajew, Taschenbuch der Mathematik (Harry Deutsch, 
Frankfurt, 1973). 

[2.48] T. Inui, Y. Tanabe, and Y. Onodera, Group Theory and its Application in Physics 
(Springer Verlag, Berlin Heidelberg New York, 1996). 

[2.49J G. Bums, Introduction to Group Theory with Applications (Academic, New York, 
1977). 

[2.50J V. Heine, Group Theory in Quantum Mechanics: An Introduction to its Present Usage 
(Pcrgamon, Oxford, 1977). 

[2.51J M. Tinkham, Group Theory and Quantum Mechanics (McGraw-Hill, New York, 
1964). 

[2.52] I. Milosevic and M. Damnjanovic, “Normal vibrations and Jahn-Teller effect for poly¬ 
mers and quasi-one-dimensional systems”, Phys. Rev. B 47, 7805 (1993). 

[2.53J J. W. Mintmire, B. 1. Dunlap, and C. T. White, “Are fullcrene tubules metallic?”, Phys. 
Rev. 1 ,ett. 68, 631 (1992). 

[2.54] C. T. White, D. H. Robertson, and J. W. Mintmire, “Helical and rotational symmetries 
of nanoscale graphitic tubules”, Phys. Rev. B 47, 5485 (1993). 



Chapter 3 


189 


[2.551 M. Damnjanovic, I. Milosevic, T. Vukovic, and J. Maultzsch, “Quantum numbers and 
band topology of nanotubes”, J. Phys. A 36, 5707 (2003). 

[2.56] T. Vukovic, I. Milosevic, and M. Damnjanovic, “Carbon nanotubes band assignation, 
topology, Bloch states, and selection rules”, Phys. Rev. B 65, 045418 (2002). 

[2.57] E. B. Wilson, J. C. Decius, and P. C. Cross, Molecular Vibrations (Dover, New York, 
1980). 

[2.581 E. Dobardzic, 1. M. B. Nikolic, T. Vukovic, and M. Damnjanovic, “Single-wall carbon 
nanotubes phonon spectra: Symmetry-based calculations”, Phys. Rev. B 68, 045 408 
(2003). 

Chapter 3 

[3.1] M. Machon, S. Reich, C. Thomsen, D. Sanchez-Portal, and P. Ordejon, “A/? initio 
calculations of the optical properties of 4 A-diameter single-walled nanotubes”, Phys. 
Rev. B 66, 155 410(2002). 

13.2] J.-C. Chariier, X. Gonze, and J.-P. Michenaud, “First-principles study of the electronic 
properties of graphite”, Phys. Rev. B 43, 4579 (1991). 

[3.3] R. F. Willis, B. Feuerbacher, and B. Fillon, “Graphite conduction band states from 
secondary electron emission spectra”, Phys. Lett. A 34, 231 (1971). 

[3.4] T. Kihlgren, T. Balasubramanian, L. Wallden, and R. Yakimova, “Narrow photoemis¬ 
sion lines from graphite valence states”, Phys. Rev. B 66, 235422 (2002). 

[3.5] P. R. Wallace, “The band theory of graphite”, Phys. Rev. 71, 622 (1947). 

[3.61 R. Saito, M. Fujita, G. Dresselhaus, and M. S. Dresselhaus, “Electronic structure of 
graphene tubules based on C^o”, Phys. Rev. B 46, 1804 (1992). 

13.7] R. vSaito, G. Dresselhaus, and M. S. Dresselhaus, “Trigonal warping effect of carbon 
nanotubes”, Phys. Rev. B 61, 2981 (2000). 

[3.8] R. Saito, G. Dresselhaus, and M. S. Dresselhaus, Physical Properties of Carbon Nano- 
tubes (Imperial College Press, London, 1998). 

[3.9] C. T. White and J. W. Mintmire, “Density of states reflects diameter in nanotubes”. 
Nature (London) 394, 29 (1998). 

[3.10] A. Kleiner and S. Eggert, “Curvature, hybridization, and STM images of carbon nano¬ 
tubes”, Phys. Rev. B 64, 1 13402 (2001). 

13.11] S. Reich, J. Maultzsch, C. Thomsen, and P. Ordejon, “Tight-binding description of 
graphene”, Phys. Rev. B 66, 035412 (2002). 

[3.12] J. M. Soler, E. Artacho, J. D. Gale, A. Garcia, J. Junquera, P. Ordejon, and D, Sanchez- 
Portal, “The SIESTA method for ab initio order -N materials simulation”, J. Phys: Con- 
dens. Matter 14, 2745 (2002). 

[3.131 P Ordejon, “Order-A tight-binding methods for electronic-structure and molecular dy¬ 
namics”, Comput. Mater. Sci. 12, 157 (1998). 

[3.14] J. W. Mintmire and C. T. White, “Universal density of states for carbon nanotubes”, 
Phys. Rev. Lett. 81, 2506 (1998). 

[3.151 N. Hamada, S.-I. Sawada, and A. Oshiyama, “New onc-dimensional conductors: 
Graphitic microtubules”, Phys. Rev. Lett. 68, 1579 (1992). 



190 


Chapter 3 


[3.16] S. Reich and C. Thomsen, “Chirality dependence of the density-of-states singularities 
in carbon nanotubes”, Phys. Rev. B 62, 4273 (2000). 

[3.17] M. Damnjanovic, 1. Milosevic, T. Vukovic, and J. Maultzsch, “Quantum numbers and 
band topology of nanotubes”, J. Phys. A 36, 5707 (2003). 

[3.18] M. Damnjanovic, T. Vukovic, and 1. Milosevic, “Modified group projectors: Tight 
binding method”, J. Phys. A: Math, Gen. 33, 6561 (2000). 

[3.19] M. Damnjanovic, T. Vukovic, and I. Milosevic, “Fermi level quantum numbers and 
secondary gap of conducting carbon nanotubes”, Solid State Commun. 116, 265 
(2000), Table 1 in the reference contains a small error: For chiral tubes and the k 
quantum numbers k /-■ = 2qn/3na for [Jl = 3 tubes and kf = 0 for & = 1 nanotubes. 

[3.20] A. M. Rao, E. Richter, S. Bandow, B. Chase, P. C. Ekliind, et ai , “Diameter-selective 
Raman scattering from vibrational modes in carbon nanotubes”. Science 275, 187 
(1997). 

[3.21] J. Mintmire and C. T. White, “First-principles band structures of armchair nanotubes”, 
Appl. Phys. A 67, 65 (1998). 

[3.22] M. S. Dresselhaus, “Nanotechnology - New tricks with nanotubes”, Nature (London) 
391, 19(1998). 

[3.23] J.-C. Chariier and P. Lambin, “Electronic structure of carbon nanotubes with chiral 
symmetry”, Phys. Rev. B 57, 15037 (1998). 

[3.24] J. W. G. Wildoer, L. C. Venema, A. G. Rinzler, R. E. Smalley, and C. Dekker, “Elec¬ 
tronic structure of atomically resolved carbon nanotubes”. Nature 391, 59 (1998). 

[3.25] T. W. Odom, J. L. Huang, P. Kim, and C. M. Lieber, “Atomic structure and electronic 
properties of single-walled carbon nanotubes”, Nature 391, 62 (1998). 

[3.26] L. C. Venema, J. W. Janssen, M. R. Buitclaar, J. W. G. Wildoer, S. G. Lemay, L. P. 
Kouwenhoven, and C. Dekker, “Spatially resolved scanning tunneling spectroscopy 
on single-walled carbon nanotubes”, Phys. Rev. B 62, 5238 (2000). 

[3.27] P. Kim, T. W. Odom, J.-L. Huang, and C. M. Lieber, “Electronic density of states of 
atomically resolved single-walled carbon nanotubes: Van Hove singularities and end 
states”, Phys. Rev. Lett. 82, 1225 (1999). 

13.281 T. W. Odom, J.-L. Huang, R Kim, and C. M. Lieber, “Structure and electronic proper¬ 
ties of carbon nanotubes”, J. Phys. Chem. B 104, 2794 (2000). 

L3.29] T. W. Odom, J. H. Hafner, and C. M. Lieber, “Scanning probe microscopy studies of 
carbon nanotubes”, in Carbon Nanotubes , edited by M. S. Dresselhaus, G. Dressel¬ 
haus, and P. Avouris (Springer, Berlin, 2001), vol. 80 of Topics in Applied Physics , p. 
173. 

[3.30] A. Jorio, A. G. S. Filho, G. Dresselhaus, M. S. Dresselhaus, R. Saito, et ai , “Joint 
density of electronic states for one isolated single-wall carbon nanotube studied by 
resonant Raman scattering”, Phys. Rev. B 63, 245416 (2001). 

[3.31 ] M. S. Strano, S. K. Doom, E. H. Haroz, C. Kittrell, R. H. Hauge, and R. E. Smalley, 
“Assignment of (n,m) Raman and optieal features of metallic single-walled carbon 
nanotubes”, Nano Lett. 3, 1091 (2003). 

[3.32] M. J. O’Connell, S. M. Bachilo, C. B. Huffman, V. C. Moore, M. S. Strano, et a /., 
“Band gap fluorescence from individual single-walled carbon nanotubes”, Science 
297, 593 (2002). 



Chapter 3 


191 


[3.33J S. M. Bachilo, M. S. Strano, C. Kittrell, R. H. Hauge, R. K. Smalley, and R. B. Weis- 
man, “Structure-assigned optical spectra of single-walled carbon nanotubes”, Science 
298, 2361 (2002). 

[3.34J J. Lefebvre, Y. Homnia, and R Fiimie, “Bright band gap photoluminescence from un¬ 
processed single-walled carbon nanotubes”, Phys. Rev. Lett. 90, 217401 (2003). 

[3.35] S. Lebedkin, F. Hennrich, T. Skipa, and M. M. Kappes, “Near-infrared photolumines¬ 
cence of single-walled carbon nanotubes prepared by the laser vaporization method”, 
J. Phys. Chem. B 107, 1949 (2003). 

[3.36J D. Bonnel (editor), Scanning Probe Microscopy and Spectroscopy: Theory, Tech¬ 
niques, and Applications (Wiley-VCH, New York, 2001), 2 edn. 

[3.37] R. Wiesendanger, Scanning Probe Microscopy and Spectroscopy: Methods and Appli¬ 
cations (Cambridge University Press, Cambridge, 1994). 

[3.38] J. Stroscio and R. Fccnstra, “Methods of tunneling spectroscopy”, in Scanning Tunnel¬ 
ing Microscopy , edited by J. A. Stroscio and W. Kaiser (Academic Press, San Diego, 
1993), vol. 27 of Methods of Experimental Physics , p. 95. 

[3.39] M. Machon, S. Reich, J. Maultzseh, P. Ordejon, and C. Thomsen, “The strength of the 
radial breathing mode in single-walled carbon nanotubes”, (2003), submitted to Phys. 
Rev. Lett. 

[3.40] L. Yang and J. Han, “Electronic structure of deformed carbon nanotubes”, Phys. Rev. 
Lett. 85, 154 (2000). 

[3.41 ] C. L. Kane and E. J. Melc, “Size, shape, and low energy electronic structure of carbon 
nanotubes”, Phys. Rev. Lett. 78, 1932 (1997). 

[3.42] M. Ouyang, J.-L. Huang, C. L. Cheung, and C. M. Lieber, “Energy gaps in ‘metallic 1 
single-walled carbon nanotubes”, Science 292, 702 (2001). 

[3.43] P. E. Lammert and V. H. Crespi, “Geometrical perturbation of graphene electronic 
structure”, Phys. Rev. B 61, 7308 (2000). 

[3.44] A. Bezryadin, A. R. M. Verschucren, S. J. Tans, and C. Dekker, “Multiprobe transport 
experiments on individual single-wail carbon nanotubes”, Phys. Rev. Lett. 80, 4036 
(1998). 

[3.45] J. W. Mintrnire, B. 1. Dunlap, and C. T. White, “Are fullerene tubules metallic?”, Phys. 
Rev. Lett. 68, 631 (1992). 

[3.46] J. M. Mintrnire and C. T. White, “Electronic and structural properties of carbon nano¬ 
tubes”, Carbon 33, 893 (1995). 

[3.47] T. Vukovic, I. Milosevic, and M. Damnjanovic, “Carbon nanotubes band assignation, 
topology, Bloch states, and selection rules”, Phys. Rev. B 65, 045418 (2002). 

[3.48] S. Reich, C. Thomsen, and P. Ordejon, “Band structure of isolated and bundled nano¬ 
tubes”, Phys. Rev. B 65, 155411 (2002). 

[3.49] X. Blase, L. X. Benedict, E. L. Shirley, and S. G. Louie, “Hybridization effects and 
metallicity in small radius carbon nanotubes”, Phys. Rev. Lett. 72, 1878 (1994). 

[3.50] P. V. Avramov, K. N. Kudin, and G. E. Scuseria, “Single wall carbon nanotubes density 
of states: comparison of experiment and theory”, Chem. Phys. Lett. 370, 597 (2003). 

[3.51] Z. M. Li, Z. K. Tang, H. J. Liu, N. Wang, C. T. Chan, et al , “Polarized absorption 
spectra of single-walled 4 A carbon nanotubes aligned in channels of an AIPO 4-5 sin¬ 
gle crystal”, Phys. Rev. Lett. 87, 127401 (2001). 



192 


Chapter 4 


[3.52] H. J. Liu and C. T. Chan, “Properties of 4 A carbon nanotubes from first-principles 
calculations”, Phys. Rev. B 66, 1 15416 (2002). 

[3.53] A. G. Marinopoulos, L. Reining, A. Rubio, and N. Vast, “Optical and loss spectra of 
carbon nanotubes: Depolarization effects and intertube interactions”, Phys. Rev. Lett. 
91,046402 (2003). 

[3.54] L. Henrard, A. Loiseau, C. Joumet, and P Bernier, “Study of the symmetry of single¬ 
wall nanotubes by eleetron diffraction”, Eur. Phys. B 13, 661 (2000). 

[3.55] L. Henrard, A. Loiseau, C. Journet, and P. Bernier, “What is the chirality of singlewall 
nanotubes produced by arc-discharge? An electron diffraction study”, Synth. Met. 103, 
2533 (1999). 

L3.56J P. Delaney, H. J. Choi, J. Ihm, S. G. Louie, and M. L. Cohen, “Broken symmetry and 
pseudogaps in ropes of carbon nanotubes”, Nature (London) 391, 466 (1998). 

[3.571 P. Delaney, H. J. Choi, J. Ihm, S. G. Louie, and M. L. Cohen, “Broken symmetry and 
pseudogaps in ropes of carbon nanotubes”, Phys. Rev. B 60, 7899 (1999). 

[3,58] Y.-K. Kwon, S. Saito, and D. Tomanek, “Effect of intertube coupling on the electronic 
structure of carbon nanotube ropes”, Phys. Rev. B 58, R13 314 (1998). 

[3.591 A. Ugawa, A. G. Rinzler, and D. B. Tanner, “Far-infrared gaps in single-wall carbon 
nanotubes”, Phys. Rev. B 60, R11 305 (1999). 

[3.60] A. M. Rao, J. Chen, E. Richter, U. Sehlecht, P. C. Eklund, et ai , “Effect of van der 
Waals interactions on the Raman modes in single walled carbon nanotubes”, Phys. 
Rev. Lett. 86, 3895 (2001). 

[3.61] N. Troullier and J. L. Martins, “Structural and electronic properties of C^o”, Phys. Rev. 
B 46, 1754(1992). 

[3.62] M. C. Schabel and J. L. Martins, “Energetics of interplanar binding in graphite”, Phys. 
Rev. B 46, 7185 (1992). 


Chapter 4 

[4.1] P Y. Yu and M. Cardona, Fundamentals of Semiconductors (Springer-Verlag, Berlin, 
1996). 

[4.2] M. Born and E. Wolf, Principles of Optics (Pergamon Press, Oxford, 1983). 

[4.3] L. D. Landau and E. M. Lifschitz, Elektrodynamik der Kontinua (Akademie Verlag, 
Berlin, 1967). 

[4.4] I. Bozovic, N. Bozovic, and M. Damnjanovic, “Optical dichroism in nanotubes”, Phys. 
Rev. B 62, 6971 (2000). 

[4.5] M. Damnjanovic, T. Vukovic, and I. Milosevic, “Fermi level quantum numbers and 
secondary gap of conducting carbon nanotubes”, Solid State Commun. 116, 265 
(2000), Table 1 in the reference contains a small error: For chiral tubes and the k 
quantum numbers kf = IqnjZna for $ = 3 tubes and kf ~ 0 for R = 1 nanotubes. 

[4.6] T. Vukovic, I. Milosevic, and M. Damnjanovic, “Carbon nanotubes band assignation, 
topology, Bloch states, and selection rules”, Phys. Rev. B 65, 045418 (2002). 



Chapter 4 


193 


14.7J H. Kataura, Y. Kumazawa, Y. Maniwa, I. Umezu, S. Suzuki, Y. Ohtsuka, and 
Y. Achiba, “Optical properties of single-wall carbon nanolubes”, Synth. Met. 103, 
2555 (1999). 

(4.8J H. Ajiki and T. Ando, “Carbon nanotubes: Optical absorption in Aharonov-Bohm 
flux”, Jpn. J. Appl. Phys. Suppl. 34-1, 107 (1994). 

[4.9] L. X. Benedict, S. G. Louie, and M. L. Cohen, “Static polarizabilities of single-wall 
carbon nanotubes”, Phys, Rev. B 52, 8541 (1995). 

[4.10] S. Tasaki, K. Maekawa, and T. Yamabe, “tt -band contribution to the optical properties 
of carbon nanotubes: Effects of chirality”, Phys. Rev. B 57, 9301 (1998). 

[4.11] N. Wang, Z. K. Tang, G. D. Li, and J. S. Chen, “Single-walled 4 A carbon nanotube 
arrays”, Nature (London) 408, 50 (2000). 

[4.12] Z. M. Li, Z. K. Tang, H. J. Liu, N. Wang, C. T. Chan, et al , “Polarized absorption 
spectra of single-walled 4 A carbon nanotubes aligned in channels of an AIPO 4-5 sin¬ 
gle crystal”, Phys. Rev. Lett. 87, 127401 (2001). 

[4.13] M. J. O’Connell, S. M. Bachilo, C. B. Huffman, V. C. Moore, M. S. Strano, et al y 
“Band gap fluorescence from individual single-walled carbon nanotubes”, Science 
297, 593 (2002). 

[4.14] M. J. Bronikowski, P. A. Willis, D. T. Colbert, K. A. Smith, and R. E. Smalley, “Gas- 
phase production of carbon single-walled nanotubes from carbon monoxide via the 
HiPco process: A parametric study”, J. Vac. Sci. Technol. A 19, 1800-1805 (2001), 

[4.15] J. Lefebvre, Y. Homma, and P. Finnie, “Bright band gap photoluminescence from un¬ 
processed single-walled carbon nanotubes”, Phys. Rev. Lett. 90, 217401 (2003). 

[4.16] S. M. Bachilo, M. S. Strano, C. Kittrell, R. H. Hauge, R. E. Smalley, and R. B. Weis- 
man, “Structure-assigned optical spectra of single-walled carbon nanotubes”, Science 
298,2361 (2002). 

[4.17] S. Reich, J. Maultzsch, C. Thomsen, and P. Ordejon, “Tight-binding description of 
graphene”, Phys. Rev. B 66, 035412 (2002). 

[4.18] S. Reich and C. Thomsen, “Chirality dependence of the density-of-states singularities 
in carbon nanotubes”, Phys. Rev. B 62, 4273 (2000). 

[4.19] R. Saito, G. Dresselhaus, and M. S. Drcssclhaus, “Trigonal warping effect of carbon 
nanotubes”, Phys. Rev. B 61, 2981 (2000). 

[4.20] S. Lebedkin, F. Hennrich, T. Skipa, and M. M. Kappes, “Near-infrared photolumines¬ 
cence of single-walled carbon nanotubes prepared by the laser vaporization method”, 
J. Phys. Chem. B 107, 1949 (2003). 

[4.21] L. Henrard, A. Loiseau, C. Journet, and P. Bernier, “Study of the symmetry of single¬ 
wall nanotubes by electron diffraction”, Eur. Phys. B 13, 661 (2000). 

[4.22] C. L. Kane and E. J. Mele, “Ratio problem in single carbon nanotube fluorescence 
spectroscopy”, Phys. Rev. Lett. 90, 207 401 (2003). 

[4.23] M. Machon, S. Reich, C. Thomsen, D. Sanchez-Portal, and P. Ordejon, “A/? initio 
calculations of the optical properties of 4 A-diameter single-walled nanotubes”, Phys. 
Rev. B 66, 155410(2002). 

[4.24] X. R Yang, H. M. Weng, and J. Dong, “Optical properties of 4-A single-walled carbon 
nanotubes inside the zeolite channels studied from first principles calculations”, Eur. 
Phys. J.B 32, 345 (2003). 



194 


Chapter 5 


[4.25J A. G. Marinopoulos, L. Reining, A. Rubio, and N. Vast, “Optical and loss spectra of 
carbon nanotubes: Depolarization effects and intertubc interactions’', Phys. Rev. Lett. 
91, 046402 (2003). 

[4.26] H. J. Liu and C. T. Chan, “Properties of 4 A carbon nanotubes from first-principles 
calculations”, Phys. Rev. B 66, 115416 (2002), 

[4.27] X. Blase, L. X. Benedict, F. L. Shirley, and S. G. Louie, “Hybridization effects and 
mctallicity in small radius carbon nanotubes”, Phys. Rev. Lett. 72, 1878 (1994). 

[4.28] S. Reich, C. Thomsen, and P Ordejon, “Band structure of isolated and bundled nano¬ 
tubes”, Phys. Rev. B 65, 155411 (2002), 

[4.29] M. Ichida, S. Mizuno, Y. Tani, Y. Saito, and A. Nakamura, “Exciton effects on optical 
transitions in single-wall carbon nanotubes”, J. Phys. Soc. Japan 68, 3131 (1999). 

[4.30] S. Kazaoui, N. Minami, H. Yamawaki, K. Aoki, H. Kataura, and Y. Achiba, “Pressure 
dependence of the optical absorption spectra of single-walled carbon nanotube films”, 
Phys. Rev. B 62, 1643 (2000). 

[4.31] J. Hwang, H. H. Gommans, A. Ugawa, H. Tashiro, R. Haggenmueller, et ai y “Polarized 
spectroscopy of aligned single-wall carbon nanotubes”, Phys. Rev. B 62, R13 310 
( 2000 ). 

[4.32] O. Jost, A. A. Gorbunov, W. Pompe, T. Pichler, R. Friedlein, et al. 7 “Diameter group¬ 
ing in bulk samples of single-walled carbon nanotubes from optical absorption spec¬ 
troscopy”, Appl. Phys. Lett. 75, 2217 (1999). 

[4.33] H. Kuzmany, W. Plank, M. Hulman, C. Kramberger, A. Grlineis, et al ., “Determination 
of SWCNT diameters from the Raman response of the radial breathing mode”, Eur. 
Phys. J. B 22, 307 (2001). 

[4.34] X. Liu, T. Pichler, M. Knupfer, M. S. Golden, J. Fink, H. Kataura, and Y. Achiba, “De¬ 
tailed analysis of the mean diameter and diameter distribution of single-wall carbon 
nanotubes from their optical response”, Phys. Rev. B 66, 045411 (2002). 

[4.35] T. Hertel and G. Moos, “Electron-phonon interaction in single-wall carbon nanotubes: 
A time-domain study”, Phys. Rev. Lett. 84, 5002 (2000). 

[4.36] J.-S. Lauret, C. Voisin, G. Cassabois, C. Delalande, P. Roussignol, O. Jost, and 
L. Capes, “Ultrafast carrier dynamics in single-wall carbon nanotubes”, Phys. Rev. 
Lett. 90, 057404 (2003). 

[4.37] M. Ichida, Y. Hamanaka, H. Kataura, Y. Achiba, and A. Nakamura, “Ultrafast relax¬ 
ation dynamics of photoexcited carriers in single-walled carbon nanotubes”, in Proc. 
26th ICPS , edited by A. R. Long and J. H. Davies (Institute of Physics Publishing, 
Bristol (UK), 2002). 

[4.38] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Saunders College, Philadel¬ 
phia, 1976). 


Chapter 5 


[5.1] R. Krupke, F. Hennrich, H. v. Lohneysen, and M. M. Kappes, “Separation of metallic 
from semiconducting single-walled carbon nanotubes”, Science 301, 344 (2003). 



Chapter 5 


195 


|"5.21 M. Brandbyge, J.-L. Mozos, P. Ordcjon, J. Taylor, and K. Stokbro, 4 ‘Density-functional 
method for nonequilibrium electron transport”, Phys. Rev. B 65, 165401 (2002). 

[5.3] S. J. Tans, A. Versehueren, and C. Dekker, “Room-temperature transistor based on a 
single carbon nanotube”, Nature (London) 393, 6680 (1998). 

[5.4] A. Bachtold, P. Hadley, T. Nakanishi, and C. Dekker, “Logic circuits with carbon na¬ 
notube transistors”, Science 294, 1317 (2001). 

[5.5] Z. Yao, C. Dekker, and P. Avouris, “Electrical transport through single-wall carbon 
nanotubes”, in Carbon Nanotubes (Springer, Berlin, 2001), vol. 80 of Topics in Applied 
Physics, p. 146. 

[5.6] A. Javey, J. Guo, Q. Wang, M. Lundstrom, and H. Dai, “Ballistic carbon nanotube 
field-effect transistors”, Nature (London) 424, 654 (2003). 

[5.7] J. Nygard, D. Cobden, M. Bockrath, P. McEuen, and R Linddof, “Electrical transport 
measurements on single-walled carbon nanotubes”, Appl. Phys. A: Mater. Sci. Process. 
69, 297 (1999). 

[5.81 S. J. Tans, M. H. Devoret, H. Dai, A. Thess, R. E. Smalley, and C. Dekker, “Individual 
single-wall carbon nanotubes as quantum wires”, Nature (London) 386, 474 (1997). 

[5.9] R. Martel, T. Schmidt, H. R. Shea, T. Hertel, and P. Avouris, “Single- and multi-wall 
carbon nanotube field-effect transistors”, Appl. Phys. Lett. 73, 2447 (1998). 

[5.10] S. Heinze, J. Tersoff, R. Martel, V. Derycke, J. Appcnzeller, and P. Avouris, “Carbon 
nanotubes as Schottky barrier transistors”, Phys. Rev. Lett. 89, 106801 (2002). 

[5.11] J. Tersoff, “Contact resistance of carbon nanotubes”, Appl. Phys. Lett. 74, 2122 (1999), 
see also P Delaney and M. Di Ventra, ibid., 75, 4028 (1999); J. Tersoff, ibid., 75, 4030 
(1999). 

[5.12] W. Liang, M. Bockrath, D. Bozovic, J. H. Hafner, M. Tinkham, and H. Park, “Fabry- 
Perot interference in a nanotube electron waveguide”. Nature (London) 411, 665 
( 2001 ). 

[5.13] J. Kong, E. Yenilmez, T. W. Tomblcr, W. Kim, H. Dai, el ai, “Quantum interfer¬ 
ence and ballistic transmission in nanotube electron waveguides”, Phys. Rev. Lett. 87, 
106801 (2001). 

[5.14] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Saunders College, Philadel¬ 
phia, 1976). 

15.15] O. Madelung, Introduction to Solid-State ' Theory , vol. 2 of Springer Series in Solid- 
State Science (Springer, Berlin, 1981). 

15.16] S. Roche, F. Triozon, and A. Rubio, “Backscattering in carbon nanotubes: Role of 
quantum interference effects”, Appl. Phys. Lett. 79, 3690 (2001). 

[5.17] C. T. White and T. N. Todorov, “Carbon nanotubes as long ballistic conductors”, Na¬ 
ture (London) 393, 240 (1998). 

[5.18] T. Ando and T. Nakanishi, “Impurity scattering in carbon nanotubes: Absence of back 
scattering”, J. Phys. Soc. Japan 67, 1704 (1998). 

[5.19] T. Ando, “Theory of transport in carbon nanotubes”, Semicond. Sci. Technol. 15, R13 

( 2000 ). 

[5.20] H. J. Choi, J. Ihm, S. G. Louie, and M. L. Cohen, “Defects, quasibound states, and 
quantum conductance in metallic carbon nanotubes”, Phys. Rev. Lett. 84, 2917 (2000). 



196 


Chapter 5 


[5.21] P. L. McEuen, M. Bockrath, D. H. Cobdcn, Y.-G. Yoon, and S. G. Louie, “Disor¬ 
der, pseudospins, and backscattering in carbon nanotubes”, Phys. Rev. Lett. 83, 5098 
(1999). 

[5.22] R. A. Jishi, L. Venkataraman, M. S. Dresselhaus, and G. Dresselhaus, “Phonon modes 
in carbon nanotubules”, Chem. Phys. Lett. 209, 77-82 (1993). 

[5.23] C. L. Kane and E. J. Mele, “Size, shape, and low energy electronic structure of carbon 
nanotubes”, Phys. Rev. Lett. 78, 1932 (1997). 

[ 5.24] C. L. Kane, E. J. Mele, R. S. Lee, J. E. Fischer, P. Petit, et al ., “Temperature-dependent 
resistivity of single-wall carbon nanotubes”, Europhys. Lett. 41, 683 (1998). 

[5.25] A. Kleiner and S. Eggert, “Curvature, hybridization, and STM images of carbon nano¬ 
tubes”, Phys. Rev. B 64, 113402 (2001). 

[5.26] T. Hertel and G. Moos, “Electron-phonon interaction in single-wall carbon nanotubes: 
A time-domain study”, Phys. Rev. Lett. 84, 5002 (2000). 

[5.27] O. Dubay and G. Kresse, “Accurate density functional calculations for the phonon 
dispersion relations of graphite layer and carbon nanotubes”, Phys. Rev. B 67, 035 401 
(2003). 

[5.28] C. Mapelli, C, Castiglioni, G. Zerbi, and K. Mullen, “Common force field for graphite 
and polycyclic aromatic hydrocarbons”, Phys. Rev. B 60, 12710 (1999). 

[5.29] R. Saito, T. Takeya, T. Kimura, G. Dresselhaus, and M. S. Dresselhaus, “Raman inten¬ 
sity of single-wall carbon nanotubes”, Phys. Rev. B 57, 4145 (1998). 

[5.301 D. Sanchez-Portal, E. Artacho, J. M. Soler, A. Rubio, and P. Ordejon, “Ab initio struc¬ 
tural , elastic, and vibrational properties of carbon nanotubes”, Phys. Rev. B 59, 12678 
(1999). 

[5.31] J. Maultzsch, S. Reich, C. Thomsen, E. Dobardzie, 1. Milosevic, and M. Damnjanovic, 
“Phonon dispersion of carbon nanotubes”, Solid State Cornmun. 121, 471 (2002). 

[5.32] Z. Yao, C. L. Kane, and C. Dekker, “High-field electrical transport in single-wall car¬ 
bon nanotubes”, Phys. Rev. Lett. 84, 2941 (2000). 

[5.33] M. Kastner, “Artificial atoms”. Physics Today 46, 24 (1993). 

[5.34] C. W. J. Beenakker, “Theory of coulomb-blockade oscillations in the conductance of a 
quantum dot”, Phys. Rev. B 44, 1646 (1991). 

[5.35] M. Bockrath, D. H. Cobden, P. L. McEuen, N. G. Chopra, A. Zettl, A. Thess, and R. E. 
Smalley, “Single-electron transport in ropes of carbon nanotubes”. Science 275, 1922 
(1997). 

[5.36] A. Rubio, D. Sanchez-Portal, E. Artacho, P Ordejon, and J. M. Soler, “Electronic 
states in a finite carbon nanotube: A one-dimensional quantum box”, Phys. Rev. Lett. 
82,3520(1999). 

[5.37] A. Bezryadin, A. R. M. Verschueren, S. J. Tans, and C. Dekker, “Multiprobe transport 
experiments on individual single-wall carbon nanotubes”, Phys. Rev. Lett. 80, 4036 
(1998). 

[5.38] S. Tomonaga, “Remarks on Bloch’s method of sound waves applied to many-fermion 
problems”, Prog. Theor. Phys. 5, 544 (1950). 

[5.39] J. M. Luttinger, “An exactly soluble model of a many-fermion system”, J. Math. Phys. 
4, 1154(1963). 



Chapter 6 


197 


[5.40] R. Egger and A. O. Gogolin, “Effective low-energy Lheory for correlated carbon nano¬ 
tubes”, Phys. Rev. Lett. 79, 5082 (1997). 

[5.411 C. Kane, L. Balents, and M. P. A. Fisher, “Coulomb interactions and mesoscopic ef¬ 
fects in carbon nanoLubes”, Phys. Rev. Lett. 79, 5086 (1997). 

[5.42] R. Egger, A. Bachtold, M. Fuhrer, M. Bock rath, D. Cobden, and P. McEuen, “Lutlinger 
liquid behavior in metallic carbon nanolubes”, in Interacting Electrons in Nanostruc¬ 
tures, edited by R. Haug and H. Sehoeller (Springer, Berlin, 2001), vol. 579 o [Lecture 
Notes in Physics. 

[5.43] M. Bockralh, D. II. Cobden, J. Lu, A. G. Rinzler, R. E. Smalley, L. Balents, and P. L. 
McEuen, “Luttinger-liquid behaviour in carbon nanotubes”. Nature (London) 397,598 
(1999). 

[5.44] Z. Yao, H. W. C. Postma, L. Balents, and C. Dekker, “Carbon nanotube intramolecular 
junctions”. Nature 402, 273 (1999). 

[5.45] H. W. C. Postma, M. de Jonge, Z. Yto, and C. Dekker, “Electrical transport through 
carbon nanotube junctions created by mechanical manipulation”, Phys. Rev. B 62, R10 
653 (2000). 

[5.46] R. Egger and A. O. Gogolin, “Bulk and boundary zero-bias anomaly in multi wall 
carbon nanotubes”, Phys. Rev. Lett. 87, 066401 (2001). 

[5.47] H. Grabert and M. H. Devoret (editors). Single Charge Tunneling: Coulomb Blockade 
Phenomena in Nanostructures , vol. 294 of NATO ASI Series B (Plenum, New York, 
1992). 

[5.48] M. P. Fisher and L. I. Glazman, “Transport in a one-dimensional Luttinger liquid”, 
in Mesoscopic Electron Transport , edited by L. P. Kouwenhoven, L. L. Sohn, and 
G. Schon (Kluwer Academic, Boston, 1997). 


Chapter 6 

[6.1 ] E. Dobardzic, 1. M. B. Nikolic, T. Vukovic, and M. Damnjanovie, “Single-wall carbon 
nanotubes phonon spectra: Symmetry-based calculations”, Phys. Rev. B 68, 045 408 
(2003). 

[6.2] J. Kiirti, V. Zolyomi, M. Kertesz, and G. Sun, “The geometry and the radial breathing 
mode of carbon nanotubes: beyond the ideal behaviour”, New Journal of Physics 5, 
125 (2003). 

[6.3J D. Qian, G. J. Wagner, W. K. Liu, M. Yu, and R. S. Ruoff, “Mechanics of carbon 
nanotubes”, Appl. Mech. Rev. 55, 495-533 (2002). 

[6.4] E. W. Wong, P E. Sheehan, and C. M. Liebcr, “Nanobeam mechanics: Elasticity, 
strength, and toughness of nanorods and nanotubes”, Science 277, 1971-1975 (1997). 

[6.51 J.-P. Salvetat, G. A. D. Briggs, J.-M. Bonard, R. R. Bacsa, A. J. Kulik, et ah, “Elastic 
and shear moduli of single-walled carbon nanotube ropes”, Phys. Rev. Lett. 82, 944 
(1999). 

[6.6] W. Shen, B. Jiang, B. S. Han, and S. Xie, “Investigation of the radial compression 
of carbon nanotubes with a scanning probe microscope”, Phys. Rev. Lett. 84, 3634 
( 2000 ). 



198 


Chapter 6 


[6.7J M. M. J. Treacy, T. W. Ebbesen, and J. M. Gibson, “Exceptionally high Young's mod¬ 
ulus observed for individual carbon nanotubes”. Nature (London) 381, 678 (1996). 

[6.81 O. Lourie and H. D. Wagner, “Evaluation of Young’s modulus of carbon nanotubes 
by micro-Raman spectroscopy”, J. Mater. Res. 13, 2418-2422 (2002). 

[6.9J U. D. Venkateswaran, A. M. Rao, H. Richter, M. Menon, A. Rinzler, R. E. Smalley, and 
P. C. Eklund, “Probing the single-wall carbon nanotube bundle: A Raman scattering 
study under high pressure”, Phys. Rev. B 59, 10 928 (1999). 

[6.101 G. Thomsen, S. Reich, A. R. Goni, H. Jantoljak, P. Rafailov, et ai , “Intramolecular 
interaction in carbon nanotube ropes”, phys. stat. sol. (b) 215,435 (1999). 

[6.111 C. Thomsen and S. Reich, “The pressure dependence of the high-energy Raman modes 
in empty and filled multivvalled carbon nanotubes”, phys. stat. sol. (b) 225, R9 (2001). 

[6.12] S. Reich, H. Jantoljak, and C. Thomsen, “Shear strain in carbon nanotubes under hy¬ 
drostatic pressure”, Phys. Rev. B 61, R13 389 (2000). 

[6.13] L. D. Landau and J. M. Lifschitz, Lehrbuch tier Theoretischen Physik „ Bci VII 
(Akademie Verlag, Berlin, 1991). 

16.14] J. F. Nye, Physical Properties of Crystals (Oxford, Oxford, London, 1979). 

[6.15] V. G. Hadjiev, M. N. Iliev, S. Arepalli, P. Nikolaev, and B. S. Files, “Raman scattering 
test of single-wall carbon nanotube composites”, Appl. Phys. Lett. 78, 3193 (2001). 

[6.161 D. Sanchez-Portal, E. Artacho, J. M. Soler, A. Rubio, and P Ordejon, “A/? initio struc¬ 
tural, elastic, and vibrational properties of carbon nanolubes”, Phys. Rev. B 59, 12678 
(1999). 

[6.17] E. Hernandez, C. Goze, P, Bernier, and A. Rubio, “Elastic properties of C and B A C V N, 
composite nanotubes”, Phys. Rev. Lett. 80, 4502 (1998). 

L6.18J A. Charlier, E. McRae, M.-F. Charlier, A. Spire, and S. Forster, “Lattice dynamics 
study of zigzag and armchair carbon nanotubes”, Phys. Rev. B 57, 6689 (1998). 

[6.19] B. I. Yakobson, C. J. Brabec, and J. Bemholc, “Nanomechanics of carbon tubes: In¬ 
stabilities beyond linear response”, Phys. Rev. Lett. 76, 2511 (1996). 

[6.20] Z. Xin, Z. Jianjun, and O. Zhong-can, “Strain energy and Young’s modulus of single¬ 
wall carbon nanotubes calculated from electronic energy-band theory”, Phys. Rev. B 
62, 13 692 (2000). 

[6.211 V. N. Popov, V. E. V. Doren, and M. Balkanski, “Elastic properties of single-walled 
carbon nanotubes”, Phys. Rev. B 61, 3078 (2000). 

[6.22] Y. Xia, M. Zhao, Y. Ma, M. Ying, X. Liu, P. Liu, and L. Mei, “Tensile strength of 
single-walled carbon nanotubes with defects under hydrostatic pressure”, Phys. Rev. B 
65, 155 415 (2002). 

L6.23J J. Lu, “Elastic properties of carbon nanotubes and nanoropes”, Phys. Rev. Lett. 79, 
1297 (1997). 

[6.24] J. P Lu, “Elastic properties of single and multilayered nanotubes”, J. Phys. Chem. 
Solids 58, 1649(1997). 

[6.25] C. Q. Ru, “Column buckling of multiwalled carbon nanotubes with interlayer radial 
displacements”, Phys. Rev. B 62, 16962 (2000). 

[6.26] W. L. Smirnow, Lehrgang der hoheren Mathematik, vol. 4 (Deutscher Verlag der Wis- 
senschaften, Berlin, 1961), 2 edn., in particular §94, p. 242. 



Chapter 6 


199 


[6.27] C. Thomsen, S. Reich, H. Jantoljak, I. Loa, K. Syas.sen, et al.> “Raman spectroscopy 
on single and multi-walled nanotubes under pressure”, Appl. Phys. A 69, 309 (1999). 

[6.28] S. Reich, C. Thomsen, and P. Ordejon, “Band structure of isolated and bundled nano¬ 
tubes”, Phys. Rev. B 65, 155411 (2002). 

[6.29J D. H. Robertson, D. W. Brenner, and J. W. Mintmire, “Energetics of nanoscale 
graphitic tubules”, Phys. Rev. B 45, 12 592 (1992). 

[6.30J S. Reich, C. Thomsen, and P. Ordejon, “Elastic properties of carbon nanotubes under 
hydrostatic pressure”, Phys. Rev. B 65, 153 407 (2002). 

[6.311 M. Hanlland, II. Beister, and K. Syassen, “Graphite under pressure: Equation of state 
and first-order Raman modes”, Phys. Rev. B 39, 12 598 (1989). 

[6.321 P- V. Teredesai, A. Sood, D. Muthu, R. Sen, A. Govindaraj, and C. Rao, “Pressure- 
induced reversible transformation in single-wall carbon nanotube bundles studied by 
Raman spectroscopy”, Chem. Phys. Lett. 319, 296 (2000), 

[6.33J F. Cerdeira, C. J. Buchenauer, F. H. Pollack, and M. Cardona, “Stress-induced shifts 
of first-order Raman frequencies of diamond- and zincblende-type semiconductors”, 
Phys. Rev. B 5, 580(1972). 

[6.341 E. Anastassakis, “Morphic effects in lattice dynamics”, in Dynamical Properties of 
Solids , edited by G. Horton and A. Maradudin (North-Holland, Amsterdam, 1980), 
vol. 4, p. 157. 

[6.351 P Wiekboldt, E. Anastassakis, R. Sauer, and M. Cardona, “Raman phonon piezospec¬ 
troscopy in GaAs: Infrared measurements”, Phys. Rev. B 35, 1362 (1987). 

[6.361 F. Pollack, “Effects of homogeneous strain on the electronic and vibrational levels 
in semiconductors”, in Strained-Layer Superlattices: Physics , edited by T. Pearsall 
(Academic, New York, 1990), vol. 32 of Semiconductors and Semimetals , p. 19. 

[6.371 J- R- Wood, M. D. Frogley, E. R. Meurs, A. D. Prins, T. Pejis, D. J. Dunstant, and H. D. 
Wagner, “Mechanical response of carbon nanotubes under molecular and macroscopic 
strain”, J. Phys. Chem. 103, 10 388 (1999). 

[6.381 D- Kahn and J. P. Lu, “Vibrational modes of carbon nanotubes and nanoropes”, Phys. 
Rev. B 60, 6535 (1999). 

[6.391 C. T homsen, S. Reieh, and P. Ordejon, “AZ? initio determination of the phonon defor¬ 
mation potentials of graphene”, Phys. Rev. B 65, 073403 (2002). 

[6.401 M. H. Grimsditch, E. Anastassakis, and M. Cardona, “Effect of uniaxial stress on the 
zone-center optical phonon of diamond”, Phys. Rev. B 18, 901 (1978). 

[6.411 E. Anastassakis, “Angular dispersion of optical phonon frequencies in strained cubic 
crystals”, J. Appl. Phys. 81, 3046 (1997). 

[6.42] E. Anastassakis, “Selection rules of Raman scattering by optical phonons in strained 
cubic crystals”, J. Appl. Phys. 82, 1582 (1997). 

[6.431 U. D. Vcnkatcswaran, E. A. Brandsen, U. Schlecht, A. M. Rao, E. Richter, et ah , “High 
pressure studies of the Raman-active phonons in carbon nanotubes”, phys. stat. sol. (b) 
223, 225 (2001). 

[6.44] I. Loa, “Raman spectroscopy on carbon nanotubes at high pressure”, J. Raman Spec- 
trose. 34, 611 (2003). 



200 


Chapter 7 


[6.45J M. J. Peters, L. E. McNeila, J. R Lu, and D. Kahn, “Structural phase transition in 
carbon nanotubc bundles under pressure”, Phys. Rev. B 61, 5939 (2000). 

[6.46J S. Reich, M. Dworzak, A. Hoffmann, C. Thomsen, and M. S. Strano, “Excited-state 
carrier lifetime in single-walled carbon nanotubes”, (2003), submitted to Phys. Rev. 
Lett. 

[6.47] S. Kazaoui, N. Minami, H. Yamawaki, K. Aoki, H. Kataura, and Y. Aehiba, “Pressure 
dependence of the optical absorption spectra of single-walled carbon nanotube films”, 
Phys. Rev. B 62, 1643 (2000). 

[6.48] S. Reich, C. Thomsen, and P. Ordejon, “Eigenvectors of chiral nanotubes”, Phys. Rev. 
B 64, 195416(2001). 

[6.49] M. F. Yu, B. I. Yakobson, and R. S. Ruoff, “Controlled sliding and pullout of nested 
shells in individual multiwalled carbon nanotubes”, J. Phys. Chem. B 104, 8764 
( 2000 ). 

[6.50] J. Cumings and A. Zettl, “Low-friction nanoscale linear bearing realized from multi- 
wall carbon nanlubcs”, Science 289, 5479 (2000). 

[6.51] A. M. Fennimore, T. D. Yuzvinsky, W.-Q. Han, M. S. Fuhrer, J. Cumings, and A. Zettl, 
“Rotational actuators based on carbon nanolubcs”, Nature (London) 424, 408 (2003). 

[6.52] M. F. Yu, B. S. Files, S. Arepalli, and R. S. Ruoff, “'Pensile loading of ropes of single 
wall carbon nanotubes and their mechanical properties”, Phys. Rev. Lett, 84, 5552 
( 2000 ). 

[6.53] R. H. Baughman, C. Cui, A. Zakhidov, Z. Iqbal, J. N. Barisci, et cil ., “Carbon nanotube 
actuators”, Science 284, 1340 (1999). 


Chapter 7 

T7.1] M. Cardona, “Resonance phenomena”, in Light Scattering in Solids //, edited by 
M. Cardona and G. Giinlherodt (Springer, Berlin, 1982), vol. 50 of Topics in Applied 
Physics, p. 19. 

17.2] A. Pinczuk and E. Burstein, “Fundamentals of inelastic light scattering in semicon¬ 
ductors and insulators”, in Light Scattering in Solids I (Springer Verlag, Berlin, 1983), 
vol. 8 of Topics in Applied Physics , p. 23, 2 edn. 

[7.3] R. M. Martin and L. M. Falicov, “Resonant Raman scattering”, in Light Scattering in 
Solids I: Introductory Concepts , edited by M. Cardona (Springer-Verlag, Berlin Hei¬ 
delberg New York, 1983), vol. 8 of Topics in Applied Physics , p. 79, 2 edn. 

[7.4] M. Damnjanovie, I. Bozovic, and N. Bozovic, “Selection rules for polymers and quasi 
one-dimensional crystals: II. Kronecker product for the line groups isogonal to D„”, J. 
Phys. A: Math. Gen. 17, 747 (1984). 

[7.5] J. Maultzseh, S. Reich, and C. Thomsen, “Chirality selective Raman scattering of the 
D-mode in carbon nanolubes”, Phys. Rev. B 64, 121407(R) (2001). 

[7.6] Y.-N. Chiu, “General orientation dependence of Rayleigh and Raman scattering by 
linear molecules in arbitrary electronic states”, J. Opt. Soc. Am. 60, 607 (1970). 

[7.7] C. Kane-Maguire and J. A. Koningslcin, “On the vibroelectric Raman effect”, J. Chem. 
Phys. 59, 1899 (1973). 



Chapter 7 


201 


[7.81 M- Damnjanovic, “Standard components of polar and axial vectors for quasi one- 
dimcnsional systems”, Phys. Lett. A 94 , 337 (1983). 

[7.9] N. Bozovic, I. Bozovic, and M. Damnjanovic, “Selection rules for polymers and quasi 
one-dimensional crystals: IV. Kronecker product for the line groups isogonal to D„/ ; ”, 
J. Phys. A: Math. Gen. 18 , 923 (1985). 

[7.101 H. Sun, Z. Tang, J. Chen, and G.Li, “Polarized Raman spectra of single-wall carbon 
nanotubes mono-dispersed in channels of AIPO 4-5 single crystals”. Solid State Com- 
mun. 109 , 365 (1999). 

L7,11J H. H. Gommans, J. W. Alldredge, H. Tashiro, J. Park, J. Magnuson, and A. G. Rinzler, 
“Fibers of aligned single-walled carbon nanotubes: Polarized Raman spectroscopy”, J. 
Appl. Phys. 88, 2509 (2000). 

[7.12] A. M. Rao, A. Jorio, M. A. Pimenta, M. S. S. Dantas, R. Saito, G. Dresselhaus, and 
M. S. Dresselhaus, “Polarized Raman study of aligned multi walled carbon nanotubes”, 
Phys. Rev. Lett. 84, 1820 (2000). 

[7.131 G. S. Duesberg, 1. Loa, M. Burghard, K. Syassen, and S. Roth, “Polarized Raman 
spectroscopy of individual single-wall carbon nanotubes”, Phys. Rev. Lett. 85, 5436 
( 2000 ). 

L7.14J A. Jorio, G. Dresselhaus, M. S. Dresselhaus, M. Souza, M. S. S. Dantas, et al ., “Polar¬ 
ized Raman study of single-wall semiconducting carbon nanotubes”, Phys. Rev. Lett. 
85,2617 (2000). 

L7.15J J. Hwang, H. H. Gommans, A. Ugawa, H. Tashiro, R. Haggenmueller, et al. y “Polarized 
spectroscopy of aligned single-wall carbon nanotubes”, Phys. Rev. B 62, R13 310 
( 2000 ). 


[7.16J Z. Yu and L. E. Brus, structural assignments and chirality dependence in single¬ 

wall carbon nanotube Raman scattering”, J. Phys. Chem. B 105, 6831 (2001). 

[7.17] A. Jorio, A. G. S. Filho, V. W. Brar, A. K. Swan, M. S. Unlii, et al ., “Polarized reso¬ 
nant Raman study of isolated single-wall carbon nanotubes: Symmetry selection rules, 
dipolar and multipolar antenna effects”, Phys. Rev. B 65, 121 402 (2002). 

[7.18] J. Maultzsch, S. Reich, U. Schlecht, and C. Thomsen, “High-energy phonon branches 
of an individual metallic carbon nanotube”, Phys. Rev. Lett. 91 , 087402 (2003). 

[7.19] S. Reich, C. Thomsen, G. S. Duesberg, and S. Roth, “Intensities of the Raman active 
modes in single and multi wall nanotubes”, Phys. Rev. B 63, R041401 (2001). 

[7.20] S. Reich and C. Thomsen, “Tensor invariants in resonant Raman scattering on carbon 
nanolubes”, in Proc. 25th ICPS, Osaka , edited by N. Miura and T. Ando (Springer, 
Berlin, 2001), p. 1649. 

[7.21] V. Heine, Group Theory in Quantum Mechanics: An Introduction to its Present Usage 
(Pcrgamon, Oxford, 1977). 

[7.22] D. M. Brink and G. R. Salchlcr, Angular Momentum (Oxford, New York, 1993), 3 edn. 


[7.23] J. Nestor and T. G. Spiro, “Circularly polarized Raman spectroscopy: Direct de¬ 
termination of antisymmetric scattering in the resonance Raman spectrum of ferro- 
cylrochromc c”, J. Raman Spectroscopy 1, 539 (1973). 

[7.24] J. Maultzsch, S. Reich, A. R. Goni, and C. Thomsen, “Resonant Raman scattering in 
GaAs induced by an embedded InAs monolayer”, Phys. Rev. B 63, 033306 (2000). 



202 


Chapter 7 


[7.25J A. Alexandrou, M. Cardona, and K. Ploog, “Doubly and triply resonant Raman scat¬ 
tering by LO phonons in GaAs/AlAs supcrlatticcs”, Phys. Rev. B 38, R2196 (1988). 

[7.26J S. Reich and C. Thomsen, “Comment on 'Polarized Raman study of aligned multi- 
walled carbon nanotubes”’, Phys. Rev. Lett. 85, 3544 (2000). 

[7.271 A. M. Rao, A. Jorio, M. A. Pimenta, M. S. S. Dantas, R. Saito, G. Dresselhaus, and 
M. S. Dresselhaus, “Rao et ai reply”, Phys. Rev. Lett. 85, 3545 (2000). 

[7.28J M. Cardona, “Folded, confined, interface, and surface vibrational modes in semicon¬ 
ductor superlattices”, in Lectures on Surface Science , edited by G. R. Castro and 
M. Cardona (Springer Verlag, Berlin, 1987), p. 3. 

[7.291 B. Jusserand and M. Cardona, “Superlattices and other microstructures”, in Light Scat¬ 
tering in Solids V , edited by M. Cardona and G. Giintherodt (Springer, Berlin, 1989), 
vol. 66 of Topics in Applied Physics , p. 49. 

[7.30J F. Tuinstra and J. L. Koenig, “Raman spectrum of graphite”, J. Chem. Phys. 53, 1126 
(1970). 

[7.31J C. Thomsen and F. Bustarret, “Transverse acoustic phonons in amorphous silicon”, J. 
Non-Crystal. Solids 141 , 265 (1992). 

[7.321 D. R. Wake, F. S. M. V. Klein, J. P. Rice, and D. M. Ginsberg, “Optically induced 
metastability in untwinned single-domain YBaiQ^Oy”, Phys. Rev. Lett. 67, 3728 
(1991). 

[7.33] S. Bahrs, A. R. Goni, C. Thomsen, B. Maiorova, G. Nicva, and A. Fainstein, “Rare- 
earth dependence of photoinduced chain-oxygen ordering in RBa^Cu^Op.^ (x ^ 0.3) 
investigated by Raman scattering”, Phys. Rev. B 65, 024 522 (2002). 

[7.34] C. Thomsen, “Second-order Raman spectra of single and multi-walled carbon nano- 
tubes”, Phys. Rev. B 61, 4542 (2000). 

L7.35J W. Weber, “Adiabatic bond charge model for the phonons in diamond, Si, Ge, and 
alpha-Sn”, Phys. Rev. B 15, 4789 (1977). 

[7.36J R. J. Nemanich and S. A. Solin, “First- and second-order Raman scattering from hnite- 
size crystals of graphite”, Phys. Rev. B 20, 392 (1979). 

[7.371 S. A. Solin and A. K. Ramdas, “Raman spectrum of diamond”, Phys. Rev. B 1, 1687 
(1970). 

[7.38] M. Schwoerer-Bohning, A. T. Macrander, and D. A. Arms, “Phonon dispersion of 
diamond measured by inelastic X-ray scattering”, Phys. Rev. Lett. 80, 5572 (1998). 

L7.39J Y. S. Raptis and E. Anastassakis, “Second-order Raman scattering in AlSb”, Phys. 
Rev. B 46, 15 801 (1992). 

[7.40J W. Windl, P. Pavone, K. Karch, O. Schiitt, D. Strauch, P. Giannozzi, and S. Baroni, 
“Second-order Raman spectra of diamond from ab initio phonon calculations”, Phys. 
Rev. B 48, 3164(1993). 

L7.41J O. Dubay and G. Kxesse, “Accurate density functional calculations for the phonon 
dispersion relations of graphite layer and carbon nanotubes”, Phys. Rev. B 67, 035 401 
(2003). 

[7.42J J. Maultzsch, S. Reich, C. Thomsen, H. Requardt, and P. Ordejon, “Phonon dispersion 
of graphite”, (2003), submitted to Phys. Rev. Lett. 



Chapter X 


203 


[7.431 W. Wind I, P. Pavone, and D. St ran eh, “Second-order Raman spectrum of AlSb from 
ab initio phonon calculations and evidence for overbending in the LO phonon branch'’, 
Phys. Rev. B 54, 8580(1996). 

[7.44J E. Dobardzic, 1. M. B. Nikolic, T. Vukovic, and M. Damnjanovic, “Single-wall carbon 
nanotubes phonon spectra: Symmetry-based calculations”, Phys. Rev. B 68, 045408 
(2003). 

[7.45J D, Sanchez-Portal, E. Artacho, J. M. Soler, A. Rubio, and P. Ordejon, “Afr initio struc¬ 
tural, clastic, and vibrational properties of carbon nanolubes”, Phys. Rev. B 59, 12678 
(1999). 

[7.46] T. Ruf, J. Serrano, M. Cardona, P. Pavone, M. Pabsl, et ai y “Phonon dispersion curves 
in wurtzite-structure GaN determined by inelastic X-ray scattering”, Phys. Rev. Lett. 
86,906 (2001). 

[7.47] R. A. Jishi and G. Dressclhaus, “Lattice-dynamical model for graphite”, Phys. Rev. B 
26, 4514(1982). 

[7.48] R. Pavone, R. Bauer, K. Karch, O. Schiitt, S. Vent, et ai , “ Ab-initio phonon calcula¬ 
tions in solids”, Physica B 220,439 (1993). 

[7.49] C. Thomsen and S. Reich, “Double-resonant Raman scattering in graphite”, Phys. Rev. 
Lett. 85,5214(2000). 

[7.50] E Cerdeira, E. Anaslassakis, W. Kauschke, and M. Cardona, “Stress-induced doubly 
resonant Raman seattering in GaAs”, Phys. Rev. Lett. 57, 3209 (1986). 

[7.51 ] F. Agullo-Rueda, E. E. Mendez, and J. M. Hong, “Double resonant Raman seattering 
induced by an electric field”, Phys. Rev. B 38, 12720(R) (1988). 

[7.52] C. Trallero-Giner, T. Ruf, and M. Cardona, “Theory of one-phonon resonant Raman 
scattering in a magnetic field”, Phys. Rev. B 41, 3028 (1990). 

[7.53] F. Calle, J. M. Calleja, F. Meseguer, C. Tejcdor, L. Vina, C. Ldpez, and K. Ploog, “Dou¬ 
ble Raman resonances induced by a magnetic field in GaAs-AlAs multiple quantum 
wells”, Phys. Rev. B 44, 1113 (1991). 

[7.54] D. A. Kleinman, R. C. Miller, and A. C. Gossard, “Double resonant LO-phonon Raman 
scattering observed with GaAs-Al v Gaj v As quantum wells”, Phys. Rev. B 35, 664 
(1987). 

[7.55] P.-H. Tan, Y.-M. Deng, and Q. Zhao, “Temperature-dependent Raman spectra and 
anomalous Raman phenomenon of highly oriented pyrolytic graphite”, Phys. Rev. B 
58,5435 (1998). 

[7.56] M. L. Bansal, A. K. Sood, and M. Cardona, “Strongly dispersive low frequency Raman 
modes in Germanium”, Solid State Commun. 78, 579 (1991). 


Chapter 8 

[8.11 E. Dobardzic, I. M. B. Nikolic, T. Vukovic, and M. Damnjanovic, “Single-wall carbon 
nanotubes phonon spectra: Symmetry-based calculations”, Phys. Rev. B 68, 045 408 
(2003). 

[8.2] D. Sanchez-Portal, E. Artacho, J. M. Soler, A. Rubio, and P. Ordejon, “Ab initio 
structural, clastic, and vibrational properties of carbon nanotubes”, Phys. Rev. B 59, 
12678(1999). 



204 


Chapter 8 


[8.31 

[8.41 

[8.51 

[8.61 

L8.7] 

L8.8J 

[8.9] 

L8.10J 

[ 8.111 

[8.12J 

[8.13] 

L8.14J 

[8.15] 

[8.16] 

[8.171 

[8.18] 

[8.19] 

[8.201 


J. Maultzsch, S. Reich, C. Thomsen, E. Dobard/.ic, 1. Milosevic, and M. Damn- 
janovic, “Phonon dispersion of carbon nanotubes”, Solid State Commun. 121, 471 
( 2002 ). 

C. Thomsen, “Second-order Raman spectra of single and multi-walled carbon nano¬ 
tubes”, Phys. Rev. B 61, 4542 (2000). 

R. Saito, T. Takeya, T. Kimura, G. Dresselhaus, and M. S. Dresselhaus, “Raman 
intensity of single-wall carbon nanotubes”, Phys. Rev. B 57, 4145 (1998). 

V. N. Popov, V. E. V. Doren, and M. Balkanski, “Elastic properties of single-walled 
carbon nanotubes”, Phys. Rev. B 61, 3078 (2000). 

O. Du bay and G. Kresse, “Accurate density functional calculations for the phonon 
dispersion relations of graphite layer and carbon nanotubes”, Phys. Rev. B 67, 
035 401 (2003). 

S. Rols, Z. Benes, E. Anglaret, J. L. Sauvajol, P. Papanek, et al., “Phonon density of 
states of single-walled carbon nanotubes”, Phys. Rev. Lett. 85, 5222 (2000). 

H. Hiura, T. W. Ebbesen, K. Tanigaki, and H. Takahashi, “Raman studies of carbon 
nanotubes”, Chem. Phys. Lett. 202, 509 (1993). 

J. M. Holden, P. Zhou, X. X. Bi, P. C. Eklund, S. Bandow, et al., “Raman scattering 
from nanoseale carbons generated in a cobalt-catalyzed carbon plasma”, Chem. Phys. 
Lett. 220, 186(1994). 

A. M. Rao, E. Richter, S. Bandow, B. Chase, P. C. Eklund, et al ., “Diameter-selective 
Raman scattering from vibrational modes in carbon nanotubes”. Science 275, 187 
(1997). 

R. P. Vidano, D. B. Fisehbach, L. J. Willis, and T. M. Loehr, “Observation of Ra¬ 
man band shifting with excitation wavelength for carbons and graphites”. Solid State 
Commun. 39, 341 (1981). 

I. Pdcsik, M. Hundhausen, M. Koos, and L. Ley, “Origin of the D peak in the Raman 
spectrum of microcrystalline graphite”, J. Non-Cryst. Sol. 227-230B, 1083 (1998). 

J. Kastner, T. Pichler, H. Kuzmany, S. Curran, W. Blau, et a I ., “Resonance Raman 
and infrared-spectroscopy of carbon nanotubes”, Chem. Phys. Lett. 221, 53 (1994). 
C. Thomsen, S. Reich, H. Jantoljak, T. Loa, K. Syassen, et al ., “Raman spectroscopy 
on single and multi-walled nanotubes under pressure”, Appl. Phys. A 69, 309 (1999). 
U. D. Venkateswaran, A. M. Rao, E. Richter, M. Menon, A. Rinzler, R. E. Smal¬ 
ley, and P. C. Eklund, “Probing the single-wall carbon nanotube bundle: A Raman 
scattering study under high pressure”, Phys. Rev. B 59, 10 928 (1999). 

R. A. Jishi, L. Vcnkataraman, M. S. Dresselhaus, and G. Dresselhaus, “Phonon modes 
in carbon nanotubules”, Chem. Phys. Lett. 209, 77-82 (1993). 

S. Bandow, S. Asaka, Y. Saito, A. M. Rao, L. Grigorian, E. Richter, and P. C. Eklund, 
“Effect of the growth temperature on the diameter distribution and chirality of single- 
wall carbon nanotubes”, Phys. Rev. Lett. 80, 3779 (1998). 

J. Kiirti, G. Kresse, and H. Kuzmany, “First-principles calculations of the radial 
breathing mode of single-wall carbon nanotubes”, Phys. Rev. B 58, 8869 (1998). 

L. Alvarez, A. Righi, S. Rols, E. Anglaret, J. L. Sauvajol, et al “Diameter de¬ 
pendence of Raman intensities for single-wall carbon nanolubes”, Phys. Rev. B 63, 
153 401 (2001). 



Chapter 8 


205 


[8.21J V. N. Popov, V. E. V. Doren, and M. Balkanski, “Lattice dynamics of single-walled 
carbon nanotubes”, Phys. Rev. B 59, 8355 (1999). 

[8.22] L. Henrard, E. Hernandez, P. Bernier, and A. Rubio, “Van der Waals interaction in 
nanolube bundles: Consequences on vibrational modes”, Phys. Rev. B 60, R8521 
(1999). 

[8.231 H. Kuzmany, W. Plank, M. Hillman, C. Kramberger, A. Griineis, et al. , “Determina¬ 
tion of SWCNT diameters from the Raman response of the radial breathing mode”, 
Eur. Phys. J. B 22, 307 (2001). 

[8.24J G. D. Mahan, “Oscillations of a hollow cylinder”, Phys. Rev. B 65, 235 402 (2002). 

18.25] E. Dobardzie, J. Maultzsch, I. Milosevic, C. Thomsen, and M. Damnjanovic, “The 
radial breathing mode frequency in double-walled carbon nanolubes: an analytical 
approximation”, phys. slat. sol. (b) 237, R7 (2003). 

|8.261 M. Machon, S. Reich, J. Maultzsch, P. Ordejon, and C. Thomsen, “The strength of 
the radial breathing mode in single-walled carbon nanotubes”, (2003), submitted to 
Phys. Rev. Lett. 

[8.27] S. M. Bachilo, M. S. Strano, C. Kittrell, R. H. Hauge, R. E. Smalley, and R. B. 
Weisman, “Structure-assigned optical spectra of single-walled carbon nanotubes”, 
Science 298, 2361 (2002). 

[8.28] E. Anglaret, S. Rols, and J.-L. Sauvajol, “Comment on ‘effect of the growth tem¬ 
perature on the diameter distribution and chirality of single-wall carbon nanotubes”’, 
Phys. Rev. Lett. 81, 4780 (1998). 

18.29] G. S. Duesberg, I. Loa, M. Burghard, K. Syassen, and S. Roth, “Polarized Raman 
spectroscopy of individual single-wall carbon nanotubes”, Phys. Rev. Lett. 85, 5436 
( 2000 ). 

[8.30] H. Sun, Z. Tang, J. Chen, and G.Li, “Polarized Raman spectra of single-wall car¬ 
bon nanotubes mono-dispersed in channels of AIPO 4-5 single crystals”, Solid State 
Commun. 109,365(1999). 

[8.311 J. Kiirti and V. Zolyomi, “Theoretical investigation of small diameter single-wall car¬ 
bon nanotubes”, in Electronic Properties of Novel Materials-Progress in Molecular 
Nanostructures , edited by H. Kuzmany, J. Fink, M. Mehring, and S. Roth (AIP, Col¬ 
lege Park, 2003), vol. 685 of AIP Conference Proceedings , p. 456. 

[8.32] A. Hartschuh, H. N. Pedrosa, L. Novotny, and T. D. Krauss, “Simultaneous fluo¬ 
rescence and Raman scattering from single carbon nanotubes”. Science 301, 1354 
(2003). 

[8.331 P. Tan, Y. Tang, C. Hu, Y. W. Feng Li, and II. Cheng, “Identification of the con¬ 
ducting category of individual carbon nanolubes from Stokes and anti-Stokes Raman 
scattering”, Phys. Rev. B 62, 5186 (2000). 

[8.34] A. Jorio, R. Saito, J. H. Hafner, C. M. Lieber, M. Hunter, el al., “Structural (n.m) de¬ 
termination of isolated single-wall carbon nanotubes by resonant Raman scattering”, 
Phys. Rev. Lett. 86, 1118 (2001). 

[8.35] R. Saito, G. Dresselhaus, and M. S. Dresselhaus, “Trigonal warping effect of carbon 
nanotubes”, Phys. Rev. B 61, 2981 (2000). 

18.361 S. Reich and C. Thomsen, “Chirality dependence of the densily-of-states singularities 
in carbon nanotubes”, Phys. Rev. B 62,4273 (2000). 



206 


Chapter 8 


[8.371 M. S. Strano, S. K. Doom, E. H. Haroz, C. Kittrell, R. H. Hauge, and R. E. Smalley, 
“Assignment of (n,m) Raman and optical features of metallic single-walled carbon 
nanotubes”, Nano Lett. 3, 1091 (2003). 

[8.381 S. Reich, J. Maultzsch, C. Thomsen, and R Ordejon, “Tight-binding description of 
graphene”, Phys. Rev. B 66, 035412 (2002). 

[8.391 C. L. Kane and H, J. Mele, “Ratio problem in single carbon nanotube fluorescence 
spectroscopy”, Phys. Rev. Lett. 90 , 207 401 (2003). 

[8.401 S. Reich, C. Thomsen, and P. Ordejon, “Band structure of isolated and bundled nano¬ 
tubes”, Phys. Rev. B 65, 155411 (2002). 

[8.41J C. Thomsen, S. Reich, A. R. Goni, II. Jantoljak, P. Rafailov, et ai, “Intramolecular 
interaction in carbon nanotube ropes”, phys. stat. sol. (b) 215, 435 (1999). 

[8.421 N. R. Raravikar, P. Keblinski, A. M. Rao, M. S. Dresselhaus, L. S. Schadler, and 
P. M. Ajayan, “Temperature dependence of radial breathing mode Raman frequency 
of single-walled carbon nanotubes”, Phys. Rev. B 66, 235 424 (2002). 

[8.43J Z. M. Li, Z. K. Tang, II. J. Liu, N. Wang, C. T. Chan, et al ., “Polarized absorption 
spectra of single-walled 4 A carbon nanotubes aligned in channels of an AIPO 4-5 
single crystal”, Phys. Rev. Lett. 87, 127401 (2001). 

18.44J L. Hcnrard, V. N. Popov, and A. Rubio, “Influence of packing on the vibrational prop¬ 
erties of infinite and finite bundles of carbon nanotubes”, Phys. Rev. B 64, 205 403 
( 2001 ). 

[8.451 M. Milnera, J. Kiirti, M. Hulman, and H. Kuzmany, “Periodic resonance excitation 
and intertubc interaction from quasicontinuous distributed helicities in single-wall 
carbon nanotubes”, Phys. Rev. Lett. 84, 1324 (2000). 

[8.46] M. Hulman, W. Plank, and H. Kuzmany, “Distribution of spectral moments for the 
radial breathing mode of single wall carbon nanotubes”, Phys. Rev. B 63, 081406(R) 
( 2001 ). 

[8.471 A. M. Rao, J. Chen, E. Richter, U. Schlecht, P. C. Eklund, et ai , “Effect of van der 
Waals interactions on the Raman modes in single walled carbon nano tubes”, Phys. 
Rev. Lett. 86, 3895 (2001). 

[8.481 V. N. Popov and L. Henrard, “Breathing-like modes of multi walled carbon nano- 
tubes”, Phys. Rev. B 65, 235415 (2002). 

[8.49J H. Kataura, Y. Maniwa, T. Kodama, K. Kikuchi, K. Hirahara, et al ., “High-yield 
fullerene encapsulation in single-wall carbon nanotubes”, Synth. Met. 121 , 1195 
( 2001 ). 

[8.501 S. Bandow, M. Takizawa, K. Hirahara, M. Yudasaka, and S. Iijima, “Raman scattering 
study of double-wall carbon nanotubes derived from the chains of fullerenes in single¬ 
wall carbon nanotubes”, Chem. Phys. Lett. 337, 48 (2001). 

[8.51] R. Pfeiffer, H. Kuzmany, C, Kjramberger, C. Schaman, T. Pichler, et al ., “Unusual high 
degree of unperturbed environment in the interior of single-wall carbon nanotubes”, 
Phys. Rev. Lett. 90 , 225 501 (2003). 

[8.521 R. R. Baesa, A. Peigney, C. Laurent, P. Pueeh, and W. S. Baesa, “Chirality of internal 
metallic and semiconducting carbon nanotubes”, Phys. Rev. B 65, 161 404 (2002). 



Chapter X 


207 


[8.531 R* R- Bacsa, C. Laurent, A. Peigney, W. S. Bacsa, T. Vaugicn, and A. Rousset, “High 
specific surface area carbon nanotubes from catalytic chemical vapor deposition pro¬ 
cess”, Chem. Phys. Lett. 323, 566 (2000). 

[8.54] S. Bandow, G. Chen, G. U. Suinanasekera, R. Gupta, M. Yudasaka, S. Iijima, and 
P. C. Eklund, “Diameter-selective resonant Raman scattering in double-wall carbon 
nanotubes”, Phys. Rev. B 66, 075416 (2002). 

[8.55] J. Maultzsch, S. Reich, and C. Thomsen, “Raman scattering in carbon nanotubes 
revisited”, Phys. Rev. B 65, 233402 (2002). 

L8.56J C. Thomsen, J. Maultzsch, and S. Reich, “Double-resonant Raman scattering in an 
individual carbon nanotube”, in Electronic Properties of Novel Mate rials-Progress in 
Molecular Nanostructures, edited by H. Kuzmany, J. Fink, M. Mehring, and S. Roth 
(AIP, College Park, 2003), vol. 685 of A/P Conference Proceedings , p. 255. 

[8.57J F. Tuinstra and J. L. Koenig, “Raman spectrum of graphite”, J. Chem. Phys. 53, 1126 
(1970). 

[8.58J C. Thomsen and S. Reich, “Double-resonant Raman scattering in graphite”, Phys. 
Rev. Lett. 85, 5214 (2000). 


[8.591 Y. Wang, D. C. Alsmeyer, and R. L. McCreery, “Raman spectroscopy of carbon ma¬ 
terials; Structural basis of observed spectra”, Chem. Mater. 2, 557 (1990). 

18.60J M. J. Matthews, M. A. Pimenta, G. Dresselhaus, M. S. Dressclhaus, and M. Endo, 
“Origin of dispersive effects of the Raman D hand in carbon materials”, Phys. Rev. B 
59, R6585 (1999). 


[8.61J A. K. Sood, R. Gupta, and S. A. Asher, “Origin of the unusual dependence of Raman 
D band on excitation wavelength in graphite-like materials”, J. Appl. Phys. 90, 4494 
( 2001 ). 


[8.62J P.-H. Tan, Y.-M. Deng, and Q. Zhao, “Temperature-dependent Raman spectra and 
anomalous Raman phenomenon of highly oriented pyrolytic graphite”, Phys. Rev. B 
58, 5435 (1998). 


[8.63] R. Sailo, A. Jorio, A. G. Souza-Filho, G. Dresselhaus, M. S. Dresselhaus, and M. A. 
Pimenta, “Probing phonon dispersion relations of graphite by double resonance Ra¬ 
man scattering”, Phys. Rev. Lett. 88, 027401 (2002). 

[8.64] A. V. Baranov, A. N. Bekhterev, Y. S. Bobovich, and V. I. Petrov, “Interpretation of 
certain characteristics in Raman spectra of graphite and glassy carbon”. Opt. Spec- 
trosc. (USSR) 62,612(1988). 

[8.65J A. K. Sood, R. Gupta, C. H. Munro, and S. A. Asher, “Resonance Raman scattering 
from graphite: Novel consequences”, in Proceedings of the XVI International Con¬ 
ference on Raman Spectroscopy, edited by A. M. Heyns (Wiley-VCH, Berlin, 1998), 
p. 62. 

[8.66J J. Maultzsch, S. Reich, C. Thomsen, S. Webster, R. Czerw, et al. , “Raman charac¬ 
terization of boron-doped mulliwalled carbon nanotubes”, Appl. Phys. Lett. 81, 2647 
( 2002 ). 


[8.67J C. Castiglioni, F. Negri, M. Rigolio, and G. Zcrbi, “Raman activation in disordered 
graphites of the A \ symmetry forbidden k/-0 phonon: The origin of the D line”, J, 
Chem. Phys. 115, 3769 (2001). 



208 


Chapter 8 


[8.68] C. Mapelli, C Castiglioni, G. Zerbi, and K. Mullen, “Common force field for graphite 
and polycyclic aromatic hydrocarbons'’, Phys. Rev. B 60, 12710 (1999). 

[8.69] A. Ferrari and J. Robertson, “Interpretation of Raman spectra of disordered and amor¬ 
phous carbon”, Phys. Rev. B 61, 14095 (2000). 

[8.70J A. Ferrari and J. Robertson, “Resonant Raman spectroscopy of disordered, amor¬ 
phous, and diamondlike carbon”, Phys. Rev. B 64, 075414 (2001). 

[8.71 ] J. Maullzseh, S. Reich, C. Thomsen, H. Rcquardt, and P. Ordejon, “Phonon dispersion 
of graphite”, (2003), submitted to Phys. Rev. Lett. 

[8.72] J. Kiirti, V. Zolyomi, A, Grtineis, and H. Kuzmany, “Double resonant Raman phe¬ 
nomena enhanced by van Hove singularities in single-wall carbon nanotubes”, Phys. 
Rev. B 65, 165433 (2002). 

[8.73] .1. Maullzsch, S. Reich, U. Schlccht, and C. Thomsen, “High-energy phonon branehes 
of an individual metallic carbon nanotube”, Phys. Rev. Lett. 91, 087402 (2003). 

[8.74] V. Skakalova, M. Hulinan, P. Fedorko, P. Lukac, and S. Roth, “Effect of y-irradiation 
on SWNT paper”, in Electronic Properties of Novel Materials-Progress in Molecu¬ 
lar Nanostructures, edited by H. Kuzmany, J. Fink, M. Mehring, and S. Roth (A1P, 
College Park, 2003), vol. 685 of AfP Conference Proceedings, p. 143. 

[8.75] M. Damnjanovic, T. Vukovic, and I. Milosevic, “Fermi level quantum numbers and 
secondary gap of conducting carbon nanotubes”, Solid State Commun. 116, 265 
(2000), Table 1 in the reference contains a small error: For chiral tubes and the A 
quantum numbers kp --- Iqn/lna for $ = 3 tubes and kp = 0 for 3? — 1 nanotubes. 

[8.76] J. Maultzsch, S. Reich, and C. Thomsen, “Chirality selective Raman scattering of the 
D-mode in carbon nanotubes”, Phys. Rev. B 64, 121407(R) (2001). 

[8.77] M. A. Pimenta, A. Jorio, S. D. M. Brown, A. G. S. Filho, G. Dresselhaus, et al. , “Di¬ 
ameter dependence of the Raman D-band in isolated single-wall carbon nanotubes”, 
Phys. Rev. B 64, 041401(R) (2001). 

[8.78] S. D. M. Brown, A. Jorio, M. S. Dresselhaus, and G. Dresselhaus, “Observations 
of the /.)-band feature in the Raman spectra of carbon nanotubes”, Phys. Rev. B 64, 
073403 (2001). 

[8.79] A. G. Souza Filho, A. Jorio, G. Samsonidze, G. Dresselhaus, M. A. Pimenta, et al., 
“Competing spring constant versus double resonance effects on the properties of dis¬ 
persive modes in isolated single-wall carbon nanotubes”, Phys. Rev. B 67, 035427 
(2003). 

[8.80] J. Maultzsch, S. Reich, and C. Thomsen, “Double-resonant Raman scattering in 
single-wall carbon nanotubes”, in Proc. 26th ICPS, edited by A. R. Long and J. H. 
Davies (Institute of Physics Publishing, Bristol (UK), 2002), p. D209. 

[8.81] A. G. Souza Filho, A. Jorio, G. Dresselhaus, M. S. Dresselhaus, R. Saito, et al., 
“Effect of quantized electronic states on the dispersive Raman features in individual 
single-wall carbon nanotubes”, Phys. Rev. B 65, 035404 (2002). 

|8.82] C. Thomsen, S. Reich, P. M. Rafailov, and H. Jantoljak, “Symmetry of the high- 
energy modes in carbon nanotubes”, phys. stat. sol. (b) 214, R15 (1999). 

[8.83] S. Reich, C. Thomsen, G. S. Ducsberg, and S. Roth, “Intensities of the Raman active 
modes in single and multi wall nanotubes”, Phys. Rev. B 63, R041401 (2001). 



Chapter 8 


209 


[8.84] S. Reich and C. Thomsen, “Tensor invariants in resonant Raman scattering on carbon 
nanolubes”, in Proc. 25 th I CPS, Osaka , edited by N. Miura and T. Ando (Springer, 
Berlin, 2001), p. 1649. 

L8.85] S. Reich and C. Thomsen, “Comment on 'Polarized Raman study of aligned multi- 
walled carbon nanotubes”’, Phys. Rev. Lett. 85 , 3544 (2000). 

[8.86] A. M. Rao, A. Jorio, M. A. Pimenla, M. S. S. Dantas, R. Saito, G. Dresselhaus, and 
M. S. Dresselhaus, “Rao et al reply”, Phys. Rev. Lett. 85 , 3545 (2000). 

[8-87] A. Jorio, G. Dresselhaus, M. S. Dresselhaus, M. Souza, M. S. S. Dantas, et al ., “Po¬ 
larized Raman study of single-wall semiconducting carbon nanotubes”, Phys. Rev. 
Lett. 85, 2617 (2000). 

[8.88] H. H. Gommans, J. W. All dredge, H. Tashiro, J. Park, J. Mag nu son, and A. G. Rinzler, 
“Fibers of aligned single-walled carbon nanolubes: Polarized Raman spectroscopy”, 
J. Appl. Phys. 88, 2509 (2000). 

[8.89] J. Hwang, H. H. Gommans, A. Ugawa, H. Tashiro, R. Haggenmuellcr, et al. , “Po¬ 
larized spectroscopy of aligned single-wall carbon nanotubes”, Phys, Rev. B 62, R13 
310(2000). 

[8.90] A. Hartschuh, E. J. Sanchez, X. S. Xie, and L. Novotny, “High-resolution near-field 
Raman microscopy of single-walled carbon nanotubes”, Phys. Rev. Lett. 90, 095503 
(2003). 

[8.911 B. Vigolo, A. Pcnicaud, C. Coulon, C. Saudcr, R. Pailler, et al ., “Macroscopic libers 
and ribbons of oriented carbon nanotubes”, Science 290, 1331 (2001). 

[8.92] A. Kasuya, Y. Sasaki, Y. Saito, K. Tohji, and Y. Nishina, “Evidence for size- 
dependent discrete dispersions in single-wall nanotubes”, Phys. Rev. Lett. 78 , 4434 
(1997). 

[8.93J M. Cardona, “Resonance phenomena”, in Light Scattering in Solids //, edited by 
M. Cardona and G. Giintherodt (Springer, Berlin, 1982), vol. 50 of Topics in Applied 
Physics , p. 19. 

L8.94] R. M. Martin and L. M. Falieov, “Resonant Raman scattering”, in Light Scattering 
in Solids I; Introductory Concepts , edited by M. Cardona (Springer-Verlag, Berlin 
Heidelberg New York, 1983), vol. 8 of Topics in Applied Physics , p. 79, 2 edn. 

[8.95] W. Kausehke, A. K. Sood, M. Cardona, and K. Ploog, “Resonance Raman scatter¬ 
ing in GaAs-Al. t Gai_*As supcrlallices: Impurity-induced Frohlich-interaelion scat¬ 
tering”, Phys. Rev. B 36, 1612 (1987). 

[8.96] P. M. Rafailov, H. Jantoljak, and C. Thomsen, “Electronic transitions in single-walled 
carbon nanotubes: A resonance Raman study”, Phys. Rev. B 61, 16 179 (2000). 

[8.97] M. Canonico, G. B. Adams, C. Poweleit, J. Menendez, J. B. Page, et al. , “Charac¬ 
terization of carbon nanotubes using Raman excitation profiles”, Phys. Rev. B 65, 
201402(R) (2002). 

[8.98] E. Richter and K. R. Subbaswamy, “Theory of size-dependent resonance Raman scat¬ 
tering from carbon nanotubes”, Phys. Rev. Lett. 79, 2738 (1997). 

[8.99] O. Dubay, G. Kressc, and H. Kuzmany, “Phonon softening in metallic tubes by a 
Peierls-like mechanism”, Phys. Rev. Lett. 88, 235506 (2002). 



210 


Chapter 8 


[8.100] S. D. M. Brown, P. Corio, A. Murucci, M. S. Dresselhaus, M. A. Pimenta, and 
K. Kncipp, 4 Anti-Stokes Raman spectra of single-walled carbon nanotubes”, Phys. 
Rev. B 61, R5137 (2000). 

[8.101] L. Zhang, H. Li, K.-T. Yue, S.-L. Zhang, X. Wu, et al, “Effects of intense laser irra¬ 
diation on Raman intensity features of carbon nanotubes”, Phys. Rev. B 65, 073401 
( 2002 ). 

[8.102] Z. Yu and L. E. Brus, “(n,/n) structural assignments and chirality dependence in 
single-wall carbon nanotubc Raman scattering”, J ( Phys. Chem. B 105, 6831 (2001). 

[8.103] C. Jiang, K. Kempa, J. Zhao, U. Schlecht, U. Kolb, et al., “Strong enhancement of the 
Brcit-Wigner-Fano Raman line in carbon nanotube bundles caused by plasmon band 
formation”, Phys. Rev. B 66, 161404(R) (2002). 

[8.104] A. Jorio, A. G. Souza Filho, G. Dresselhaus, M. S. Dresselhaus, A. K. Swan, et al., 
“G-band resonant Raman study of 62 isolated single-wall carbon nanotubes”, Phys. 
Rev. B 65, 155412(2002). 

[8.105] A. Jorio, M. A. Pimenta, A. G. Souza Filho, G. G. Samsonidze, A. K. Swan, et al ., 
‘‘Resonance Raman spectra of carbon nanotubes by cross-polarized light”, Phys. Rev. 
Lett. 90, 107403 (2003). 

[8.106| C. Jiang, J. Zhao, H. A. Therese, M. Friedrich, and A. Mews, “Raman imaging and 
spectroscopy of heterogeneous individual carbon lianolubes”, J. Phys. Chem. B 107, 
8742 (2003). 

[8.107] U. Kuhlmann, H. Jantoljak, N. Pfander, P Bernier, C. Joumet, and C. Thomsen, 
“Infrared active phonons in single-walled carbon nanotubes”, Chem. Phys. Lett. 294 , 
237 (1998). 

[8.108] U. Kuhlmann, H. Jantoljak, N. Pfander, C. Joumet, P. Bernier, and C. Thomsen, “In¬ 
frared reflectance of single-walled carbon nanotubes”, Synth. Met. 103, 2506 (1999). 

[8.109] K. Kempa, “Gapless plasmons in carbon nanotubes and their interactions with 
phonons”, Phys. Rev. B 66, 195406 (2002). 

[8.110] A. Kasuya, M. Sugano, T. Maeda, Y. Sailo, K. Tohji, et al., “Resonant Raman scat¬ 
tering and the zone-folded electronic structure in single-wall nanotubes”, Phys. Rev. 
B 57" 4999 (1998). 

[8.111] M. A. Pimenta, A. Marucci, S. D. M. Brown, M. J. Matthews, A. M. Rao, et al, 
“Resonant Raman effect in single-wall carbon nanotubes”, J. Mater. Res. 13, 2396 
(1998). 

[8.112] M. A. Pimenta, A. Marucci, S. A. Empedocles, M. G. Bawendi, E. B. Hanlon, et al, 
“Raman modes of metallic carbon nanolubes”, Phys. Rev. B 58, R16 016 (1998). 

18.113] R. Krupke, F. Hennrich, H. v. Lohneysen, and M. M. Kappes, “Separation of metallic 
from semiconducting single-walled carbon nanotubes”. Science 301, 344 (2003). 



Index 


ab-initio calculations 

electronic band structure, 42, 53, 58, 62, 
76 

absorption, 67, 71,72, 78 
absorption coefficient, 68 
acoustic modes, 28, 137 
actuator, 113 
aligned nanotubes, 159 
MSb, 124 

angular momentum, 15, 16 
conservation, 15, 69, 1 16 
selection rules, 69 
antenna effect, 70, 78 
Raman, 159 

anti-Stokes scattering, 115, 131, 153, 164 
antisymmetric anisotropy, 120 
artificial muscles, 113 
assignment 

chiral index, 73, 75 
atomic-force microscopes, 112 
axial strain, 106 

backscattcring geometry, 123 
backscattering, absence of, 89 
ballistic transport, 89, 93 
band structure, see electronic band structure 
and tight binding 
bearings, 112 
Bloch function, 34 
Brillouin zone, 6 -9, 123, 125 
trigonal shape, 75 
bucky paper, 113 
bundles 

absorption, 79 
carrier lifetime, 80 
electronic properties, 60-64, 79 
radial breathing mode, 146 


capacitance of a nanotube, 95 
carbon-carbon interaction energy, 36, 40 
character table 

Dm and subgroups, 177 
22 

line group notation, 23 
charging energy, 95 
chemical vapor deposition, 72 
chiral angle, 4, 124 
chiral index, 4 

assignment, 73, 75 
determination, 10, 11,73, 145 
chiral vector, 4 
chirality distribution, 79 
circular dichroism, 71 
circular polarization, 120 
circumferential strain, 106 
Clebsch-Gordan coefficients, 181 
coherence length of electrons, 95 
complex conductivity, 71 
compressibility, 106 
conductance, 85 
conductance quantum, 85 
continuum model, 101-106, 111 
correlation tables, 177 
Coulomb blockade, 93 -96 
current, limiting, 92 
curvature effects 

a-K mixing, 56 
on electronic bands, 50-59 
on optical transitions, 76, 77 
on phonons, 138 
radial breathing mode, 144 
cylinder, narrow, 70 

D mode, 123, 126, 152-157, 172 
carbon nanotubes, 154 
graphite, 153 



212 


Index 


K point, 154 
D 6/ „ 177 

detect concentration, 165, 173 
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lattice-dynamical calculations, 124 
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line group, 12-27 
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irreducible representations, 18-21 
notation, 20 
luminescence, 73, 81 
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Luttingcr liquid, 96-99 

matrix element, 34, 116, 128 
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metallic tubes, 72, 168, 172 
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conductance, 85, 87 
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neutron scattering, 125 
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optical, 90 
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phonon-deformation potentials, 107, 108 
photoemission 

time-resolved, 80 
photoluminescence, 72, 73 
photohiminesccncc excitation spectrum, 73 
plasmon, 79, 169, 171 
point group, isogonal, 14 
Poisson \s ratio, 102 
polarizability, 71 
polarization, 67 
polarization charges, 70 
power-law, in Luttinger liquids, 97 
pressure dependence, phonon, 107-111 
projection operators, 21-27 
pseudo gap in armchair tubes, 61 
pulsed-laser evaporation, 75 
pump-and-probc experiment 
two color, 80 

q = 2k rule, 130 

quantization of wave vectors, 7, 8, 43 
along k z , 95 

quantum numbers, see also selection rules, 15 - 

21 

helical, 17, 138 
linear, 16 
quantum yield, 75 
quasi-meiallic nanotubes, 50 

radial breathing mode, 75, 137, 141-152, 173 
bundles, 146 449 
double-walled nanotubes, 149-152 
z-component, 144 
Raman active phonon, 28, 136 
Raman cross section, 116, 129 
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Raman intensity, 116, 118, 121, 131, 132 
antisymmetric contribution, 121 
Raman process, 115 
Raman scattering, 49, 140 
anti-Stokes, 153 

D mode, 123, 126, 152-157, 172 
defect-induced process, 123 
double resonance, 126, 164 
high-energy modes, 162-166, 173 
large wave vectors, 123-126 
metallic tubes, 168, 170, 172 
non-re sonant scattering, 127 
polarization, 158, 173 
second order, 123, 131 
single resonance, 127, 145, 163, 172- 
173 

Raman spectrum of CCI 4 , 122 
Raman tensor, 118, 119, 180, 181 
Raman tensor invariants, 119, 182 
rapid transfer processes, 72 
ratio problem, 76 
recombination, non-radiative, 80 
reflection, 67 
reflectivity, infrared, 61 
refractive index, 68 
rehybridization, 53-59, 77 
resistance, 85, 92 
resonant Raman scattering, 73 
reversal coefficient, 120 , 122 
rotation matrix, 181 

a bands, 32, 54 

scanning probe microscopy, 11 

scanning tunneling spectroscopy, 47, 52, 59, 

61 

scattering configuration, 117 
Schottky barriers, 87 
screening, 77 

secondary gap by curvature, 50, 86 
selection rules, 20, 68-69, 116 
optical, 68-69 
Raman, 115-118, 180 
Raman, q — 0, 117 
Raman, q > 0, 118 
semiconducting tubes, 72 
conductance, 85, 87 
semiconducting tubes, condition for, 41 
Si, 124 

single resonance, 127, 145, 163, 172-173 


sodium dodecyl sulfate, 72 
Stokes scattering, 115 
strain, 101-111 
stress, 101-111 
STS, 47, 52, 59, 61 
surface conductivity, 71 
sword-in-sheath, 112 
symmetric anisotropy, 120, 123 
symmetry, see line group, see selection rules, 
12-30 

phonon eigenvectors, 27-30 
Raman modes, 158-159 
synchrotron radiation, 125 

tensor invariants, 120, 121, 123, 158, 159 
tight binding, 33—41,71,74 
linear bands, 45 
nearest neighbors, 35-38, 42 
parameters, 36, 40 
third neighbors, 39^40, 42, 53 
transmission electron microscopy, 9, 72 
transport 

electron scattering, 88-93 
electronic, 85-100 
transport measurements, 86 
trigonal warping, 44 
tube-tube interaction, 79 
tunneling, 87, 93, 97 
end, bulk etc., 98 
twiston, 91, 137 

Umklapp process, 17, 116 
unit cell, 4-6 

unoriented material, experiments on, 119, 158 
V shape, 74, 75 

van-der-Waals interaction, 102, 147 
van-Hove singularities, 44, 46, 59, 73, 80 
in Raman, 49 
in STS, 47, 59 

wave function, 57 
wave vector 

allowed of a tube, 8 , 43 
Wigncr-Eckart theorem, 120 
work function, 88 

X-ray monochromator, 125 
jcy-polari zed light, 69 
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Young 4 s modulus, 102 

z-polarizcd lighu 69 
zeolite costal s 


tilling fraction, 78 
nanolubes in, 71,77, 144 
zone folding, 8, 41^44, 53, 77, 123, 136, 160 
phonon dispersion, 125, 137 
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